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Preface

This book is devoted to a study of properties of Riesz potentials of measures and
functions in Lebesgue’s LP classes on the Fuclidean space R™. This book, for the sake
of completeness, begins with a self-contained introduction of measure theory, which
follows the book of Federer.

Potential theory of Laplace operator is sometimes called the classical potential the-
ory. The main thrust of the classical potential theory is to solve the Dirichlet problem.
For this purpose, we give fundamental properties of harmonic and superharmonic func-
tions in connection with Newtonian potentials. We here omit to treat Dirichlet problem
for general partial differential equations of elliptic type, but prepare for several materi-
als which may be useful for the study of general Dirichlet problems. Those things will
belong to LP-potential theory.

The main purpose of this book is to study pointwise behavior of Riesz potentials.
In fact, continuity and differentiability properties are considered, together with fine
limits, radial limits and L?-mean limits.

The investigation of fine limits requires an analysis of exceptional sets, which can
be conveniently described by Riesz and Bessel capacities. The notion of capacities is an
extension of that of outer measures. Capacities give excellent tools in potential theory,
but they are not easier to be treated by the reason that they fail to satisfy countable
additivity.

Beppo Levi functions are referred to those functions defined on an open set in R"
whose distributional derivatives are in Lebesgue’s LP classes. Usually they are called
Sobolev functions, associated with the name of the Soviet mathematician S.L.Sobolev.
Beppo Levi functions are represented as integral forms, in various way. One way
is to establish an extension of Sobolev’s integral representation. Through integral
representations, they can be treated in the same manner as Riesz potentials.

The final chapter is devoted to the study of boundary limits of various functions
defined on half spaces. Potential type functions and Beppo Levi functions are shown
to have various boundary limits in the weak sense, as a consequence of fine limit the-
orem. On the other hand, polyharmonic functions, together with monotone functions
in the sense of Lebesgue, are shown to have tangential limits. Since solutions for vari-
ational problems should be monotone in our sense, the class of monotone functions is
considerably wide.

An outline of this book is as follows. Chapter 1 is a short course of measure theory
as mentioned above. The notion of Suslin (analytic) sets are introduced here and will
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be useful for capacitability result given in Chapter 2.

Chapter 2 deals with Riesz potentials of (Radon) measures. The semigroup property
of Riesz kernels are shown by using Fourier transform. Riesz potentials may not be
continuous anywhere, but they are finely continuous. Fine limit result will be obtained
in connection with Riesz capacities, which are shown to be Choquet’s capacity by use
of minimax lemma. As a consequence, Suslin sets are capacitable. To give a solution
to Dirichlet problem, we apply Gauss variational method through energy integral.

Chapter 3 gives fundamental properties of harmonic and superharmonic functions,
for example, mean value property, maximum and minimum principles, Harnack’s in-
equality and Poisson integral formula. As an application, we study the classical Dirich-
let problem.

Chapter 4 and the following chapters belong to LP-potential theory. Chapter 4 deals
with a-potentials of L? functions, which belong to L? when 1/¢ = 1/p—«a/n > 0. This
is known as Sobolev’s inequality, which will be shown by applying the Marcinkiewicz
interpolation theorem. Further, restriction and inverse properties will be studied here.

Chapter 5 concerns with continuity and differentiability properties of a-potentials
of L functions, in connection with (a, p)-capacities. In order to study the existence
of radial limits, we need to modify the notion of thin sets to linear type, and further
prepare contractive property for (o, p)-capacities.

In Chapter 6, we first give Sobolev’s integral representation for Beppo Levi func-
tions. To show the converse, we apply singular integral theory so as to see that the inte-
gral representations give Beppo Levi functions. Through the representations, we attach
quasicontinuous functions to Beppo Levi functions, which are called BLD (Beppo-Levi-
Deny) functions. BLD functions are ACL, that is, absolutely continuous along almost
every line parallel to the coordinate axes.

Chapter 7 begins with defining Bessel kernels in the integral form; then Fourier
transform of Bessel kernels are computed. The fractional order spaces are introduced
by use of Poisson integrals, and we give the relationships between them and Bessel
potential spaces.

The final chapter, Chapter 8, concerns with boundary limits of several types of
functions. First, Green potentials in half spaces are treated and shown to have several
limits as consequences of fine limit results. We also study the existence of curvilin-
ear limits for BLD functions on half spaces. Next we give fundamental properties of
polyharmonic functions; among them, our main purpose is to prepare for mean-value
inequality for polyharmonic functions, which will be used for the study of tangential
limits of polyharmonic BLD functions. Finally we are concerned with monotone BLD
functions on half spaces which satisfy maximum and minimum principles.

In preparing this book, I often referred many books concerning potential theory and,
especially, the lecture notes by Professor M. Ohtsuka given at Hiroshima University.
I acknowledge gratefully his works on the subject. My thanks also go to Professor N.
Kenmochi who encouraged me to write this book.
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Riesz potential of order a (a-potential) of u
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Fourier transform of f
inverse Fourier transform of f
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Laplace operator
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Chapter 1

Measure theory

Potential theory is based on measure theory. This chapter is a short course of measure
theory, and we follow the book of Federer. The concept of Suslin (analytic) sets are
most complicated; Suslin sets are shown to be capacitable in the next chapter.

1.1 Measures

In this book, we use R” to denote the n-dimensional Euclidean space. The absolute
value of a point = (21, ..., x,) € R™ is defined by

HN e ———
The Cauchy-Schwartz inequality is of the form

Z LjYj

J=1

< [af - Jyl;

the sum is the inner product of z = (xy, ..., x,) and y = (y1, ..., Yn), Which is sometimes
written as x - y. For x € R™ and r > 0, denote by B(x,r) the open ball centered at x

with radius r, that is,
B(z,r)={yeR": |z —y| <r}.

We say that p is an (outer) measure on R™ if
(i) p®) =0
(ii)) 0=p(A)<oo forallASR"

(iii)  p is countably subadditive, that is,

A

w(A) <> pu(Ay) whenever A C ] A;.
=1 j=1
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We see readily from (iii) that p is nondecreasing, that is,
u(A) < u(B) whenever A € B.
A set A S R"™is () measurable if
(1.1) w(T) =p(TNA) +p(T—A) for any 7" < R™

For example, the empty set () and the whole space R™ are measurable; further, note
that if u(A) = 0, then A is measurable. By the countable subadditivity (iii), if

(1.1) w(T) 2 (T NA)+ u(T - A) for any T € R",

then A is measurable.
The following is easy.

THEOREM 1.1. If A is measurable, then the complement of A is also measurable.

LEMMA 1.1. The finite union and the finite intersection of measurable sets are
measurable.

PROOF. Let A; and Ay be measurable sets. Then we have for TS R"™

WT) 2 W(T0 A+ (T - A)
(TN A+ [p((T — Ar) N Ag) + (T — Ay) — Ag)]
(TN (AU Ag)) + (T — (A1 U Ag)),

v 1V v

which implies that A; UAs is measurable. By induction, it follows that the finite unions
of measurable sets are all measurable. Since R” — A; and R™ — A, are measurable by
Theorem 1.1, (R" — A;) U(R"™ — As) is measurable by the above considerations, so that
Theorem 1.1 again implies that A; N Ay is measurable.

LEMMA 1.2. If A;, 7 =1,2,...,N, are measurable and mutually disjoint, then
N N
(1.2) p(U A5) = n(4)).
j=1 j=1

PROOF. Letting T'= A; U Ay and A = A; in (1.1), we have

(A1 U Ag) = p(Ar) + p(Az)
since (A; UA)NA; = Ay and (A; U As) — A = Ay, Now we have (1.2) by induction.

THEOREM 1.2. Let {A;} be a sequence of measurable sets in R™. If it is mutually
disjoint, then

(1) MU 4) =3 i)
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N
PROOF. If we set By = U A;, then we see from Lemma 1.1 that By is measurable.
j=1
Since {A,} is mutually disjoint, Lemma 1.2 gives

so that

J
Now the countable subadditivity (iii

THEOREM 1.3. If {A;} is a nondecreasing sequence of measurable sets in R", then

o0

(14) (U A) = lim p(4,).

j=1

PrROOF. If we set B; = A; — Aj_; with Ay = ), then we see from Lemma 1.1 that
B; = Ajn (R" — A;_1) is measurable. Since {B;} is mutually disjoint, Theorem 1.2
gives
w(U Ay = n(U By) = > n(Bj) = lim u(4)),
j=1 j=1 j=1

as required.

THEOREM 1.4. Let {A;} be a nonincreasing sequence of measurable sets in R". If
p(Ay) < oo, then

(1.5) ﬂA = lim p(A;).

Jj=1 jmee

Proor. If we set C; = A; — Aj 1, then we see from Lemma 1.1 that C; is measur-
able. Since {C;} is mutually disjoint, Theorems 1.2 and 1.3 give

o0

UC ()4 +ZM

1 j=1

Aj) + Jim [p(Ar) = p(An))-

n(Ar) = p((

38 TDg

=

j=1

Hence (1.5) is obtained since pu(A;) < co.
For a set X € R™, denote the restriction of 1 to X by u|x, that is,

plx(A) =p(XNA) for A S R™
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Then pu|x is trivially a measure on R"™. We say that u|x is a measure on X.

LEMMA 1.3. If A is u measurable, then A is also j|r measurable for every T € R™.

THEOREM 1.5. If {A;} is a countable family of measurable sets, then | J A; and
j=1

ﬂ A; are also measurable.
=1

PROOF. Suppose p(T") < oo. Then we see from Theorems 1.3 and 1.4 that

wTnUJA)+uT-U4;) = lim plr(J4)+ lim plrR" = 4))
Jj=1 j=1 i—1 =1
= plr(R") = u(T),
which shows that U A, is measurable. The intersection of countably many measurable
j=1

sets is also seen to be measurable.

1.2 Borel sets

A family A of sets is called a o-algebra if

(i) ifAe A, then R" — A € A,
(i) A €A then | )4, €A
j=1
By (i) and (ii), we see that
(iii) if A; € A, then ﬁ A e A
j=1

The smallest o-algebra containing all compact sets is called the family of Borel sets,
which is denoted by B. Each element of B is called a Borel set in R".

Denote by M,, the family of all ;1 measurable sets. Then, in view of Theorems 1.1
and 1.5, we see that M, is a o-algebra.

LEMMA 2.1. If all compact sets are measurable, then all Borel sets are measurable;

that is, B & M,,.
LEMMA 2.2. If A satisfies (ii) and (iii), then the subfamily

A={A:Ac A and R"—Ac A}
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satisfies (ii).

To show this, let A; € A. Then | J A4; € A by (ii) and

j=1
UA_ﬁ1 "—Aj)eA
J

by (iii), and hence A satisfies (ii).

THEOREM 2.1. Let yu be a measure on R" for which all compact sets are measurable.
If B is a Borel set with j1(B) < oo, then for any ¢ > 0 there exists a compact set K & B
such that u(B — K) < g, that is,

w(B) =sup{u(K): K € B, K : compact}.

PRrOOF. Consider the family A of sets A such that for any ¢ > 0 there exists a
compact set K € A with u|g(A— K) < e. First we show that A satisfies (ii) and (iii).
Let A; € A for each positive integer j. Given € > 0, take compact sets K; for which

,ulB(Aj — Kj) < Zije’:“.

Note that
1l 5( UA —UK S puls(UA; - Ky) <) 277 =¢,
7j=1 Jj=1
1l s ( ﬂA—ﬂK S uls(Uy - Kj)) <e
7j=1

and, with the aid of T heorem 1.5,

N [e'¢) o0
Jim g ( UA UK)=uls(J4 - UK <e
j=1 j=1 j=1

7j=1

Hence A satisfies (i) and (iii). Now, in view of Lemma 2.2, A satisfies (i) and (ii).
Clearly, A contains all compact sets, and then it contains all open sets with the aid of
Theorem 1.3, since open sets are K,-sets. Hence A contains all compact sets. Thus all
Borel sets are contained in A; in particular, B € A, as required.

THEOREM 2.2. Let u be a measure on R™ for which all compact sets are measurable.
If B is a Borel set with a countable covering {G;} of open sets such that j(G;) < oo,
then for any € > 0 there exists an open set G 2 B for which

uw(G—B)<e
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PROOF. Let ¢ > 0 be given. For each positive integer j, take a compact set
K; € Gj — B such that
[L((G] — B) — K]) < 277¢.

Noting that BN G; € G; — K, we have only to consider

G: (G]—Kj>

1

o
j:

A measure p on R™ is called regular if for any A € R” there exists a measurable
set B such that A € B and

(2.1) p(A) = u(B).

LEMMA 2.3. Let u be a measure on R"™. For any set A € R", define
v(A) = inf{u(B) : A S B, B : measurable}.

Then 7 is regular and M, & M,

PROOF. Let T'C R™ and take a measurable set A such that
(2.2) VWT)=n(A), TEA
If B is measurable, then we have

VTN B)+~(T = B) = (AN B) + (A — B) = u(A) = (1),

which implies that B is v measurable. Moreover, (2.2) implies that ~y is regular.

THEOREM 2.3. Let p be regular. If {A;} is a nondecreasing sequence of sets in
R", then

n(lJ A45) = lim - pu(4)).
j=1

PROOF. Take a measurable set B; containing A; such that

n(Bj) = pu(A;),
and set -
j=i

Then A; € C; € B; and C; € ;1. Hence Theorem 1.3 implies that

p(U 40 < u(U €)= T () = lim (4

i=1
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Thus the required equality now follows.

A measure p on R" is said to be a Borel measure if all Borel sets are measurable.
A Borel regular measure g on R™ is called a Radon measure if u(K) < oo for any
compact set K in R"™.

In view of Theorem 2.2, we have the following.

THEOREM 2.4. If 1 is a Radon measure on R™, then for any set A € R",

(2.3) pu(A) = inf{u(G) : G is open and A € G}.

1.3 Swuslin sets

Let N be the family of all positive integers, and denote by N the family of all sequence
of positive integers. We can define a metric on N by setting

[e.9]

B —j |aj_bj|
p({a;}, {b;}) —jZ::l 2 =6

More precisely,
() p({a;},{b;}) 20 and p({a;},{b;}) = 0 if and only if {a;} = {b;};
(i) p({a;}{b;}) = p({b;}, {a;});
(i) p({a;}.{e;}) = p({a;},{b;}) + p({b;}. {¢;})-

Note here that (i), (ii) are trivial and (iii) follows if one notes that the function:

is increasing on the interval (0, 00).

LEMMA 3.1. The metric space (N, p) is complete and separable.

PROOF. Let {ay)} € N be a Cauchy sequence in N/. Then {ag-i)}fil is a Cauchy
sequence for each 7, and thus it converges to a§°°). Note that {ay) } converges to {aéoo)}.
On the other hand, for {a;} € N, consider the sequences {bgm)} such that

a; when j < m,

1 otherwise.
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It is not difficult to see that {b;m)} — {a;} as m — oo and further that the family of
all finite sequences of positive integers are countable.

Let (X,dx) and (Y,dy) be two metric spaces. We say that f : X — Y is locally
Lipschitzian if each point x of X has an open neighborhood G such that

dy (f(y), f(2)) £ Mdx(y, z) whenever y, z € G.

ProposITION 3.1. If (X, dy) is a complete, separable and nonempty metric space,
then there exists a locally Lipschitzian map g of N onto X.

PROOF. Since X is separable, we can take {z; } & X such that

X=U EG), E(j) ={r € X :dx(z,z;,) £27'}.

J1EN

Similarly, for each j; we can take {z; ;,} & E(j1) such that

E(h)= U EGui),  E(ujp)={r€E(): dc(z,z;,) <277}

j2€N

E(j17j27"'7jm) = U E(j17j27"'7jm7jm+1)

Jm+1€EN

and

E(jl’j2’ "wjm—}—l) = {.ZU € E(jhj?) 7]771) : dX(x;Ijh]é ..... jmvjm+1> é 2—m—1}'

Then one notes that for each {j,,} € N,
E(]l) 2 E(jl?j?) 2 E(jl?j?ajf}) 2 T

and the intersection
E(]l) N E(j17j2) N E(j17j27j3> M-

has at most one point ¢(ji,J2,...) in X, which is the limit point of {z;,,z, j,,...}.
Thus we obtain the map g of N to X. It is easy to see that ¢ is onto. If 27%72 <
p(lim}, {Jm}) < 27", then

I = Jm for m < k,

so that
dx (9({im}), 9({gm})) < 275 < 8p({im}, {Jm});

which implies that ¢ is locally Lipschitzian.
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PROPOSITION 3.2. Let (X, dx) be as above. If in addition X has no isolated point,
then there exists a subset I' of X which is homeomorphic to N

PRrOOF. First we take a mutually disjoint family {U(j1)} of nonempty open sets
with diameter less than 27'. Next we take a mutually disjoint family {U(jy,72)} of
nonempty open sets with diameter less than 272 for which

Ui) 2 U U@ de).

j2€N

Repeating this process, we obtain a mutually disjoint family {U(j1, jo, --., Jm)} of non-
empty open sets with diameter less than 27" for which

U(.jhj?)"‘ujm) 2 U U(jhj?)"‘v.jm’jm-‘rl)’

Jm+1E€EN

Now define

r=01 U U).

meN seN™

Since the intersection
U(j1) NU(j1,J2) NU(J1, g2, 3) N - - -

has at most one point g(ji, j2,...) in " as in the proof of Proposition 3.1. Noting that
g is locally Lipschitzian and one-to-one, we conclude the proof.

When X = R, in the above proof, we let U(j) be open intervals such that

R={ UG

J1EN

and

U(jhj?:--'vjm) = U U(jlaJQa"'ajmajm+1)‘

jm+1 eN

Then we have the following.

PROPOSITION 3.3. There exists a subset I' of R such that I' is homeomorphic to
N and R — T is countable.

Consider the projection
p:R"xN — R",

that is,
plz,s) == for z € R™ and s € NV.

By a Suslin subset of R we mean the p image of a closed subset of R™ x N.

PROPOSITION 3.4. If f is a continuous mapping of N' in R™, then the image of f,
f(N), is a Suslin set in R™.
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In fact, F = {(z,s) € R" x N : x = f(s)} is closed and

Next we show that every Borel set is a Suslin set. To do this, consider the family

A={p(F): FCSR"xN isclosed and p|r is one-to-one}.

LEMMA 3.1. If G is an open set in R", then G € A.
Proor. Consider the closed set in R™ x R :
A={(z,t) e R" x R: t dist(z, R" — G) = 1}.

Note here that A/ x A/ is homeomorphic to A" and, by Proposition 3.2, N is homeo-
morphic to I' for which R — I' is countable. Hence, considering one-to-one maps:

R=TUR-T)=>NxN =N,

we can find a closed subset B of NV and a one-to-one continuous map 1 of B onto R.
Define
C={(x,s) e R" x N :s€B,(x,9(s)) € A}.

Then C is closed in R" x N, p|c is one-to-one and p(C) = G.

LEMMA 3.2. If F} is an element of A which is mutually disjoint, then U F; e A
J

PROOF. For each positive integer j, let
N;={seN:s =j},

which is homeomorphic to . By assumption, take a closed set C; € R"™ x N; so that
plc; is one-to-one and p(C;) = F}. Consider

Jj=1

Note then that D is closed in R" x N, p|p is one-to-one and

o

p(D) = F;

Jj=1

LEMMA 3.3. If F; belongs to A, then F =) F; € A.
J
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PROOF. For each positive integer j, take a closed set C; & R™ x AV so that p|c, is
one-to-one and p(C;) = F};. Considering the homeomorphism NN onto N, we see that
F is the one to one image of the closed set

{(z,s1,59,...) : (x,5;) € C; for each j € N}.

In view of Lemmas 3.1, 3.2 and 3.3, we have the following conclusion.
THEOREM 3.1. Every Borel set in R" is a Suslin set in R"™.

THEOREM 3.2. Let u be a measure on R™ for which all compact sets are measurable,
and S be a Suslin set. If u(T) < oo and € > 0, then there exists a compact set ' € S
for which

wTnNsS—F)<e

PROOF. Take a closed set Zy € R"™ x N such that
p(Zo) = 5.
By considering pu|T', we may assume that p(R™) < co. Define a regular measure:
V(A) = inf {4(B) : AS B, B : open},

with the aid of Lemma 2.3. According to Theorem 2.3, we can find {m;} € N such
that

Y(p(Zio1)) < v(p(Z)) + 27", Zi={(v,s) € Zi_y : 5; = my},

Zia= {(x,s) € Zi_1: 5 < j}.

j=1
Then note that
1(5) <~(p(Z)) + ¢

for every i. Setting C' = ﬂ p , we see from Theorem 1.4 that
1(C) = lim ~(p(Zi)) >~(5) —e.

Further observe that
K={seN:s;<m;}

is compact and that

ﬂ Zi = ZyN (R" x K).
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If we show that
(3.1) C=p(ZyNn(R" x K)),
then it follows that C' € S, and hence the proof is completed. Since
C 2p(ZoN(R" X K))
is trivial, we have only to show the opposite inclusion. For this purpose, let
reR"—p(ZyN(R" x K)).
Then ({z} x K)NZy = (). Since Z, is closed and {z} x K is compact, we can find open

sets V and W such that z € V, K € W and (VxW)NZy = 0. If dist(K,N —=W) > 277,
then it follows that

Z; S R"x W)= (VxW)=(R"=V) x W,

so that
p(Zi)) ER"=V.

This implies that = & p(Z;), which proves (3.1).

COROLLARY 3.1. Let u be a measure on R™ for which all compact sets are mea-
surable. Then any Suslin set is measurable.

1.4 Measurable functions
Let 1 be a measure on R”™. An extended real-valued function f is called (u) measurable
if

{z eR": f(x) >t}

is (p) measurable for every real number t.

THEOREM 4.1. The following statements are equivalent.

(1)  f is measurable on R™.
(2)  {x e R™: f(x) 2t} is measurable for every t € R.
(3)  {z e R™: f(x) <t} is measurable for every t € R.

(4)  {z e R": f(x) £t} is measurable for every t € R.
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For example, to show the implication (1) = (2), it suffices to see that
{reR": flx) 2t} =) {z eR": f(zx) >t—1/j}.
j=1
The remaining cases are left to the reader.

COROLLARY 4.1. A function f is measurable on R" if and only if f~%(G) is
measurable for every open set G in the extended real line R = R U {+o00}.

COROLLARY 4.2. Let ¢ be continuous on R in the extended sense. If a function f
is measurable on R", then ¢ o f is also measurable on R"™.

THEOREM 4.2. A function f is measurable on R" if and only if
(4.1) pwT) zp{zeT: fx) s sh) +p({zeT: flz) 2t})
whenever T'C R" and —oco < s < t < o0.

PROOF. Set E(s) = {x € R": f(x) < s}. If f is measurable on R", then we have
for any 7€ R"™ and s < t,

WT) = (TN E(s)) + (T - E(s))
w({z € T: f(x) € s} +p(fe € T f(2) > s})
u({z € T: f(z) < s}) + (e € T f(x) 2 1}).

Conversely, suppose u(7) < oo and (4.1) holds. Set

v

Aj={zeT:s+(G+1) "< fla)<s+5'}

By (4.1), we have
(U A =2 nl4))

jea jeA
if A is a finite set of positive integers whose elements are all even or all odd. Hence it
follows that

> u(A)) = 2u(T) < .
J
Consequently, for € > 0, we can find jy so that

plreT s < f@) Ss+i' S Y uld) <o

JjZjo
We now find

T NEs)+uT —E(s) —e = p({reT: f(z) =s})
+u({zr € T: f(z) > s+j5'}) = (D),
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which implies that E(s) is measurable.
COROLLARY 4.3. Any open set in R™ is measurable if and only if
(42) W(AU B) = p(A) + u(B)
whenever A € R", B < R" and dist(4, B) > 0.
PROOF. Suppose u(T) < oo, G is open and (4.2) holds. Consider the sets
Aj={zeT:(+1)" <dist(z,G) < j'}.
As in the above proof, we see that

> p(Ay) = 2u(T) < o0

and, for € > 0, find 7y so that

pTNG) +u(lT —G)—e Sp(TNG)+u(T - |J 4;) <),
JZjo
which implies that G is measurable.
Conversely suppose any open set is measurable. Let A € R", B € R" and
dist(A, B) > 0. Then, taking an open set G such that A € G and B £ R" — G,

we have
HAUB) 2 p((AUB)NG) + p((AUB) = G) = p(A) + u(B)
and the proof is now completed.

THEOREM 4.3. Let f be a measurable function on R". If S is a Suslin set in R,
then f~1(S) is measurable.

PROOF. First note that
(4.3) f'(B) is measurable whenever B is a Borel set in R.
To see this, we have only to show that the family
A={AZR: f(A) is measurable}

is a o-algebra containing all intervals. For any set A in R”, define a measure v4 on R
by setting

va(T) = u(AN F1(T)).
Then, for B € R, we infer that

(4.4) f~Y(B) is measurable if and only if B is v4 measurable for any A € R™.
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Now, any Borel set B € R is v4 measurable, because f~'(B) is measurable by
(4.3). Thus Corollary 3.1 implies that S is v4 measurable for every Suslin set S € R,
so that it follows from (4.4) that f~!(S) is measurable.

THEOREM 4.4. Let {f;} be a sequence of measurable functions on R". Then
limsup f;(z) and liminf f;(z) are measurable on R".
. o0

J—00

To show this, note that

{xGanlimsup fi(x) >t} = fj (OO fj {zr e R": f;(2) >t—{—1/m}>.

J—00 m=1 \i=1j=i

For a set £ € R"™, denote by xg the characteristic function of E.

THEOREM 4.5. Let f be a nonnegative measurable function on R", and {r;} be a
sequence of positive numbers such that

o0
lim r; =0 and Z rj = 00.
7j=1

j—00

Then there exists a sequence {E;} of measurable sets such that

o0

f@)=>" rjxg(z) for x € R™.

J=1

PROOF. First set
Ey={zeR": f(x) >nr}.

Now we define {E;} inductively by

i—1
E; = {x eER": f(z)>r;+ ) rjXEj(x)}.
j=1
For each z € R™, let {j : z € E;} = {j1,ja, ...}, 1 < Jo < ---. If ji < m < ji41, then
we see that

Tttty < f@) Sy byt rm,

which implies that

o0

f(l’) =Tyt T, = Z rjXE]’(x)'
j=1

THEOREM 4.6 (Lusin’s theorem). Let yu be Borel regular and f be measurable on
R™. If A is a measurable set in R™ with u(A) < oo and u({x € A :|f(z)| = o0}) =0,
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then for any € > 0 there exists a compact set K such that K € A, u(A — K) < ¢ and
flx is continuous.

PROOF. For each positive integer i € N and each integer j € Z, Z = {0, £1,+2, ...},
set

By =(3/i,(j+1)/1].
Considering

Aij=An f(Biy),

for any € > 0 we take compact sets K ;, with the aid of Theorem 2.1, such that
Ki,j g Ai,j and
,u(A,"j — Ki,j) < 82_i_j.

Then we have
ILL(A — U Ki,j) < 38271',

JEZ

so that we can find j(7) for which

/L(A — E) < 362_i, FZ = U Kz,]

114 (4)
Choosing r; ; € B; j, we define a function
gi(x) =riy  forz € Kij, |j] = j(i).

Since |g;(x) — f(x)| < i~! for x € F}, we see that g; is uniformly convergent to f on
F=() F with

MA-F) =) mA-F)<e.
Clearly, each g; is continuous as a function on F', and so is f|p.

THEOREM 4.7 (Egoroft’s theorem). Let {f;} be a sequence of measurable functions
on R™ which converges to g on a set A € R". If u(A) < oo and € > 0, then there
exists a measurable set B & A such that u(A — B) < € and {f;} converges uniformly
to g on B.

PRrRoOF. Define

Cor= U fo e A1 1f(0) - glo)) 2 27,

Jj=k

By assumption,

k—o0
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so that we can find k(é) such that ;(Cj ;) < €27". Now we have only to take

B= A= Cik:

Let {f;} be asequence of (x) measurable functions on G. We say that { f;} converges
to f in (u) measure on G if

lim p({z € G:[fj(z) = f(2)| > €}) =0

for every € > 0.
A property is said to hold (u) almost everywhere (a.e.) on a set A if the set of all
points for which the property does not hold has 1 measure zero.

THEOREM 4.8. Let {f;} be a sequence of measurable functions on G. If {f;}
converges to f in measure on G, then there exists a subsequence { f;, } which converges
to f a.e. on G.

PRroOF. For each positive integer j, consider the set
Ejr={r € G:|fi(x) = f(x)] > 1/k}.

By assumption we can find jj for which u(Ej, 1) < 27". Now define

Then we have -
FL(E) é Z M(Ejkyk) < 2_m+17

which shows that p(F) = 0. Moreover, if z € G — E, then we can find m such that
£ (@) = f(x)| S1/k forallk=m

which implies that {f;, (z)} converges to f(z).

1.5 Lebesgue integral

Let p be a measure on R™. A measurable function g is called a (u) step function if the
image g(R™) of g is countable and the sum »  ru(g~"({r})) exists in the extended real

number field R. For a function f on R", we define an upper integral of f by setting

[ rdu= inf 3 (g™ ()
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where the infimum is taken over all step functions g for which
f(z) £ g(x) on R™.

Here we use the convention oo x 0 = 0. Similarly we define a lower integral of f by
setting

/fdu—supZm H{r}),

where the infimum is taken over all step functions g for which

f(z) = g(x) on R™.

It is easy to see that if f is a step function on R™, then

[ fdn= [ 5 dn= 37 ()

We say that the integral of f exists if

[ fdu=["

whose equal value is denoted by / f du. Further, we say that f is integrable if its

integral exists and

/fdueR.

/X fdu=/ fdulx,

when the latter has a meaning.
For a function f on R", set

fH(z) = max {f(2),0} and f~(z)=—min {f(z),0}
then f = f*— f~.

The following are easy.

If X € R", then we write

PROPOSITION 5.1. Let f and g be functions on R".
(1) / fdp= —/ (—=f) dp.
@ [ faes | fan

(3) / f dp < oo, then f(z) < oo for almost all x and/ [T du < oo.
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(4)  If f(z) £ g(x) for almost all z, then /* fdu = /*g djps.
(6) If0<c<oo,then/*(cf)du:c/*fdu.
(7) If/*fdu+/*gdu<oo,then
[ g dns [ pans [Cgdu<oo

PRrROPOSITION 5.2. Let A € R". If A is measurable, then

/ Xa dpp = p(A)

and if p is regular, then

/ Xa dp = p(A).
PRrRoOOF. First note that
/ Xa dp = p(A) §/ Xa dp.

Hence, if A is measurable, then they are all equal.

PROPOSITION 5.3. (1) If f is a step function, then
[ dn=3 (s D).
(2) If f is a nonnegative measurable function, then
[ fdu=[ fduzo0.

(3) A function f on R™ is integrable if and only if both f* and f~ are integrable; in

either case,
[ ran=[ rrau-[ 5 dn

[ fldu= [ s du+ [ 5 dp

PRrOOF. To show (2), for 1 <t < oo and j € Z, setting

and

E;it)={x:t £ f(z) < /11},



20 Measure theory

we consider the function

9=>_ xg,0
J
Noting that g is a step function and

g = f=tyg,

we have

/* fduét/gdu&/* [ dp,

| rdu=[ 1

THEOREM 5.1 (Fatou’s lemma). If {f;} is a sequence of nonnegative measurable
functions on R™, then

which gives

as required.

lim inf / [ d,ui/ liminf f; dp.
j—o00

J—00

PRrROOF. Let g be a step function for which
liminf f; 2 ¢ on R".
j—00

Let {r: g7'(r) # 0} = {r;} and A; = ¢~ *(r;). We may assume that r; > 0 for all j.
For 0 <t < 1, consider the sets

Bi,j = {ZE € Az : f]([E) > tT’Z}
Then it follows that

. U(m B)

izk
so that

/fkd,u>z trzlu’ m Bzy

2k

Hence, letting £ — oo, we find
hmlnf / fidp = Z triu(A;) = t/ g du,
which yields the required inequality.

THEOREM 5.2 (Lebesgue monotone convergence theorem). If {f;} is a sequence of
nonnegative measurable functions which converges increasingly to f a.e. on R"™, then

lim /fjdu /fdu
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ProoF. Since / fidu = / f dp, Fatou’s lemma yields the required equality.

THEOREM 5.3 (Lebesgue dominated convergence theorem). Let {f;} be a sequence
of measurable functions which converges to f a.e. on R". If there exists an integrable
function F' such that |f;| < F a.e. on R" for every j, then

i [ gy dp= [ fdp.
j—00
PROOF. Since F' — f; 2 0, Fatou’s lemma gives

liminf [ (F—f;) du 2 / liminf (F' — f;) dp,
J]—00

Jj—00
so that
lim sup / f d,u</ f du.

Jj—o0

Similarly, since F' + f; = 0,

liminf [ (F+ f;) dp 2 / liminf (F + f;) du,
j—o0

J—00

so that
hmmf / 1 du>/ f du.

Thus the required equality follows.

THEOREM 5.4 (Jensen’s inequality). If u(R") = 1 and ® is a nonnegative convex
function on R, then

o[ fdw) < [ @ofdp

for every nonnegative measurable function f on R".

Proor. If f(R") is finite, say, {r1, ..., 7}, then
B[ fd) = A rn(f () S 3 Auls () = [ @ f

Thus the required inequality holds for step functions, and then for the general function
f.
1.6 Linear functionals

Let £ be a family of finite-valued functions on R"™. We say that £ is a lattice of
functions on R" if the following hold.
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(L1) IffeLlLandge L, then f+g€ Land fAgEL.
(L2) Ifcz0and fe€ L, thencf € Land fAceE L.
(L3) If fel,gelLandg= f,theng— f€ L.

Here f A g(x) = min{f(z),g(z)} and g = f means that g(z) = f(z) for all z € R™.
If £ is a lattice of functions on R™ and f € £, then f* € £ and f~ € L. Moreover,
if £ is a lattice of functions on R”, then so is

Lr={feLl:f=0}

THEOREM 6.1. Let L be a lattice of functions on R". Let A\ be a function on L
with finite value such that

(1)

(i)

(iii) iffeLl, geLandgz2 f, then A(g)
)

—

if fe L andgé€ L, then \(f + g) = M f) + Ag);

A(
if f €L and c 20, then A(cf) = cA(f);
>

—

—

Af);

(iv if {f;} & L increases to g € L, then \(f;) increases to A(g).

Then there exists a measure i on R™ such that

(6.1) A(Sf) :/ fdup whenever f € L.

PROOF. First note that for f € LT,

ACF) Z MO0~ f) =0-A(f) = 0.

For A € R™, consider the quantity
p(A) = int { lim L(£)},
j—00

where the infimum is taken over all sequences {f;} & L such that f; 2 0, fj11 2 f;
and lim f;(z) = xa(xz). We show that p is a measure on R™. For this purpose, let
j—o0

A C|J B; and take a competing sequence {f; ;} for pu(B;). If we set

(2

J
95 = Z fi,j;
i=1

then
lim g;(x) 2 xa(x)

J—00
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and
J 00

Ag;) = Z Afig) £ Jim A(fig)-

i=1 i=1
Thus it follows that

WA S S B

Next we show that each function f € £ is measurable, and so is f € £. For this
purpose, letting 77 € R™ and —0co < a < b < o0, it suffices to show by Theorem 4.2
that

(6.2) W(T) 2 p{z €T f(z) € a}) + p({z € T f(z) 2 b)),

This holds trivially for a < 0, so that we may assume that a = 0. Take a competing
sequence {g;} for u(7"), and consider
_IANb—=fANa
N b—a

Since 0 = kjy1 — kj < gjv1 — g4, h(x) = 1if f(z) 2 b and h(z) = 0 if f(z) < a, we
infer that

h and ki =hAg;.

lim k; 21 on B={zxeT: f(x) 2 b}

J—00

and
lim (g; —k;) 21 onA={zeT: f(x) < a}.
j—o00

Hence we find

lim  A(g;) = lim [A(K;) + AMg; — ;)] 2 w(B) + p(A),

J—00 J—00

which yields (6.2).
Finally we show that

(63 )= [ fdu for fect,
because (6.3) gives (6.1) readily if one notes that
MO =AY =M = [ frdu= [ du= [ fan
For this purpose we need the fact that
(6.4) pu(A) = A(h) whenever h € L1 and h < ya.

For f € L, ¢ > 0 and a positive integer j, note that

0S fA(Je)—fA((J—1e)=e for all x € R™,
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FA@Ge)—fA((J—1)e)=¢e  whenever f(z) 2 je
and
fAGe)—fA((—1)e)=0  whenever f(z) < (5 — 1)e.
Hence it follows that

AFAGE) = FAG=1e) 2 enlfa: fl@) 2 je))
> [ AG+D2) = F A GO dp
z ep({z: flx) 2 (G +1e})
= ASA(G+2)8) = FA(G + D)

with the aid of (6.4), so that

A(f A (e)) 2 / [f A (G +De) = fAeldp 2 Mf A (G +2)e) = f A (2)).

By letting j — oo, we have

Nz [ 1= neldpz =1,
which gives (6.3) by letting e — 0.

THEOREM 6.2. Let L be a lattice of functions on R". Let A\ be a function on L
with finite value such that

(i) if fe L andge L, then \(f + g) = Af) + A\9);
) iffe L andc>0, then Acf) = eA(f);
(i)  if fe L, thensup{\(g):g € LT and 0 < g = [} < o0;
) if{f;} & L increases to g € L, then A\(f;) — A(g) as j — oc.

Set for f € LT,
A (f) =sup{\(g): g€ LT and 0 < g < f}

and

AT(f)=—inf{)Mg) :g€ LT and 0 = g < f}.

Then there exist measures u and p~ on R™ such that

= [ rawt. X ()= fau
— [ raut = [ fau

for every f € LT and
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for every f € L. Moreover, if f € LT, then there exists a sequence {g;} € LT such
that g; < f and
f(x) for pt-a.e. x,

lim g;(z) = {
j—o0

0 for p~-a.e. x.
PROOF. Let f € LT and ge LT. If g < f, then f = f — g = 0, so that

AMg) = A (f) = Mg) +A(f —9) £ M)+ X7(f).

Hence it follows that

AT(f) = A7) S M) = AT = A (),

or
M) =X0(f) = A (f)-
Next, if h € LT and h £ f + g, then

AT(f)+ X (g) 2 Mf ARh)+ A — f Ah) = A(h),

so that
AT+ (g) 2 A (f +9)

Since the opposite inequality is easy, we have

M)+ X (g) = X7 (f +9).

Clearly, if 0 £ ¢ < oo and f = g, then

At(ef) = e (f)
and
AT(f) 2 A (g).
If {f;} € LT increases to g € LT, then we have for k € L with g = k,

A(k) = lim Ak A f;) S lim AT(f;) S A7 (g),

J—00

which gives
A(g) = lim AT(f)).

J—00

Hence we see that AT satisfies all the conditions (i) - (iv) of Theorem 6.1, so that
Theorem 6.1 gives p such that

AT (f) :/ fdu® for every f € L+,
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Similarly, there exists p~ such that

A7 (f) :/ fdu~ for every f € L.
For f € LT, take a sequence {g;} € LT such that g; < f and

lim  u(g;) = p*(f)-

Then we see that
J1F = gildu® = (1) = 1*(95) = () = algy)
and
/ \gsldu™ = = (g;) = 1 (g;) — wlg;) < p*(f) — nlgy)-

Thus {g;} converges to f in u measure and {g;} converges to 0 in g~ measure. Hence
we can choose a subsequence which converges to f pt-a.e. as well as to 0 p~-a.e. .

For an open set G € R", denote by Cy(G) the space of all continuous functions
with compact support in G. Note that Cy(G) is a lattice of functions.

THEOREM 6.3 (Riesz representation theorem). Let A\ be a linear functional on
Co(Q) such that

(6.5) sup{A(g):0S g =S fl <o for any f € Co(G)™.

Then there exist Radon measures ™ and pu~ on G such that

(6.6) A(Sf) :/ fdut —/ fdu~ whenever f € Cy(G).

PRrROOF. We first show that the monotone convergence property (iv) of Theorem
6.2 holds. Suppose {f;} & Co(G) increases to g € Cy(G). Find a nonnegative function
h € Cy(G), which is equal to 1 on a neighborhood of the support of g. For ¢ > 0,
consider the compact sets

K;={x:9(x) 2 fi(z) +¢}.

Since K; 2 Kjy1 and (| K; =0, K; = 0 for large 7, so that
J

0=g—fj=eh.

Hence it follows that
Mg — fi)| £ emax{A\"(h), \"(h)},
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so that
lim - A(f;) = Alg),

as required. Thus, by Theorem 6.2, there exist measures ™ and p~ on G satisfying
(6.5). What remains is to show that they are Radon measures on G. Let v denote
pt or p~, and v denote AT or A7, respectively. Let A € R™ and v(A) < co. Take a
competing sequence {f;} in Cy(G) for v(A), and consider

Vi=Az: fj(x) >1—¢}

for 0 < e < 1. Setting V = U V;, we have
J

v(V)=lim v(V;) < lim (1—¢)"'y(f)).

j—roo = jooo
Hence it follows that
inf{v(V): ACV,V : open} < (1 —¢)'v(A),
which proves (2.3). Similarly,
v(V) =sup{v(K): K £ V,K : compact}.

Finally we show (4.2) for A € R™ and B £ R" for which dist(A, B) > 0. For this
purpose, take a continuous function A on R™ such that h =1 on A and h =0 on B. If
{f;} in Cy(G) is a competing sequence for v(A U B), then

lim ~y(f;) = lim [y(hf;) +7((1 = h)f;)] 2 v(A) +v(B),

j—o0
which gives (4.2). Hence every open sets are v measurable in view of Corollary 4.3.

COROLLARY 6.1. Let A be a linear functional on Co(G). If \ is nonnegative, that
is, N(f) 2 0 for every f € Cyo(G)™, then there exists a Radon measure u on G such
that

A(S) :/ fdu whenever f € Cy(G).

1.7 Riemann-Stieltjes integral

A real-valued function g on the interval [a, ] is called a function of bounded variation
if
Vig=sup D lg(t;) — gltj-1)] < oo,
j=1

where the supremum is taken over all finite sequences a =tg < t; < -+ <ty 1 < t, =

b.
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PROPOSITION 7.1. If g is a function on |a, ¢] of bounded variation, then

(7.1) Veg =Vl + Vg for a < b < c.

For a > b, we define
Vabg = _‘/bag°

If ¢ is a function on R, then we see that (7.1) holds for every a, b and c. In addition,
the function
v(r) = Vi'g

is nondecreasing. Set

v(x—) = sup v(t) and  ov(z+) =inf v(t).

t<z t>x

Then we have
v(e—) < v(x) < vlat).

LEMMA 7.1. If g is a function on R of bounded variation, then

glx—) = lim g(t) and  g(z+)= lim g(t)

t—z—0 t—x40

exist. Further,

v(e) —v(e=) =lg(z) —g(e=)]  and  w(z+) —v(z) = [g(z+) = g(z)].

For this purpose, it suffices to note that
lg(t) — g(s)| £ v(z—) —v(t) fort <s<u

and
lg(t) — g(s)| = v(t) —v(z+) for x < s < t.

Let g be a function on a finite interval [a, b], which is of bounded variation there.
If f is a continuous function on [a,b], a =ty <t < --- < t, =band t;_; < s; = 1,
then we consider the Riemann sum

m

Se(f {ti} {si}) = 22 Fsila(ty) — g(tj-1)].

J=1

If § > max{t; —t; 1} and 6 > max{t —¢’_,}, then note that

[Sy(f, At} {s:3) = So(f {5} {si DI = 20(8)V2g,
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where w(d) = sup{|f(s) — f(t)]:a < s <t < bt—s <0} Hence Sy(f,{t;},{s;}) has
a finite limit as max{¢; —t;_; } tends to zero. The Riemann-Stieltjes integral

I

is defined by the limit. Clearly,

/ab f dg‘ < Sup{|f(x)| oz < b} . Vabg.

PROPOSITION 7.2. If g is a function on [a, c| of bounded variation, then

[ fag=[ fag+ [ rdg

for any f € C([a,c]) and a < b < c.

For a continuous function g on [a, b] of bounded variation, define a linear functional

M) = [ Fdg. Fe(at)

In view of the Riesz representation theorem, we have the following result.

THEOREM 7.1. If g is a function on R for which V’g < oo whenever —oo < a <
b < oo, then there exist Radon measures " and =~ on R such that

/_O:O fdg :/ £yt _/ fdu  forevery f € Co(R)

and
pw((a,b) + p((a,b)) £ VP9  whenever —oo < a < b < o0.

COROLLARY 7.1. For —oc0o < a < b < o0,

g(b+) = gla—) = p*([a, t]) = p~([a, b]).

In Theorem 7.1, if we take g(z) = x, x € R, then u™ is just the one dimensional
Lebesgue measure £'; in addition, u~ = 0. Trivially,

LY([a,b]) =b—a

and we usually write

[ fag=[ sy an
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THEOREM 7.2. If f and g are continuous functions on [a, b] of bounded variation,

then
b

[ 1 o= rera(e) — ) [ g ar

a

This equation, which gives a kind of reciprocity law for integrals, is known as the
formula for integration by parts.
A continuous function g on [a, b] of bounded variation is called absolutely continuous
if .
g(x) —gla) = / dg for all x € [a, b].

If this is the case, then the derivative ¢’ exists a.e., is measurable and

(7.2) /b fdg= /b fq dx for every f € C([a,]).

It is useful to see the following.

COROLLARY 7.2. If ¢ € C'(R) and p is a Radon measure on R", then
| elledu = [ () du(B(o,7))
B(0,a) 0
= LpruBO.MG— [ u(BO,M)F()dr

for a > 0.

1.8 Product measures

Let 1 and v be measures on R™ and R™, respectively. For C' € R™™" we define the
product measure by setting

(% () =int 3 u(Aw(B,)

where the infimum is taken over all sets A; and B; such that C' & U A; x Bj; here we

J
use the convention 0 x oo = 0. Clearly, ;1 X v is a measure on R™*",
We say that a measure p on R™ is countably o-finite if there exists {X;} such that
o0

1(X;) < oo and R" = J Xj.
=1

THEOREM 8.1 (Fubini’s theorem). Let p and v be countably o-finite measures on
R™ and R", respectively. Then :

(1) p x v is regular.
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(2) If A is p measurable and B is v measurable, then A x B is u X v measurable and

(1% V)(A x B) = u(A) - v(B).
(3) If C is pu X v measurable, then

(3a) Cy ={z: (x,y) € C} is u measurable for v-a.c. y € R",
(3b) C, ={y: (x,y) € C} is v measurable for y-a.e. x € R™ and

(nx V(€)= [ (G dula) = [ u(C,) duly).

(4) If f is nonnegative and p X v measurable, then
o F@) dx @) = [ ([ s ) duta)

- / </Rm flz,y) du(as)> dv(y).

ProoF. Consider the family C of all sets C' satisfying (3a), (3b) and the repeated
integrability condition

[ o) dutw) = [ (C,) duty),

whose equal value is denoted by A\(C). In view of the Lebesgue monotone convergence
theorem, we see that if {C}} is a sequence of mutually disjoint sets in C, then U c;ecC

J
and

(8.1) AMUG) =2 ME)

J J

and if {C}} is a decreasing sequence in C and A(C}) < oo, then (| C; € C and
J

(8.2) /\(ﬂ C;) = lim X\(C}).

j—o0
Further we consider the families

Py = {Ax B: Aisp measurable and B is v measurable},

P = {U ijBj:ijBjEPO},

J=1

7)2 = {ﬂ CjiCjEPl}.

j=1
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Then we insist that if Py € C and
(8.3) MA x B) = pu(A) - v(B)
for A x B € Py. If we note that
(A1 X B1) N (A X By) = (A1 N Ay) x (BN By)
and
(A1 X By) — (A2 X By) = [(A1 — Ag) x B]U[(A1 N Ag) x (B — By)],

we see that the finite union of sets in Py is a member of C, so that it follows from (8.1)
that
P EC.

Moreover, since the intersection of any two sets in P; belongs to Py, it follows from
(8.2) that
Py € C.

If V' is a disjoint union of sets A; x B; € Py, then we have by (8.1) and (8.3)

AMV) = Z A(4; x Bj) = Z p(A;)v(Bj).

Hence, if (u x v)(C') < oo, then by definition there exists a decreasing sequence {V;}
in P such that C' € V; and

(8.4) (1 x v)(C) =tm AVy) =A(W), W =(\V; €Ps

Hence, for C' = A x B € P,, we have

(1 xv)(Ax B) =AW) =2 MAx B) = (A)v(B) = (nx v)(Ax B),

so that
(uxv)(Ax B)=XAx B).

HTCECR™"xR"and T € U € Py, then

(1 x V)(T (A x B))+ (ux v)(T - (A x B))
< (uxv)(UN(Ax B)) + (1 x v)(U = (Ax B)) = \(U),

which implies that A x B is u X v measurable. Thus (2) is proved.
From (2) we see that every set in Py is X v measurable, and hence p X v is regular
by (8.4). Thus (1) is proved.
Let C be a pu x v measurable set with (1 x v)(C) < oo, and take V' for which
C g V € Py and
(1% )(C) = A(V) = (ux )(V).
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Then (p x v)(V —C) = 0, so that A\(W) = 0 for some W € P, such that V —C & W.

Hence
w{x: (z,y) € C}) = u{x : (z,y) € V}) for v-a.e. y

and

(1 xv)(C) = [ 1W(C,) dvy).

Thus (3) follows.
Finally (4) holds for characteristic functions, in view of (3), and then, with the aid
of Theorems 4.5 and 5.2, we see that (4) holds for all nonnegative measurable functions.

We define the n-dimensional Lebesgue measure by the cartesian product
Lr=L %o x !

and write simply
| f@)aci@) = [ f()da

for a nonnegative measurable function f on R™.

1.9 Hausdorff measures

If h is a nonnegative nondecreasing function on the interval [0, 0o) satisfying the dou-
bling condition
h(2r) < Mh(r) for any r > 0,

then we say that h is a measure function. We always assume that
h(0) = 0.

For AS R™ and 0 > 0, we set
HY)(A) =inf 3 h(ry),
J
where the infimum is taken over all countable family {B;(x;,7;)} of balls such that
r; < 6 and A S| ) B(wj,rj). Since H,(L‘S)(A) increases as ¢ decreases, we define the
J
Hausdorff measure with respect to h by

Hy(A) = lim HY(A).

Clearly, H ,(15) and Hj, are measures on R".
LEMMA 9.1. Ifdist(A, B) > 6 > 0, then

HY(AUB) = H(A) + HY(B).
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PrROOF. Let {B(z;,7;)} be a countable family of balls such that r; < ¢ and
AUBC Blzj,ry). Let I' = {j : ANB(xj, ;) # 0} and I” = {j : BNB(xj,1;) # 0}.

j
Then {B(z;,r;):j € I'} is a covering of A, so that

HP(A) 3 h(ry).

jer

Similarly, {B(z;,r;) : j € I"} is a covering of B and

HY(B) <Y h(ry).

jerr

Since [” and I"” are disjoint, we have

HY(A) + HD(B) <3 h(ry),

jel
which gives the required inequality.
By Lemma 9.1, (4.2) holds for ;1 = H}, so that we have the following result.
THEOREM 9.1. H, is a Borel regular measure.
Let o,, be the n-dimensional measure of the unit ball B = B(0,1) :
o, = L"(B).

Then £"(B(0,7)) = 0,r". Hence we have by Fubini’s theorem

1
o :/ L7 {9y n) s 20 4o+ 2 < 1= 2y} day
—1

! oy o L((n+1)/2)P(1/2)
On—1 [1 (1—1’1 ) d!L‘l = Op—1 F((n—|—2)/2) 5

so that
ra/2 a2

T T((m/2)+ 1) (/2)T(n/2)

Now we define the m-dimensional Hausdorff measure by H™ = Hj, with h(r) =
1™, Clearly,

H' =L

For a set F and a measure function h, define the Hausdorff content :

My(E) =inf Y h(r;),
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where the infimum is taken over all coverings {B(x;,7;)} of E. We see readily that
My (E) =0 if and only if H,(E) = 0. Let G; be the family of all cubes

{o=(21,.,1,) @i/ Sy < (g +1)/20 i=1,2,...,n}
with integers ¢;, and
G = U Gi;
J
denote by £(Q) the side length of ). Define
m(E) = inf 37 h(U(@;)),
where the infimum is taken over all coverings {Q;} € G of E. We see that

A ML (E) £ my(E) £ AM,(E).

We say that a sequence {/;} of measures is convergent to p vaguely on G if

| Fwdn(a) = lim [ f@)dps(x)  for any f € Co(G)
where Cy(G) denotes the family of all continuous functions on R™ with compact support
in G.

THEOREM 9.2. Let {1;} be a sequence of measures on G. If {y;(G)} is bounded,
then there exists a subsequence {f;, } which converges to a measure j vaguely on G.

PROOF. Let {f;} be a countable dense family of Cy(G). Since {p(f1)} is bounded,
we can find a subsequence {1} for which {u;1(f1)} converges to a number pu(f1).
Next, since {y;1(f2)} is bounded, we can find a subsequence {y;2} & {p;1} for which
{1j2(f2)} converges to a number ( f2). Repeating this process, we take a family {5}

such that
L} 2 {pn} 2 {2} 2 {pss} - -

Now we consider the diagonal sequence {fx;;}. Then it is easy to see that p;;(fx)
converges to pi( f) for each k. What remains is to show that 1, ;(f) converges for every
f € Co(G). To show this, for € > 0 we can find f; for which |f — fx| < e. Then

11,5 () — p(fi)| = epj i (R™) + [ 5 (fr) — p(fe)l,

from which it follows that {y;;(f)} is a Cauchy sequence. Thus

p(f) = lim p;;(f)

J—00

gives the required measure.
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THEOREM 9.3 (Frostman). Let h be a measure function. If j1 is a measure on R"
satisfying

(9.1) pu(B(x,r)) < h(r) for all ball B(x,r),

then
w(E) £ My(E) for any set E.

Conversely, if F' is a compact set with My, (F') > 0, then there exists a positive measure
w on F satisfying (9.1).

PROOF. Let {B(x;,7;)} be a covering of a set £. Then we have

which gives the first assertion.
Conversely, let ;1; be a measure on F' such that

1;(Q)=h(277)  whenever Q € G; and QN F # .
If there exists Q' € G;_; such that p;(Q') > h(277%1), then we modify p; so that
15(Q) = ch(277), 0<c=cy <1,
whenever Q € G;, Q € Q" and QN F # 0, but
H(Q) = h(2 ).
We repeat this process and finally obtain pj such that
#i(Q) Sh(27F)  whenever Q € Gy, k < .

Since {p}(F)} is bounded, with the aid of Theorem 9.2, we can choose a subsequence
which converges to u* vaguely. For ) € §;, if we take a nonnegative continuous
function which is equal to 1 on @) € G; and vanishes outside 2Q), then we see that

©(Q) = 3"h(277),

which proves (9.1). Let {Q;} be a finite family of cubes such that Int(Q;)N Int(Qx) = 0
if j#k Q;NF #0 and
FClJ @,
J

If m is large enough and | @; =) Qi(m) with Q;(m) € G,,, then
j i

fin (Qi(m)) = h(27™)



1.10 Maximal functions 37

or
wh (W) = h(279) for w € Gs.

Hence it follows that

1w (J Qi) = 30 @) + 32" h(27) Z ma(F),

which implies that
P (R") 2 mp(F) >0,

as required.

1.10 Maximal functions
First we show a covering lemma.

THEOREM 10.1. Let E be a bounded set in R™ which is covered by the union of
a family {B(x;,r;)} of balls such that {r;} is bounded. Then there exists a disjoint
subfamily {B(xj,r;)} for which

(101) U B(.Tj/,5Tj/) 2 E.

v/

J
PRrROOF. For simplicity, we write B; = B(z;,r;) and
tB; = B(xj,trj), t>0.
We may assume that EN B; # 0. Letting Ay = sup 7;, we choose Bj() such that
i) > Ai/2.

Next let
A2 = sup {Tj - Xy ¢ 3Bj(1)}
If Ay > 0, then we choose Bj) such that

Tj(2) > A2/2

Then 71y > 7j2)/2 and xj2) € 3Bjx1), so that Bjy N Bjg) = (). Let us assume that
Bjay,...,Bjx) have already chosen. If

Apy1 =sup {rj 1 2; € 3By U---U3Bjx))} > 0,
then we choose Bj;1) such that

Tttty > Apr1/2.
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Then, since 7 > 7j)/2 when ¢ < (', we see as above that
Bj(g) N Bj(g/) - @, € 7£ gl'

Now we have obtained a (finite or infinite) sequence {B;)} of balls. What remains is
to show that

(10.2) U 5B 2 E.
k

Note that in case {Bjy)} is infinite, rj4) tends to zero as k — oo. For any Bj, find
j(k) such that

&€ € 3B](1) J---u 3Bj(k‘)
Hence it follows that B; € 5Bj1) U - -- U 5B, and thus (10.2) holds.
Let p be a Radon measure on R" satisfying the doubling condition
w(2B) = Ap(B) for any ball B = B(z,r),

where 2B = B(x,2r). A measurable function f is called locally integrable if

[ 11@)] dnfa) < o

for every compact set K. For a locally integrable function f on R”, we define the
maximal function

Mf@) =sup s [ 1) duly):

r>0 [

in case = L", we write M f for M, f.

THEOREM 10.2. For A > 0,

il Muf(@) > ) <5 [ 17 duty),

PROOF. Let Ey = {z : M, f(x) > A}. By definition, for each x € E\ we can find
r(z) > 0 such that

L
p(B(z,r(x)))

For N > 0, consider E\ y = {x € E) : r(x) < N}. By Theorem 10.1, we choose a
disjoint family {B;} of balls such that | J 5B; 2 F, v and

J

/B(il?ﬂ"(x)) |f(y)| du(y) > A

u(JlBj) /B [f(y)] du(y) > X
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Then we have
w(ExN) = ZM5B )SAY p
j
> / y)| duly)

gAA/ y)| du(y),

which yields the required inequality.

When dealing with Radon measures which fail to satisfy the doubling condition, we
need to change the covering lemma by the so-called Besicovitch covering theorem.

THEOREM 10.3 (Besicovitch covering theorem). Let E be a bounded set in R™.
Suppose for each © € E, there exists a ball B(xz,r(x)). If supr(z) < oo, then there
el

exists a countable subfamily {B(x;,r;)} which covers E and intersects each other at
most N times, where N depends only on the dimension n.

PROOF. Let a be fixed so that 0 < a < 1, and A; = supr(z) < co. As in the proof
el

of Theorem 10.1, we choose B; = B(z1,7(z1)) such that
ry > aAy

and let

Ay = sup r(x).
reFE—By

Next we choose By = B(xq,r(x3)) such that o € £ — By and
T9 > CLAQ;

set

Az = sup r(z).
J?GE—(BluBQ)

Repeating this process, we finally obtain B; = B(z;, r(z;)) such that z; € £ — (B; U
- U ijl) and

(10.3) rj > ad;,

where
A= sup r(x).
xe€E—(B1U--UB;_1)
By (10.3), if ¢ > j, then
r; > ary,



40 Measure theory

so that {bB;} is mutually disjoint when 0 < b < a/(a + 1). If {B;} is infinite, then
r; — 0 as j — oo, since E is bounded. Hence we see that {B;} covers E. If y € B;N By,
x; & By and xy € Bj, then

lz; —yI? + |z — y|* — |2; — 20]?
2|z — yllze -yl

1
cos Zxyxp = <3

so that the angle Zzjyx, is greater than 7/3. Further, if y € B; N By, z; € B, and
y & bB;, then

25—y + |we —y* —r® _ Jzg—yPP 4 =1

cos Lxjyxy =

2|z; — yllze -yl - 2|lz; — ylre
_ r2rd — g2 1
= 277y 2a’

whenever b > v/1 — a?/a. Now suppose y € B; NBj,N---NB;, . lfy € bB; UbB;,U- - -U
bB;,,, then y belongs to only one ball, say, y € 0B;,. Theny € B;, N B;,N---N B, _,
and the angles Zz;,yz;, are greater than cos™'(1/2a), so that

m—1<N
with a constant N = N(a, b,n).

LEMMA 10.1. Let p be a finite measure on R™. If {E;} is a disjoint family of
measurable sets, then the set {j : p(E;) > 0} is at most countable.

PRroOF. For each positive integer k, consider the set
1(k) = {5+ plEy) = 1/k}.

Since {E;} is mutually disjoint, we see that

> VE=) wE;) = p(R") < oo,

jel(k)

which implies that (k) is finite. Thus the required result holds if one notes that
{7 u(Ey) >0 = I(k).
k=1

A function f is said to be lower semicontinuous if

liminf f(z) 2 f(xo) for all z.

T—T0
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THEOREM 10.4. If u and v are Radon measures on R", then there exist a nonneg-
ative 1 measurable function f and a set Ey, with u(E.) = 0 such that

v(A4) = [ (@) dutvle ()
for every measurable set A, where v|g._(A) = v(Ex N A).

Proor. For t € R, consider the hyperplane
H;(t) = {(z1,...,2n) cx; =t +j27"}.

By Lemma 10.1, we find an irrational number ¢; such that pu(H;(¢; + j27™)) = 0 and
v(H;(t; +j27™)) = 0 for all m € N and j € Z. Now consider the cubes

I ={(1, 0 0p) 1t + 527" Sy <t + (i +1)277", i=1,..,n}

for any multi-index j = (j1, ..., jn). For € S, define

B TAE))

where I,,,(z) = I, ; is chosen so that = € I,,, ;. Since p(I,,(z)) and v(I,,(z)) are lower
semicontinuous by Fatou’s lemma, it is seen that I is Borel measurable. We show that
ifAsg={reA:as F(z) £ 0},0<a<f < oo, then

(10.4) a(Ang) = v(Aap) S Br(Aaps)-

Let ¢ > 0. Since v is Borel regular, there exists an open set G such that A,3 & G
and v(G) < v(Aap) +¢. Then, for each z € A, g, we take the largest I,, ; such that
r € I,; & Gand (o — e)u(l,;) = v(l,;); denote such I,,; by I(x). If we write
{I(x):x € Ay p} = {I,}, then, since {I;} are mutually disjoint, we have

(@ —e)u(Aag) S (a—¢ Z/ug <Z (Le) = v(G) < v(Aap) +e,

which yields the left inequality of (10.4). The right inequality of (10.4) is obtained
similarly.

Now, letting 0 =rg <r; <---<m<ooand A, ={r € A:r; < F(z) <71}, we
see from (10.4) that

Z rip(A;) = Z i) S ZTHW(A
which gives

WA= B = [ Fla) dp(a)
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where E,, = {z : F(z) = co}. On the other hand, if K C {x : F(x) = i}, then (10.4)
gives
V() 2 in(K) 2 ip(Ex 0 K).

Hence it follows that u(FE.) = 0. By noting that

V(A) = /A Fa)du(z) + v(AN Ey),

the required assertion is now proved.

LEMMA 10.2. Let p be a Radon measure on R™ and E be a measurable subset of
R" with finite p measure. Then, for any ¢ > 0, there exists a continuous function ¢
such that 0 < ¢ <1 on R™ and

| @) = @) dux) < <

PrROOF. Let ¢ > 0, and find a compact set K and an open set G such that
KCECGand u(E) —e/2 < p(K) < u(G) < p(F) 4+ ¢/2. Now take a continuous
function ¢ such that 0 < ¢ < 1on R", ¢ =1 on K and ¢ = 0 outside G. Then we

have / Ixe(x) — o(x)] du(z) = u(G — K) < ¢, as required.

LEMMA 10.3. Let u be a Radon measure on R™. If f is an integrable function on
R™ and € > 0, then there exists a continuous function ¢ with compact support such

that
[ 1£@) = p@)] du(z) <

PRroOF. For f and ¢ as above, take a step function g = Z ajxg,; such that
J

[ 1@ = g(@)] dutz) < e/2

In view of Lemma 10.2, for each j there exists ¢; € Cp(R™) such that
aj [ Ixn, () = 3(@)] dp(e) < 22757,

Setting ¢ = Z a;pj, we see that

J 1o = pta)l du@) S 3 a; [ I, ) = i)l dita) < /2

so that

[ 11@) = p@) du(x) <
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THEOREM 10.5. Let p be a Radon measure on R™. If f is locally integrable on

R", then .
lig o L, ) ) = 1@

for p almost every x € R™.

Proor. Without loss of generality, we may assume that f vanishes outside a
compact set. For » > 0 and a measurable function g on R", set

i o 9w duty)

9 = B n)

and
Ay(z) = limsup g,(x) — lim iglf gr(2).

r—0
Our purpose is to show that A(x) = 0 for  almost every z. If g is continuous on R”,
then it is easy to see that Aj(x) = 0 for all z. Since Ay(z) < 2M,g(x), by Theorems
10.2, we have for A > 0,

il s Ag(e) > M) < 25 [ gl

in case pu fails to satisfy the doubling condition, we apply Theorem 10.3 instead of
Theorem 10.1. If ¢ € Cy(R™), then, since As(z) < As;_,(x), we obtain

ule: Ay > 3 < 20 [ 17— ol du.

Here the right-hand side can be chosen to be arbitrary small, so that it follows that
p({z : Af(x) > A}) = 0, which implies that Ay = 0 p-a.e. on R". Since |f,.(x) —
6o(@)| £ M, (f - g)(), we see that
p({z | fo(2) = f(@)] > A}) = p({z : [g-(2) — g(@)| > A/3}) + MAT f = glh

for g € Cy(R™). With the aid of Lemma 10.3, it follows that f, — f in measure, and
hence Theorem 4.8 proves the conclusion.

COROLLARY 10.1. Let ;o be a Radon measure on R". If f is locally integrable on
R”, then

1

10.5 limif Fy) = f(@)] duly) = 0
(10.5) liy s [ 1) = 1) duty)

for p almost every x € R"; if (10.5) holds, then z is called a Lebesgue point.

In fact, for each rational number ¢;, we can find a set E; such that pu(E;) = 0 and

i 1 = ) —Cj
liy o Ly M) = el dal) =17@) — )
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for every z € R" — E;. If we set E = | J E;, then p(E) = 0 and (10.5) holds for every
J
reR"—FE.

THEOREM 10.6. If f is integrable on R", then

11m/|fx—|—h f(z)| dx = 0.

PROOF. For ¢ > 0, by Lemma 10.3 we take ¢ € Co(R"™) for which

/|f )| dr < e.

Clearly,
lm [ o(e +h) — g(a)| dz =0,
Hence we have
[ 1@+ h) = f@)lde < [ |f@+h) - pl+h)| do
—l—/\gox—i—h) @) dz+ [ Ip(@) = f(2)] da

= 2 @) - e@) dz+ [ [pa+h) - o) dz,

which gives

limsup [ [f(x+h)— f(z)] doz < 2e.
h—0
Thus the required equality now follows.

COROLLARY 10.2. If f is integrable on R", then

xr|/w y) dy — f(z)  in LY(R™) asr — 0.

1.11 Distributions

For an open set GG, denote by C§°(G) the family of all infinitely differentiable functions
with compact support in G. For example, let

e/t for t > 0,
f(t) =
0

for t £ 0.
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Since the k-th derivative f*)(t) is of the form Py(1/t)e~/t for t > 0 with a polynomial
Py of degree 2k, f is infinitely differentiable on the real line. Now we see that the
function

() = f(1—|z*)

is an infinitely differentiable function on R"™ with compact support. If we choose ¢ so

that
c/ p(r)dr =1,

then the function v = cy satisfies the following conditions :

(11.1) >0 onB and ¥ =0 outside B.

(11.2) [ dr=1.

Such a function is called a mollifier. It is useful to consider the sequence {v;} of
mollifiers such that

Y;(z) = j"Y(jz) j=1,2,...
Let A = (Aq, ..., A\n) be an n-tuple of nonnegative integers; we call it a multi-index. The
length of A is defined by |A\| = A + -+ + \,. We write

BIL

axll < ax%”

= o and D =D} Dy =

We say that a sequence {p;} in C3°(G) converges to ¢ in C5°(G) if
(11.3)  there is a compact set K & G for which every ¢; vanishes outside K;
(11.4) for any multi-index A, D¢, converges to D*¢ uniformly.

We say that a linear functional 7" on C§°(G) is a distribution on G if it is continuous
in C§°(G). A function u € L}, (G) gives a distribution T, by setting

Tu(p) = /G ou dz, v € C°(G).

THEOREM 11.1. If T is a distribution on G, then for any relatively compact open
subset G' of G, there exist a positive constant M and a positive integer k such that

IT(p)| =M Y sup|D ¢ for every p € C§°(G').
N

PROOF. We assume that the conclusion of the theorem is not true. Then we can
find ¢; € C§°(G’) such that

(11.5) T(o)) = 1;
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(11.6) sup |D g, < 1/ whenever |\| < j.
Since (11.6) implies that {¢;} — 0 in C§°(G), a contradiction follows.

We denote by D’'(G) the family of all distributions on G, which is a linear space by
the natural definitions of addition and scalar multiplication :

(a1 Th + asTs)(p) = arTi(p) + aTa(yp), v € C5°(G),

for Ty, T, € D'(G) and numbers a;, as.
We now consider the differentiation of distributions. For a multi-index A and T €

D'(G), we define DT by
(DT)(p) = (~)NT(DYp)  for p € CF(G),
which gives a distribution on G.

THEOREM 11.2. If T is a distribution on G and G’ is a relatively compact open
subset of G, then there exist a function f € L*(G") and a multi-index A such that

T = D f on G'.

Proor. By Theorem 11.1, there exist M > 0 and k£ > 0 such that

T()] S M Y sup|DYl for every ¢ € C§°(G").
NSk

By the mean value theorem, we have

sup [p| = M sup |(9/0z;)¢]
for p € C§°(G'), so that
(11.7) sup | D*p| £ M sup |[D ¢

whenever |A\| < k, where \* = (1,...,1). Since

() =/_Z/_; DY o(y) dy,

we have
swple| £ [ 1DV ey dy

for p € C§°(G'), which shows by (11.7) that

T(e) £ M [ ID*DY ()| dy.
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Applying the Hahn-Banach theorem, we extend T to a bounded linear form on L'(G).
Since L>(G’) is the dual space of L'(G’), we can find f € L>®(G’) such that

T(g) = [ (DY oy))f(y) dy
for ¢ € C3°(G"), which implies that T = (—1)*+Un DEFDA" £ a5 required.
For a function ¢ € C*°(G) and T' € D'(G), we define the product by
WT) () =T(p)  forp € CF(G).
Then the Leibniz formula remains valid.

THEOREM 11.3. For ¢ € C>*(G) and T € D'(G),

Dwn) =X () 0w

I

LeMMA 11.1. Let {t;} be a sequence of mollifiers. For any ¢ € C§°(G),

px(z) = / o(r —y)Y;(y)dy = / o(y)vj(z —y)dy

converges uniformly to ¢ on G; in particular, {¢ * ¢;} converges to ¢ in C3°(G) as
j — o0.

To show the latter assertion, it suffices to see that
(11.8) DMy * ;) = (D @) x 1, for any multi-index .
For ¢ € C§°(R™) and T € D'(R"), we define the convolution by setting
WxT)(p) =T xp)  for p e CFR),
where (2) = 1(—x). Note that if {1;} is a sequence of mollifiers, then
(11.9) (b xT)(p) = T(p)  asj— o0
for every p € C§°(R™), with the aid of Lemma 11.1.
THEOREM 11.4. For ¢ € Cg°(R™) and T € D'(R"),

D apx T) = (DM)) * T = 4 * (D T) for any multi-index A.

In fact, if ¢ € C§°(R"), then

(DM * T))(p) = (1) M (¢ = Do) = T((D ) * ) = (DM T)(p)
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and

DA T)(9) = (~1) PTG D) = (~1) NT(DNi + )
= DT(J x¢) = (v + D’T)(5).

THEOREM 11.5. Let u and f be continuous functions on G. If Dju = f in the
distribution sense, then Dju = f in the usual sense.

Proor. Take a function ¢ € C§°(R") with properties (11.1) - (11.2). For £ > 0,
consider the mollifier ¢ (z) = e " (e~'z) and define

uclw) = [ ulyinlo —y) dy

for z € G. = {x € G : dist(z,0G) > €}. Note that u. is infinitely differentiable on G.
and

©0/0w;yu(2) = [ w@)(O/0w;)-(x ~ y)] dy
_ / u(y)[(—1)(9/y; - (z — y)] dy
= [ fw)ea—y) dy = f()

Since u. — u and f. — f locally uniformly on G, the required result now follows.

1.12 [P-spaces

For p 2 1, denote by LP(u) the space of all measurable functions f for which

1) (f) = (/ |fIP du)l/p < 00;

if p = oo, then p)(f) = ess sup | f| = inf{r : p({z : |f(x)| > r}) = 0}.

THEOREM 12.1. Let i be a nonnegative Radon measure. If 1 < p < oo, then
Co(R™) is dense in LP(p).

PROOF. Let E be a measurable set with p(F) < co. For any ¢ > 0, we can find
a compact set K and an open set G such that K € F € G and u(G — K) < e.
Now take a function f € Cy(G) such that 0 < f < 1 on G and f = 1 on K. Then

p({z: f(z) # xp(2)}) = u(G — K) <e&, so that
i (f = xe) < [z - f(z) # xp@)))V? < V2.

By Minkowski’s inequality given later, step functions can be approximated by functions
in Cy(R™), so is any function in LP(u); see also Lemmas 10.2 and 10.3.
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THEOREM 12.2. Let i be a nonnegative Radon measure. If 1 < p < oo, then
LP(u) is separable, that is, it has a countable dense subset.

For this purpose, we note that
A= {Z Tixq, ' T € Q,Q; € Q}
J
is a countable dense subset of LP(u). In fact, the characteristic function of an open set
is approximated by functions in A, so is the characteristic function of any measurable

set with finite measure. It now follows that the step functions can be approximated by
functions in A.

THEOREM 12.3 (Holder’s inequality). For p > 0, let p' = p/(p —1). If p = 1,
f € LP(u) and g € LP (), then

/ [fal dp = pgy (f) 16 (9);

if0<p<l1, feLlP(u) and 0 < / lg|”'dp < oo, then

/ gl dp = </ |f\pdu)1/p (/ \g\p'du)l/pl

PROOF. First let p 2 1, and note that if « >0, 3>0,a>0,b>0and a+ (=1,
then log(aa + 8b) = aloga + Blogh, or aa + b = a®b’. Suppose ) (f) > 0 and

ppy(g) >0, and set F' = [|f|/pp)(f)]F and G = [|g|/,u(p/)(g)]p/. Then we have

[u<p>(f)u(pf>(g)]‘1/ fgl du =/ FYrGYY dp < / [(1/p)F + (1/p)G] du = 1,

which gives the required inequality. The case 0 < p < 1 can be shown by applying the
above Holder’s inequality with ¢ = |fg|P, ¥ = |g|™ and ¢ = 1/p > 1.

THEOREM 12.4 (Minkowski’s inequality). Let f € LP(u) and g € LP(u). In case
P21
o) (f +9) = 1) (F) + ki (9);

on the contrary, in case 0 < p < 1,

) (11 +191) 2 1) (F) + 1w (9):

PROOF. In case p > 1, since |f + gl? < |fIIf + gl + |gllf + g, we apply
Holder’s inequality to obtain

) (f + 917 < [y (F) + 1) (9] [ (| f + 9]
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from which the required inequality follows. The case 0 < p < 1 can be shown similarly
by use of the reverse Holder’s inequality.

In view of Minkowski’s inequality, we see that ji is a norm in LP(yu), which is
supposed to satisfy the following properties :

(i) pep(f) 20 for all fe LP(p).
(ii) pp)(f) =0if and only if f = 0.
(iii) ppy(af) = lalpp) (f) for all @ € R and f € LP(u).

(iv) b (f +9) = ) (f) + 1y (g) for all f € LP(p) and g € LP(p).

THEOREM 12.5. Let u be a nonnegative Radon measure. For 1 < p < oo, LP(u) is
a Banach space with the norm fi,).

PROOF. Let {f;} be a Cauchy sequence in LP(). Then for each positive integer k
find jj such that pg)(f; — fm) < 27% whenever j = ji and m = j,. We may assume
that j; < jo < ---. Then

M(P)(fjkﬂ _fjk) <2_k’ k=1,2,---.

Note here that »_|fj.., — f;.] € LP(1) by Minkowski’s inequality. This implies that
k

the function

folw) = fj,(x) + Xk: i (2) = fi,. ()]
is defined for almost every = and belongs to LP(u). Further,
lim iy (f, — fo) = 0.
Since {f;} is a Cauchy sequence, it follows that jli_}rgo Loy (f; = fo) = 0.

COROLLARY 12.1. L*(u) is a Hilbert space with respect to the inner product

(1,9 = | F@)gl) du(a).

THEOREM 12.6 (Clarkson’s inequality). Let p =2 1 and p' = p/(p — 1). For
f€LP(u) and g € LP(u), if 2 < p < oo, then

(12.1) W (f;gﬂ . [M(p) (f;gﬂ < ! + bt}
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and if 1 < p < 2, then

f+9\]" f=9\l"
H(p) 9 + | Hp) 9

PROOF. First note that if 2 < p < oo, then

(12.2)

A

([mp)(f)]p + [ <g>]ﬂ>*”1
2

p

a—>
2

a+b
2

Pl

< 5 fora, b € R,

which gives (12.1) readily. Next note that if 1 <p <2 and 0 <t < 1, then

(147 + (1 —t)P —2(1 + 7 )P

B i (2—p)--- (25 —p) 2 ( 1 — ¢2i—p)/(p—1) 1— t2j/(p—1)> >0
4 (25 —1)! 2j-p)/p-1)  2j/p-1)) ="
which proves by taking t = (1 — s)/(1 + s)
1 4 1—3s\” 1 py 1/(p—1)
(L (5 < (e 2) " ro<scn
This readily yields
b P’ —b P’ P blp 1/(p-1)
G;L GT §<M) for a, b € R.
Since p — 1 < 1, we have
f+g\]" f=g\1" +g/” —g[”
lu(P) 2 + 'U’(p) 2 = ,U/(p—l) 2 +,LL(p_1) 2
P

A
—
™

S~
|5
)

A

which yields (12.2).

COROLLARY 12.2. Let 1 < p < oo. Then for any € > 0 there exists 6 > 0 such
that

e ((f+9)/2) £1=96
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whenever pp)(f) =1, pp)(g9) = 1 and pg,)(f —g) 2 &

THEOREM 12.7. Let 1 < p < oo and X\ be a linear functional on LP(u) such
that A = sup{|\(f)| : p@)(f) = 1} < oo. Then there exists a function k € L¥ (),
P =p/(p—1), such that

M) = / fkdp  whenever f € LP(u).

Moreover, if f € LP(u), then

fp(f) = sup }/fg dp.

{g:11(py(9)=1
PROOF. Consider the family ¢/ of all nonnegative functions u € L¥ (1) such that

A(f) = / fudp  whenever f € LP(u) and f 2 0.

Then we see that gy (u) < A, if we consider f = (u/pgy(u))” L If u and v are

in U, then we claim that u V v = max{u,v} are also in Y. In fact, considering the
characteristic function g on the set {z : u(x) = v(x)}, we have for any nonnegative
function f € LP(u),

M) = M (fg) AT (f(1—9g))
> [ foudu+ [ (f0=g)vdu= [ fluv)dp

Now we find an increasing sequence {u;} of functions in ¢ for which
lim i) (u) = sup {py(u) : u € Ul
Clearly, k™ = lijm u; € U and py (k) < A. What remains is to show that
AT(f) :/ fkT dp  whenever f € LP(u) and f = 0.
Suppose on the contrary there exists a nonnegative function g € LP(u) for which
A (g) > / gkt dp.
Find a nonnegative function h € L” (i) such that {z : h(z) > 0} = {2 : g(x) > 0} and

)x*(g)—/ gk™ du>/ghdu>0.

Consider

() =N = [ SO R du or f € L),
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By Theorem 6.2, we find a signed measure v and a function g such that 0 < go < ¢,

(f)= [ fdv  forany f e L(p)

™ (g) = / go dv™t and / go dv™ = 0.

If we let x be the characteristic function of the set E = {z : go(z) > 0}, then u~ (E) = 0,
so that

N = [ O+ xh) dp

NP1 =x) = [ FL =k dutr(fx)
T(fx) =7"(fx) 20,

1\

for every nonnegative function f € LP(u). It follows that k™ + xh € U, which implies
that xh = 0 a.e., so that x =0 a.e. . Thus

0<7(9) =77(9)=0

and a contradiction follows.
In the same way, we find k= € L? () such that

A (f) :/ fk™ dp whenever [ € LP(u).
Clearly, k = k* — k~ is the required one.

For a normed space X, denote by X’ the dual space of X, which consists of all
bounded linear functionals on X. We say that X is reflexive if

X// — (X/)/ — X
COROLLARY 12.3. If 1 < p < oo, then LP(u) is reflexive; more precisely,

[LP (1)) = LP (n).

A sequence {f;} in X is convergent weakly to f € X if

lim T(f;) =T(f) forallT €X'
Jj—00

THEOREM 12.8. Let 1 < p < oo. If {f;} & LP(n) is convergent weakly to f, then

liminf ) (f5) 2 1 (f)-
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In fact, we find

/ fg du= lim / fig dp = [liminf pi)(f5)]10) (9)
for all g € LP ().

COROLLARY 12.4. Let 1 < p < oo. If {f;} & LP(u) is convergent weakly to f and
lim gy (f;) = pe)(f), then {f;} is convergent to f in LP(u).
j—o0

In fact, since liminf p) ((f; + f)/2) 2 pe)(f) by Theorem 12.8, Minkowski’s in-
j—o0

equality yields
lim i) ((f5 + £)/2) = piny ().

Now it follows from Corollary 12.2 that

}Hgo 1) (f; = f)=0.

THEOREM 12.9. Let p be a nonnegative Radon measure, and 1 < p < oo. If {f;}
is bounded in LP(j1), then there exists a subsequence { f;, } which converges weakly in

LP(p).

In fact, by Theorem 12.2, we can find a countable dense subset {g;.} of L' (11). Since
{9:1(f;)} is bounded, find a subsequence {f;;} for which {g:(f1,)} converges. Next,
find {fo;} € {f1;} for which {g2(f2;)} converges. Repeating this process, we obtain

{(fis} 24{fei} 2 2{fus} 2

for which {gx(fr;)} converges as j — oo. Now we may take the diagonal sequence
{f;;}, which is easily seen to have the required property; see also the proof of Theorem
9.2

The case p = 1 is treated in Riesz representation theorem and Theorem 9.2.

Another application of the method of diagonal sequence is the following result,
which is known as the Ascoli-Arzela theorem. A family S of continuous functions on
a compact set K is said to be equicontinuous if for any £ > 0 there exists 6 > 0 such
that

(12.3) |f(z) — f(y)| <e whenever z € K,y € K, |t —y| <d and f € S.

THEOREM 12.10 (Ascoli-Arzela). Let S be a family of continuous functions on a
compact set K such that M = sup ||f|le < 0o and S is equicontinuous on K. Then
fes

there exists a sequence in S which converges uniformly on K.
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PRrROOF. Take a countable dense set {z;} in K. Since {f(z1) : f € S} is bounded,
we can find a sequence {f; ;} for which {f; ;(z1)} converges. Next, find {f2;} & {f1,}
for which {f5;(z2)} converges. Repeating this process, we obtain

22 2{fu) 2

for which {fy ;(zx)} converges as j — oo, and consider the diagonal sequence {f;}.
We have only to show that {f;;} is a Cauchy sequence in C(K). For z; and ¢ > 0,
there exists jj such that

|fii(@k) = fom(xk)| <e  whenever j 2 j, and m 2 jj.
By equicontinuity, find § > 0 satisfying (12.3). Then we have for € K N B(xy, 9)

15 @) = Frm@) S 1f55@) = Fis@O] + 1 fi5(@0) = Frm(@)]
+ | from (k) = from(2)] < 3¢

if j 2 jx and m 2 jj. Since K is compact, we see that {f;;} is a Cauchy sequence.



Chapter 2

Potentials of measures

In this chapter we are concerned with Riesz potentials of (Radon) measures; in a special
case, they are called Newtonian potentials and logarithmic potentials. The semigroup
property of Riesz kernels is a useful tool, in connection with energy integrals. The
Riesz capacities are defined and shown to satisfy the capacitability result. The fine
limit results are shown and used for the study of radial limits.

2.1 Riesz potentials

In this chapter, measures p are all nonnegative Radon measures on R". Recall that
(i) p is countably additive, i.e.,
UEZZN
: ]:1
for any mutually disjoint Borel sets F; .

(ii) pu(K) < oo for any compact set K.
The support of 4, S, is the smallest closed set F' for which

uw(R" —F) =0.

For a set £ & R", denote by M(E) the family of all measures with support in E; for
simplicity, set M = M(R").
In case 0 < a < n, we define the Riesz potential U,u of a measure p by

Uapt /U x —y)du(y /Ix—yl"“ "du(y),

which is sometimes called an a-potential.
We use the symbol B(x,r) to denote the open ball centered at x with radius r.

THEOREM 1.1. For any measure u, the following assertions are equivalent:

o6
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(1) Usp# o0 ;

@ [ Al ) < oo ;

(3) / o) |z — y|* "du(y) < oo for any x and any r > 0 ;
n—B(x,r
(4) / | |z — y|* "du(y) < oo for some x and some r > 0.
B(z,r

PROOF. First note that (1) implies (4) and
(1.1) M1+ ) < |z —y| < M1+ y|) for every y € R" — B(x,r).

Hence, (2) implies (3) and hence (4). Conversely, if (4) holds for some zy and r¢ > 0,
then

/(1+|y|)a‘"du(y) = /B(WO) (1 + |yh* "du(y)

+ (1 + ly))* "du(y)
RnfB(xo,To)

< w(B(xg,mo)) + M lzo — y|* " du(y),
R"*B(xoﬂ‘o)

which shows (2). Thus (2), (3) and (4) are equivalent.
We show that u(z) = / |z — y|* "du(y) is locally integrable. In fact, applying

B(z,1)
Fubini’s theorem, we have

/B(O,N) u(z) dx BN+ (B(yl |z —y|*™ 37) w(y)

)
< Mu(B(O,N +1)) <
Thus (1) follows readily from (3), and now (1) ~ (4) are equivalent to each other.

A function f on an open set G € R" is said to be lower semicontinuous if

liminf f(z) 2 f(x

minf f(x) 2 f(xo)

for all xy € G; if —f is lower semicontinuous, then f is called upper semicontinuous.
Note that a lower semicontinuous function attains minimum on any compact subset of
G. Moreover, if f is an increasing limit of a sequence of continuous functions, then we
see that f is lower semicontinuous. The converse is also true.

LEMMA 1.1. Let f be lower semicontinuous on G. If f is nonnegative on (G, then
there exists a sequence {p;} of nonnegative continuous functions on G' which increases

to f.
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PROOF. Suppose f # oo, and consider the functions

wj(r) = inf{f(y) + jlz —y| : y € G}.

Then we can show that 0 < ¢; < 00, ¢; < @11 = f and

|05 (x) = ¢;(2)] < jlo - 2|

for all x and z € GG, which implies that ¢; is uniformly continuous on G. Note that
S : .
pj(z) 2 min { Bléi,fa) f.j0 }

for small § > 0. Since f is lower semicontinuous at z, we also see that {¢;(x)} increases

to f(x).

For measures p and v, define the mutual a-energy by setting

Ealt /Uau ) dv(x // |z —y|*™™ du(y)dv(x).

THEOREM 1.2 (lower semicontinuity of potentials). If M is the space of all mea-
sures on R™ with vague topology, then &,(u,v) is lower semicontinuous on M x M;
in particular, U, is lower semicontinuous on R™.

PRrROOF. Let {u;} and {v;} be vaguely convergent to p and v, respectively. Take a
sequence {k;} of nonincreasing continuous functions on [0, c0) such that 0 < k;(r) =
r~" for r > 0 and

lim k;(r)=r*" for any r > 0.

Jj—oo

Further, take a function ¢ € C§°(B(0,2)) such that 0 < ¢(z) <1 on R" and ¢p(z) =1
on B; define

pi(r) = (i)
for x € R™. If m is fixed, then

| em@hnlle = yl) du(@) = lim [ on(@)kn(lz = yl) dpy(o)

for any y. Since the convergence is locally uniform,

| en@enknllz = yl) du(x)dv(y)
=l [ onl) ([ en@knlle =y dis(@)) dvi(y)

J—00

< liminf // |z —y|*" dpy(z)dv;(y),

J—00

IN
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which gives by letting m — oo,

[ [ o=yl du@yavly) < timint [ [ e = g7 dus () (y),

Jj—00

If we take v as a point measure at y, then U,u(y) = E,(u,v) is lower semicontinuous
on R".

THEOREM 1.3 (weak maximum principle). For any measure p, if Uy < 1 on S,
(the support of 1), then

Uppp £ 2"7° for all x € R™ .

Proor. For x € R" — S, take 2* € S, such that
2" — x| = dist(x, S,) = min{|ly — x| : y € S, }.
Then |z* —y| = |2* — 2| + |z — y| £ 2|z —y| for y € S, so that
Uap(x) = 2" Ugpu(z™) = 277,
as required.

THEOREM 1.4 (continuity principle). If U,p is continuous as a function on S,
then U,u is continuous on R".

Proor. Since U,p is continuous outside S,, we show that U,pu is continuous at
a € S,. For any € > 0, take > 0 such that

/ la —y|*"du(y) <e
B(a,r)

and set p, = ft|pr) and v, = pilgn_p(ar). For z, let 2’ be a point in S, such that
|2 — x| = dist(z, S,,). Since U,v, is continuous at a, we see that

limsup U,pu(x)

r—a

limsup [Uapir(7) + Uavr(7)]
2" *limsup Uy (') + Usvr(a)
2" *limsup [Uyu(z") — Ugvy(2)] + Uarr(a)

r—a

2" Wapir(a) + Uy (a)
2" % + Uqgpi(a).

[IA

[IA

A

It thus follows that
limsup Uapi(z) < Uap(a).

r—a
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Since U, is lower semicontinuous (see Theorem 1.2), we see that
lim Uap(z) = Uap(a),
which implies that U,u is continuous at a.

THEOREM 1.5. Let B be a Borel set for which u(B) < oo. If Uyp Is finite on B,
then given € > 0, there exists a closed set F' such that (B — F) < ¢ and U, (u|r) is
continuous on R".

PROOF. By Lusin’s theorem, we can find a closed set F' & B such that u(B—F) < ¢
and U,p is continuous on F' as a function on F'. Then

Ua(ptlr) = Uapp — Ua(pt|rn—rF)

is upper semicontinuous on F' as a function on F. Thus U,(u|r) is continuous on F
as a function on F. In view of continuity principle (Theorem 1.4), it is continuous on
R".

COROLLARY 1.1. Let B be a Borel set for which p(B) < oo and U, is finite on
B. Then there exists a sequence {p;} such that Uy, is continuous and increases to

Ua(pis)-

PrROOF. By Theorem 1.5, we can take a sequence {F;} of closed sets such that
F C B,

(1.2 u(fjl Fy) = u(B)

and Uypy with p; = plp, is continuous. Since we may assume that [} is increasing,
Uapt; increases to Uyplp by (1.2).

THEOREM 1.6 (Riesz composition formula). If &« > 0, 8 > 0 and a + < n, then
there exists a positive constant a(«, ) such that

[ 1=yl mly = 2Py = ala, e — 27

REMARK 1.1. As seen later,
['(/2)

a(a, g) = 108 =gt 2
@) R N(CRTE)

Yo+ 7

PrROOF OF THEOREM 1.6. By change of variables, we may assume that z = 0.
Write x = r€ and y = sn, where r, s > 0, |{| = 1 and || = 1. If 6 denotes the angle
between x and y, then we have

|z —y|* =7* + s* — 2rscosf,
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so that, applying polar coordinates and change of variables : s = rt, we have

/ lz —y|* "y’ "y = was /OOO /Ow(r2 + 52 — 2rscos )@/ 2P =1 gin"=2 95 df
= Wy rothm /Ooo /Ow(l + 12 — 2t cos 0) /2P sin" 2 9dtdh
= ala, Hrn = afa, B) el

where w,,_; denotes the surface measure of the unit sphere in R .

COROLLARY 1.2. For p € M, E,(p, 1) < oo if and only if U, jap € L?, that s,

/ [Uyjopt(x)]? da < oo.

In fact, we have

[ ot do = [ ([ 1=yl duty)) ([ fo = 21 "du(z) ) do
= [ [ ([ 1=yl = 2o e ) duy)duz)

= a(0/2,0/2) [ [ ly= =" du(y)dpz)
= a(a/2,a/2) Ea( ).

REMARK 1.2. Foraset E € R", denote by | E/| the n-dimensional Lebesgue measure
of E. Hence, if B = B(x,r), then |B| = o,r" with 0, = |B(x, 1)|. Denote by xg the
characteristic function of E. If |E| < oo, then U, xg is bounded and continuous on R",
so that €, (xg, Xg) < 00; in fact, by taking a ball B = B(x,r) such that |E| = |B(x,r)|,
we see that

Uaxple) = [ o—yl gt [ =gt dy
EnB(z,r) E—B(z,r)

/ |z —y|*" dy + r“’”/ dy

ENB(z,r) E—B(z,r)

/ |z —y|*" dy + r“’”/ dy
ENB(z,r) B(z,r)—E

/ |z —y|*" dy + |z —y|*" dy
EnB(z,r) B(z,r)—FE

/ |z —y[*" dy
B(z,r)

= wr®/a (: en\E|a/") ,

A

A

where w,, denotes the area of the unit sphere and e,, is a suitable constant. In the same
way, if F is a subset of a spherical surface S(a,r) = dB(a,r), then U, X is bounded
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and continuous in case a > 1, so that yg € &, in this case, where dyg = xgdS on

S(a,r).

THEOREM 1.7. Let u, v € M. If Uy < U,v on R™, then

n(R") = v(R").

PROOF. For simplicity, denote by x, = xB(o,,). Then

and

UaXT(x) = 1"Uaxa (x/r)

Uax1(z) < Uaxi1(0).

Hence we have by Fatou’s lemma

Ui Op(RY) £ Timinf [ Uae/r) dp(x)

= liminf r’o‘/ Uaxr(x) du(x)

rT—00

rT—00

— liminf @ / Uatt(y) dx-(y)

< liminf 7’70‘/ Uav(y) dx-(y)

T—00

= liminf / Uuaxi(z/r) dv(z)

A

r—00

= Uaxa(0)p(R"),

which gives the required inequality.

2.2 Fourier transform

liminf [ U,x1(0) dv(zx)

For an integrable function f on R™, we define the Fourier transform f by the integral

~

fl@) = Fflz) =

[ e py) ay,

where ¢ = v/—1 and z -y denotes the inner product in R". Similarly, define the inverse

Fourier transform by

Fifla)= [ emty) dy.

For 1 £ p < 00, a measurable function f on R" is said to belong to LP(R") if

151 = ([ 17 dy) " < oo
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in case p = oo, we write f € L>*(R") if f has the finite essential supremum : || f||e <

Q.

THEOREM 2.1. If f € L}*(R"), then f is uniformly continuous on R™ and

(2.1) 1flloo < 1f11s

in fact, f(x) tends to zero as |z| — co.

PROOF. Since f is continuous on R" and (2.1) is trivially fulfilled, we show that
f(x) tends to zero as |x| — oo. Let R denote a rectangle with sides parallel to the
coordinate axes. If g = y g, where xyr denotes the characteristic function of R, then g
is of the form

a

L .
g@) =TT [ {cos(2masy;) — isin(2ra;y;)}dy;
j=1 7%

which clearly tends to zero as |z| — co. Now, for given € > 0, find a linear combination
g of such characteristic functions such that || f — ¢|[s <. Then

limsup |f(z)| < limsup (||f — gl + |§(z)]) <&,

|| —00 || —00
which proves that R
lim [f(z)| =0,

|z|—o00

as required.

REMARK 2.1. If f(y) = e ™0 for § > 0, then f(z) = 6 /2f(x/d).
In fact, f € L'(R") and

f(ﬂ?) _ /6727rix-y€77r6\y|2 dy
—  mlal?/s / e~ /0) (win/8) gy

— P/ / e gy

_ 6—n/2€—7r\a:|2/5.

REMARK 2.2. The function W (z,t) = (4mt)~"/2e~1*F*/4 is called the Weierstrass
(or Gauss-Weierstrass) kernel in R7*!. The following can be proved readily :

/n Wiz, t)dr =1

and
FOW (1) (y) = e
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for ¢ > 0.

There is an inequality known as Minkowski’s inequality for double sequence {a;;}
of nonnegative numbers; in fact, for p = 1,

This inequality has an integral form as follows:

THEOREM 2.2 (Minkowski’s inequality for integral). Let p and v be measures on
X and Y respectively. If f(x,y) is a nonnegative measurable function on X x Y, then

{/X (/Y f(z,y) d’/(y)>pdu($)}l/p S /Y (/X [l y)? du(m))l/p du(y).

For functions f, g € Li,.(R"), we define the convolution h = f * g by

loc

M) = frg@) = [ fl@=y)gl) dy.

Clearly, f x g = g * f where the above integral is absolutely convergent.

THEOREM 2.3. Let p € L*(R") satisfy/ o(x) dr =1, and set p.(x) = e "p(x/e).
If f € LP(R™), then f *x p. — f in LP(R"), ase — 0.

PRrROOF. First we see that
fee) = @) = [ {f@—ey) = F@)ely) dy.

In view of Minkowski’s inequality for integral, we have

£ xpe— 1l = [ ([ 15—z~ @) de) " et dy,

which, together with Lebesgue’s dominated convergence theorem, proves the required
assertion.

THEOREM 2.4 (Young’s inequality). Let 1 < p,q < ocand1/r =1/p+1/¢—1 = 0.
If f € LP(R") and g € LY(R"), then

1S+ glle = [1£llpllgllq-

PROOF. Let
1 1 1 1 1 1 1 1 1
+ +



2.2 Fourier transform
Writing

@ =)= (If@ = )P lgw)7) (1@ =) (law)I”*),

we apply Holder’s inequality to have

Frg@l = [ 1f@ =gl dy

< ([ 1=l a) " ([ 15 —npa)” ([ o a)
= WPl ([ 16— Pl ay)
so that
5ol < WP [ ([ 176 Pl ay) az}
= 171l = gl

The following are easy consequences of Fubini’s theorem.

THEOREM 2.5. If f, g € L*(R"™), then f * g € L'*(R") and

F(fxg)=fa.

In fact, we have

/ e fxg(y)dy = / (/ e 2T f(y Z)dy> g9(z)dz

COROLLARY 2.1. If f, f € L'(R"), then

flx)=F(Ff)x)=F(F f)lx) for almost every .

PROOF. Letting ¢(y) = e ™’ we apply Theorem 2.6 and Remark 2.1 to have

/ f)pe(z —y) dy = / f(2)e™ 2 p(ez) dz.

65

1/c
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If we let ¢ — 0, then the required result holds with the aid of Theorem 2.3.

Denote by S the space of all rapidly decreasing functions ¢ € C*°(R™); that is,
¢ € S if and only if |z|™(8/0x)*p(x) is bounded for any m > 0 and any multi-index
A. Note that

(2.2) F((2/0y) o)) (z) = (2miz) Fo(x)
and
(2.3) F((=2miy)p(y))(x) = (0/0x) Fp(x).

THEOREM 2.7 (Plancherel’s theorem). If ¢ € S, then Fp € S and
F (Fo)=F(Fp) = .

COROLLARY 2.2. For p € S, [|¢]l2 = ||¢]|2-

COROLLARY 2.3. If f € L*(R™), then there exists g € L*(R") such that ||g||, =
[f]l2 and

/ f(z)p(x) dx = / g(z)o(z) dx for any ¢ € S.

In fact, if we take {¢;} € S which converges to f in L*(R™), then {¢;} converges
to a function g in L*(R™). In view of Corollary 2.2, it is easy to see that g has the
required properties. We call g the Fourier transform of f and write g = f.

THEOREM 2.8. If 0 < a < n, then

Flyl* ") (@) = yola|™

in the sense that
(2.4 [ Wl ew) dy = o [ lal¢le) de forany p € S
with v, = /27T (a/2) /T((n — a)/2).
PROOF. In view of Remark 2.1, we have
/ e’”‘sl"”‘Q@(x) dr = 6’"/2/ e’“‘”‘”'Q/‘;go(:c) dx

for § > 0 and ¢ € S. Multiplying the equation by §*~/2=1 and then integrating both
sides with respect to §, we obtain

/ (/ el gln—a)/2-1 dé) o(x) dr = / (/ e”'ﬂ/‘séaﬁld&) o(x) du.



2.2 Fourier transform

Note here that
[ e S s — (nlaf?)” 20 (- ) /2)
Hence
70D (= 0)/2) [ 2" @(w) do = 7T a/2) [ 2] () do,
which leads to (2.4).
COROLLARY 2.4. Let ko(z) = v, z|*™. Ifa >0, 3> 0 and a + (3 < n, then

Ra * Kg = Ka4p3

and -
a(a, B) = = SR

’704-&-/3

THEOREM 2.9. If p € § and 0 < o < n, then there exists 1) € C'*° for which

)=t [ e =yt uy) dy
and

(2.5) d(x) = O(lx[™*™")  as |a] — oo

In fact, let ¥(z) = F*(Jy|*Fe(y))(z). If a = 2m with an integer m, then
Y(x) = (—47) " A (),

where A denotes the Laplace operator, so that (2.5) clearly holds. To derive (2.5) in

the general case, we need the explicit representation of ).

PROOF OF THEOREM 2.9. For ¢ € C3°(R"), we see that
kat o) =" [ oo+ y)ly” " dy
is analytic in {a: 0 < o < n} for fixed z. Write
vlaye) = 75" [ {ela+y) = o(@)}ylo dy.
This is well-defined for —1 < a < n,
d(aa) = 95" [ fela+y) = eyl dy

a /R”—B p(x+y)ly|* ™ dy — v, o(x) (__>
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and
(2.6) (o, ) = O(|x|*™) as |x| — oc.

Since lim v, = w,, we see that
a—0

lim ¥(a,z) = p(z).

a—0

Moreover, if a > 0, then 1 (a, ) = Ko * (). Thus ¥(«, z) is an analytic continuation
of kg * gp( ) to the interval (—1,0). If 0 < @ < n — 3 < n, then (2.6) gives

rp* (e, )(2) = Kayg * (),

so that it is true for —1 < -3 < a < n — (. In particular,

kg * Y(=0,)(x) = p(z)

for —1 < —(3 < 0. Thus, in this case, (2.5) follows from (2.6).
To treat the general case, we consider Taylor’s expansion. Write

Ki(z,y) = p(z +y) Zz: (%;- v <£;>A @(aﬁ))

and
vlose) =" [ Kelw,y)lyl*"dy.

This is well-defined and analytic in the interval (—=¢ — 1,n) and (2.6) holds. Now let
¢ = 2m+ 1 for nonnegative integer m. One sees that for —2m —2 < a < —2m, Y(«, )
is equal to

Ym(a,z) = 7;1/]3 (90($+y Z%N |y|2]) ly|* " dy
— a—n — Wn
+7a1/ ez +y)|y|*""dy — 75 () <——)
R"—-B

B T O‘

= a+ 29

with constants a; = [2/j!ln(n+2) -+ (n+2j — 2)]7!, where the integral takes principal
value. Since 1/[I'(a/2)(av+2m)] is analytic at & = —2m and has value (—1)"m! there,
the right-hand side is analytic in (—2m — 2, n) and

Ym(—2m, x) = (—47°) " A" p(z);

moreover, in case —2m < a < —2m + 2, it is equal to 1, _1(c, x). In view of (2.6), we
see that kg* 1, (a, -)(x) is well-defined for —3 < o < n—p, 2m < f < min{2m+2, n},
and analytic there. Since ¥, (o, x) = Kk * p(z) for 0 < a < n,

kg * wm(o‘> )(‘T) = Kpta * 90(%)
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By the analyticity of both sides, this is true for —3 < a < n — 3, where 2m < 3 <
2m + 2. In particular, letting « — —(, we have

Kk Ym (=0, ) () = p(z),
which was to be proved.
COROLLARY 2.5. If Uy = U,v # 00 on R", then = v.

In fact, for ¢ € C§°(R"), taking 1 such that ¢ = U,1, we have
u) = [ Uab@dn@) = [ Way)lo(y)dy
= / [Uav () (y)dy = v(p),

which means that u = v.

2.3 Minimax lemma

Let A and B be convex subsets of a vector space. A topology is defined in B for which
B is a compact Hausdorff space. Let ® be a function on A x B with value in RU{+o00}.

MINIMAX LEMMA. Suppose ® satisfies

(i)  ®(-,b) is concave on A for each b € B;

(i)  ®(a,-) is convex on B for each a € A;

(iii)  ®(a,-) is lower semicontinuous on B for each a € A.
Then

1 i o = in ¢ .
(3.1) min sup (a,b) sup min (a,0)

To show this, we need the following.

LeMMA 3.1. Let f;, j = 1,..., m, be a function on B with value in R U {400}
which are convex and lower semicontinuous. If

(3.2) max f;(b) >0 for allb € B,
J

then there exist nonnegative numbers \y,..., A\,, such that

M fi(d) + -+ A fm(b) >0 for all b € B.
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PROOF. First consider the case m = 2, and set
B]:{berj(b)é(]} for j =1,2.

Then each B, is closed. If By = (), then we may take \; = 1 and Xy = 0, so that we
may assume that both of B; are non-empty. By (3.2),

fo(b) >0 2 fi(b)  forbe By.
Noting that — f1/ f2 is upper semicontinuous on By, we find
i = s (A1) 0] = ~fi0)/f01), b€ By
Similarly, we find
po = max [~ f5(b)/ 1(b)] = = fa(b2)/ fi(b2), b2 € Bo.
Now we find A > 0 such that
Af1(b) + f2(b) >0 for all b € B.
This is clearly true for b ¢ By U By. If b € By, then
Afi(0) + fo(b) = (1 = Apa) f2(b)

and if b € By, then
Af1(0) + f2(b) = (A — pa2) f1(D).

Hence we have only to find A > 0 such that
1—=Apup >0 and A— g > 0.

For this purpose, we may assume that p; # 0 and ps # 0. Our task is to show that
pipe < 1. For 0 <t <1, let by = tby + (1 — t)by. Then

fi(be) = tfa(br) + (1 =) fu(ba).
Since f1(b1) < 0 < f1(bs), we can find ¢ such that
tfi(b1) + (1 =) fi(be) = 0,

so that
t{=p1fo(br)] + (1 = t)[=fa(b2) /2] = 0

or

tppa fa(br) + (1 — ) f2(b2) = 0.
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Since f1(b:) =0, fa(by) > 0 by assumption (3.2), so that

tfa(br) + (1 =) f2(b2) = falbe) > 0.

Now it follows that
(1 — papi2)t fo(br) > 0,

which implies that 1 — 39 > 0 as required. Thus the case m = 2 is proved.
We show the present lemma by induction on m. Assume that the case m — 1 is
true, and consider
B, =1{be B: f,(b) £0}.

If B,, = (), then we may take A\ = --- = \,,_; = 0 and \,, = 1. Since f,, is lower
semicontinuous, B,, is a compact subset of B and _max fj(b) >0 for all b € B, by
1<5<m—1

assumption on induction, there exist nonnegative numbers Aq,..., Am_1 such that
fO)=Mfid) + -+ A1 fmo1(b) >0 for all b € B,,.
Note here that f and f,, are convex and lower semicontinuous on B and
max {f(b), fm(0)} >0  forall be B.
Hence, by considering the case m = 2, we find A > 0 such that
Af(D) + fm(b) >0

or

[)‘/\l]f1<b) +eot [/\)‘m—l]fm—l(b) + fm(b> >0
for all b € B, as required.

PrROOF OF MINIMAX LEMMA. Now we show (3.1). Since inequality ” 2" is trivial,
we show the converse inequality. For this purpose we may assume that the right-hand
side of (3.1) is finite. By subtracting a finite constant from ®, we may also assume
that

(3.3) sup min ®(a,b) = 0.

acA beB
By assumption (iii), for each a € A,
B,={be B:®(a,b) <0}

is closed. By (3.3), B, is non-empty. We show that {B,} has the finite intersection
property. To show this, suppose on the contrary

By N---NB,, =0
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for some ay, ..., a,, € A. Consider f;(b) = ®(a;,b). Applying Lemma 3.1 with f;(b) =
®(aj,b), we find nonnegative numbers Aq,..., A, such that

AMP(ay,b) + -+ N\ ®(am, b) >0 for all b € B.

If we set
ag = ()\1@1 + - Amam)/(Al + -+ )\m)a

then (i) gives
®(ap,b) >0  forall be B,

which contradicts (3.3). Consequently, { B, } is shown to have the intersection property.
Since B is compact, there exists by € B for which

by € m B,,

a€A

which implies that

min sup ®(a,b) < sup P(a,by) <0,
beB geA a€A

as required.

2.4 Capacity

For a set £ € R", we define a capacity by
Co(E) = inf p(R"),
where the infimum is taken over all nonnegative measures p such that
Uapt(z) 2 1 for any z € F.
Similarly, we define a capacity by
¢a(E) = sup v(R"),

where the supremum is taken over all nonnegative measures v with support in £ such
that
Upv(z) £ 1 for any z € R™.

If 4 and v are competing measures for C,(E) and ¢, (E), respectively, then
V(E) < [ Uapdv = [ Usw dpp < p(R?),
so that
(4.1) ca(E) = Cu(E).
First, we collect elementary facts about the capacities.

THEOREM 4.1. (1) C, is nondecreasing, that is,

Cu(B) € Cu(Bs)  if By C B
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(2) C, is countably subadditive, that is,
U E;) = Z

(3) C, is an outer capacity, that is,

Co(F) =inf{C,(G) : E £ G, G is open}.

(4) If C,(F) = 0, then there exists a measure i such that U,p # oo and Unp(x) = 00
for every x € F.

THEOREM 4.2. (1) ¢, is nondecreasing.
(2) ¢4 is countably subadditive on the Borel family B.
(3) Co Is an inner capacity, that is,

co(E) = sup{c(K) : K € E, K is compact } .

For a proof of (2) of Theorem 4.2, it suffices to note that if E is a Borel set and
Ugpt <1 on R™, then

p(E) = sup u(K) = calE).
KCE,K:compact

By minimax lemma, we can prove
THEOREM 4.3. For any compact set K, we have

(4.2) Cu(K) = calK).

For this purpose, set A = {u: p(R") =1}, B={v:v(K)=1,5v £ K} and

O(u,v) =E(p,v) = / Uapt dv.
Here we consider the vague convergence topology in B. Then it suffices to note that

[Ca(K)) ™" =sup inf E(u,v)

pHEA veB

and
el )71 = inf sup Ea(i,v).

veEB LA
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COROLLARY 4.1. Let E be a Borel set with Co(E) = 0. If &,(u, u) < oo, then
u(E) = 0.

In fact, if u(E) > 0, then, in view of Theorem 1.5, we can find a compact set K & F
such that u(K) > 0 and U,(u|x) is continuous as a function on K. Now continuity
principle as well as weak maximum principle implies that U,(u|xk) is bounded and
continuous on R™, so that ¢,(K) > 0. Thus a contradiction follows.

COROLLARY 4.2. If G is an open set, then C,(G) = c,(G).

PRrROOF. Let {K;} be a sequence of compact sets such that K; & Int(K;;;) and
o0
U K; =G. For each j, take a measure p; such that p;(R") < Co(K;) 4+ 1/j and
j=1
Uait; 2 1 on K;. Here we may assume that C,(K;) = c,(K;) is bounded. Then,
if necessary, by passing to a subsequence, p; converges vaguely to a measure p. Let

x € G. Since Uy XB(z,r) is bounded, continuous and further vanishes at infinity, we see
that

/B(x r) Ua'u dy - / UaXB(r,'r) d:u = JILIEO UozXB(m,r) d/l,]

= lim Ualflj d?/ Z |B(l’,7’)|

J—0oo JB(z,r)

whenever B(z,r) € G. Letting r — 0, we have

o) = li / @ >1
Uap(z) rli%\er\ Uapt dy

which proves by Theorem 4.3
Co(G) € p(R™) < Timinf j1;(R™) < ca(G).
Jj—00
In view of (4.1), C,(G) 2 ¢,(G) and then the equality holds.

A function f is said to be a-quasicontinuous on G if for any ¢ > 0, there exists an
open set w such that C,(w) < € and f is continuous as a function on G — w.

THEOREM 4.4. If Uyp # 00, then U, is a-quasicontinuous on R™.
Proor. We show that U, is a-quasicontinuous on any open ball B. Write
Uapl@) = / |z —y[* " du(y) +/ |z — y[* " du(y)
B R"-B
= wui(x) + us(x).

Since us is continuous on B, it suffices to show that u; is a-quasicontinuous on B.
Thus we may assume that p has compact support. Let € > 0. If we set

G1 = {z : Uap(z) > 2p(R") /e },
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then GG is open and
Oa(Gl) é 8/2

Take a compact set K; S G; for which u(Gy — K1) < €472. Since Uy is finite on
R" — (G, in view of Theorem 1.5, we can find a compact set F; € R™ — G such that
u(R™ — Gy — Fy) < €472 and U, (p|r,) is continuous on R™. Define

v = M|KIUF1

and
M1 = =11

Then U, is continuous on R™ — G;. Moreover,
i (R") < 26472
and, for z € R" — GG, we have
Ui (x) € Unp(x) < 2u(R™) e,
Next consider

Gy ={z : Uapn(x) > 2*pn(R")/e}.

Then G5 is open and
Ca(GQ) é 52_2'

As above, take a compact set Ky & Gy for which u;(Gy — K3) < €473, Further, take
a compact set Fy S R™ — Gy such that p(R" — Gy — Fy) < 472 and U] g, is
continuous on R". Define

Vy = M1|K2uF2

and
M2 = 1 — V.

Then U,vs is continuous on R™ — (G5. Moreover,
pa(R™) < 26473
and, for z € R" — G2, we have
Uava(1) < Uppin (7) < 2% (R™) Je < 271
By induction, we can find {G;}, {K,}, {F};}, {v;} and {y;} such that
G = {x: Uapj(z) > 277115 (R") /e,
K1 € G, Fiy1 ER" = Gjy,

115(Gjor — Kjp) < ed™72,
1 (R" — Gjy1 — Fj1) <ed™72
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Vj+1 = /’l’j|Kj+1UFj+17
Hj+1 = Hj = Vjt1,
i (R™) < 2647771
and, moreover, Uyvj4q is continuous on R™ — G 41. Then
Co(Gjpr) S 2777
and, for v € R" — G11, we have
Uavjp1(2) S Uapj(a) S 2775 (RY) fe < 277124770 = 270,

Since {p;(R™)} tends to zero as j — oo, p =14 + 15+ --- and

Uapt = Uain + Upro + - < Uy + 3y 277
=

on R" — G with G = U Gj. Thus we see that U,y + Ugvs + - - - converges to Uy
j=1

uniformly on R" — G. Since each U,v; is continuous, U,u is continuous as a function

on R"™ — (. Finally we have only to note that

[e.e]

0. (G) < i (G <Y 2 =e.

Jj=1

THEOREM 4.5. Let {{1;} be a sequence of measures on R"™ which converges vaguely
to po. If {p;(R™)} is bounded, then

liminf Uyp;(z) = Ugpio()
j—00
holds for every x except those in a set of a-capacity zero.

PROOF. For positive integers j and k, consider the sets
Ajp={x: Ugpo(z) + 1/k < Uapj(x)}
and -
Ere=1{) 4jx
j=t

Since a-potentials are all a-quasicontinuous by Theorem 4.4, there exists an open set
w; such that Cy(w;) < 279 and Uy i and Uaptj are continuous as a function on R" —wj.

[o¢]

Hence A;; — wj is closed, so that Ey, — G, is closed, where G, = U wj. Note here
j=t

that

Co(Ge) < 277 =270,

J=t
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Let v be a measure with compact support in Ej; such that U,v is continuous. Then,
since {y;(R™)} is bounded, we see that

[ av@) £ [ U (@) ~ Uspo(w)lav()

_ k(/ Uav(y) duj(y)—/ Uav(y) duo(y))

— 0 as j — 0o,

which implies that ¥(R™) = 0, so that c,(Ex) = 0. Since Eyj;, — Gy is closed, Theorem
4.3, together with the countable subadditivity of C,, gives

Co(Err — Gy) = 0.
Thus it follows that
ColEpp) S Co(Epp — Gy) + Co(Gy) < 271,
Noting that C,(Frx) £ Co(Ep i) < 27™F for any m > ¢, we have
Co(Epx) = 0.

Now consider the sets

Ek = U E&k and E = U Ek
=1 k=1

Then we see that C,(F) = 0 and

E= {x Dliminf Ugpi(z) > Uauo(x)}.

]—>
Thus the theorem is proved.

THEOREM 4.6. If {E;} is a nondecreasing sequence of sets in R", then

s

lim Co(E;) = Ca(E), E=

J—o0

E;.
1

J

ProoFr. We have only to show the case where the left hand-side is finite. For each
positive integer j, take a measure p; such that

Uaprj(z) 21 for all z € E;

and

1 (R") < Co(Ej) +1/5.
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Since {C,(E;)} is bounded by assumption, {x;(R™)} is also bounded and we may
assume that {4} converges vaguely to a measure . Then, in view of Theorem 4.5,

AOES
for all x € E except those in a set of C,-capacity zero. Thus we have

CalB) < po(R") < liminf 1;(R") < liminf C,(E,) < Ca(E),

Jj—00 j—00
which proves the required conclusion.

Finally we give the capacitability result.

THEOREM 4.7. If S is a Suslin set in R", then
(4.3) Co(S) = calS).

PRrROOF. By Theorem 4.3, every compact set is capacitable, that is, (4.3) holds for

every compact sets. On the other hand, Theorem 4.6 implies that C', has the increasing
property. Now Theorem 3.2 and its proof in Chapter 1 give the capacitability result.

2.5 Fine limits

For a set F, a point g and r > 0, set
E(zg,7) = EN B(x,1).

We say that E is a-thin at xq if

S 20 (E(x0,277)) < 0.
=1

LEMMA 5.1. A set F is a-thin at xq if and only if

/O oG (o, )] dr fr < oo

REMARK 5.1. We note that £ is a-thin at z( if and only if

3 2= (B(x0,277H)) < o0,

Jj=1

where E(zo,2771) = E N B(xg, 277) — B(xo,277).
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We say that a function f has an a-fine limit a at xg if

lim f(x)=a

r—x0,cE€FE

for a set E which is a-thin at xg; f is said to be a-finely continuous at x if it has an
a-fine limit f(zo) at .

THEOREM 5.1. For any 1 € M, Uy has an a-fine limit Uypu(zo) at any point o,
that is, Uyp is a-finely continuous everywhere in the extended sense.

PrOOF. Without loss of generality, we may assume that z is the origin. Further,
we may assume that U,pu(0) < oo, since if otherwise, then the lower semicontinuity
implies that

;{% Uapi(z) = 00 = Uapi(0).

For x # 0, set

— —yl* " d
wle) = [ eyl duy)

us(z) = |z —y|*™" du(y).

/R"—B(x,|x|/2)

If | —y| 2 |z|/2, then |y| < |z — y| + |z| < 3]z — y|, so that Lebesgue’s dominated
convergence theorem gives

(5.1) liII(l) ug(z) = Uqype(0).
Since U, 1t(0) < 0o, we can find a sequence {a;} of positive numbers such that lim a; =
j—o0
oo and
(5.2) > a2 I(Gy) < oo,
j=1

where G; = {z : 27771 < |z| < 2792}, Letting B; = B(0,277*1) — B(0,277), we define
E; ={z € Bj:u(z) > a;'}.

If v € Ej, then B(z,|z|/2) & G, and thus

so that it follows from the definition of C, that

Co(Ej) = ajp(Gj).
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Consider the set £ = |J Fj;. Then F(0,279+") = E;, and we see from (5.2) that the

j=1
set B = U E; is a-thin at 0. Further, if x € B; — E, then u;(z) < aj_l, which proves

J=1

limsup u(z) < lim a;' =0.
z—0,2¢F J—0o0

This implies that

li = 0.
i 1) =0

In view of (5.1), it follows that

lim  Uyp(z) = Uypu(0),

r—0,2¢F
as required.

THEOREM 5.2. If E is a-thin at 0, then there exists a measure i such that U, p(0) <
oo and

(5.3) lim  Uyp(z) = oo.

rz—0,2€FE

PROOF. Since E is a-thin at 0, we can find a sequence {a;} of positive numbers
such that lim a; = 0o and
j—o0
(54) Z aj2j(”_°‘)C’a(Ej) < 00,

=1

where E; = E(0,277t). For each positive integer j, by the definition of C,, there
exists a measure j; such that p;(R") < Co(E;) + a;'279279("=*) and

Uaptj(z) 21 whenever z € E; .

If v € B = B(0,277') — B(0,277), then

174

(lzl/2)*™" p(R")
22O (E)) + a7 127}

x—y|*" duy(y
/Rn_B@,ng) & — " dp ()

A

Hence, if j is large enough, then

|z —y|*™" dpy(y) < 1/2
/R"—B(x,|x/2) /
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and it follows from (5.4) that

r —y|*" dpj(z z/ —y|l*" duy(y) = 1/2
Lo e d@z [ eyl () 21

j
whenever z € E;, where G; = {z: 27771 < |2| < 277%2} as before. Now consider
p=>_ aul,.
=1
Then (5.4) gives
Uatt0) =3 aj [ Iyl" dp,
=1 G
2ne Z &j2j(nia)ﬂj(G]’)

Jj=1

< 2N {a; 200, (By) + 277} < oo,
j=1

A

On the other hand, if z € £}, then
[ o=yl duy) 2 a5 [ =yl dpsly) 2 /2

so that (5.3) follows.

THEOREM 5.3. For any p € M, if Uyp # oo, then |x — xo|" “Uuyp(x) has a-fine
limit u({xo}) at any point x.

PROOF. As in the proof of Theorem 5.1, we may assume that xg is the origin, and
write

Uait(x) = uy () + us(z).

Since |z|/|z —y| £ 2 if y € R" — B(xz,|z|/2), we see by Lebesgue’s dominated conver-
gence theorem that

(5.5) lm - |z|"%up () = p({0}).

z—0

Let {a;} be a sequence of positive numbers such that lim a; = co and

J—00

(5.6) > anlG) < o,

where G; = {z: 2777 < |z| < 2772}, Letting B; = B(0,277%1) — B(0,277) as before,
we define ‘
E;,={x € Bj:u(x) > aj_123(”_0‘)}.
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If z € £}, then
POt <un(e) £ [ =yt duty),
so that it follows from the definition of C,, that
Ca(Bj) £ 0,277 (@)
If we set £ = Ej E;, then E is seen to be a-thin at 0, on account of (5.6). Further,
as in the proofj ?)i Theorem 5.1, we see that

: n—o _
r_}(l)glgE |z|" " %uy (z) = 0.

In view of (5.5), it follows that
(i e Uap(z) = p({0}),
as required.

The following can be proved in the same way as Theorem 5.2.

THEOREM 5.4. If E is a-thin at 0, then there exists a measure u such that U, Z oo
and
lim  |z[""*Uyp(x) = occ.

z—0,z€F

2.6 Logarithmic potentials

For a measure p on R", we define the logarithmic potential of p by setting
Un b / Un(z —y) du(y / log du(y).

THEOREM 6.1. For any measure p, the following assertions are equivalent:

(6.1) —o0 < Uppu # 00;

(6.2) [ 1082+ 1yl) diuly) < oo.

PROOF. Write

1
Uile) = [ log—— du(y) - [ log |z — y| d
p() e BT =] M) = fen ey 10817 =9l dnly)

= u'(x) —u (x).
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First note that if u~(x) < oo for some z, then (6.2) holds. Further, if (6.2) holds, then
u~ (z) < oo for all z. On the other hand,

1
ut(z) de = / / lo dr | d
/B(O,N) (%) B(0,N+1) ( B(y,1) s |z —y uly)
< Mu(B(O,N + 1)) < oo

which implies that «™ € L},.(R™). Thus (6.1) and (6.2) are equivalent to each other.

REMARK 6.1. If (6.1) or (6.2) of Theorem 6.1 holds, then U, is lower semicontin-
uous on R™.

For a set £ € B, we define a logarithmic capacity by setting
C(E) = inf (B),

where the infimum is taken over all measures p such that

2
/ log P du(y) =1 for any z € E.

Then it is easy to see that 07(11) is a nondecreasing, countably subadditive, and outer
capacity on the family of subsets of the unit ball B. A set E is logarithmically thin,
or simply, n-thin at zo € B if

Z E 270,2 j+1)) < 00,

where E(xq,277%1) = E N B(xo,277") — B(x,277) as before. A function f has an
n-fine limit ¢ at z¢ if f(x) — ¢ as « tends to xg, except for a set £ which is n-thin at
Zo-

THEOREM 6.2. For any 1 € M(B) satistying (6.2), U,u has an n-fine limit U,,u(zo)
at any point xy € B.

PROOF. Since U,u is lower semicontinuous, it suffices to treat the case when
Upit(xo) < 0o. For x # xg, write U,u(x) = ui(x) + uz(z), where

1
ui(z) = / log dp(y),
(2,|e—0]/2)

— ] du(y).
uz(z) /BB(%|33$O|/2) o8 [z —yl #ly)

If |v —y| 2 |x —x0|/2, then |xg —y| < |29 — x| + |z — y| < 3|z — y|, so that Lebesgue’s
dominated convergence theorem gives

(6.3) lim  uy(x) = Upp(xo).

Tr—XT0
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Since Uy, u(zg) < o0,
> Ju(Gy) < oo,
=1

where G; = {z : 27771 < |z — x9| < 277%%}. Hence we can find a sequence {a;} of
positive numbers such that lim a; = oo and

J—00

(6.4) i ja;u(G;) < oo.

Letting B; = B(xo,27/™) — B(xo,277), we consider E; = {z € B; : uy(z) > a;'} and
E =] E;. Note that if z € E; and j = 2, then
j=1
(1) < [ o duly)
U(T) = O 77— aply),
' G |z =yl
so that
O (Ey) < ajng(Gy).

n

Thus we see from (6.4) that E is n-thin at xy and

0= limsup  wi(z) < limsup aj_l =0.
r—xo,cER"—F j—00

In view of (6.3), it follows that

lim Uppi(z) = Up (o),

r—x0,ceR"—F
as required.

In the same manner as Theorem 5.3, we can prove the following result.

THEOREM 6.3. Let u € M(B) satisfy (6.2). Then, for xy € B, there exists a set
FE which is n-thin at xo and satisfies

lim [mg ] Vi) = ({0},

rz—z0,cER"—F |,CL’ — .230’

REMARK 6.2. For R > 0 and a set £ € B(0, R), we define
CUD(E) = inf p(R"),

n

where the infimum is taken over all measures u € M(B(0, R)) such that

2R
/ log P— du(y) 21 for any =z € FE.

Then we have the following results.
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(1) C'® is an nondecreasing, countably subadditive, and outer capacity on the family
of subsets of B(0, R).

(2) For E € B(0,R) and R’ > R, C\®)(E) = 0 if and only if C{®)(E) = 0.
(3) Let E S B(0,R), o € B(0,R) and 0 < R < R'. Then

> JC(E;) < 00 if and only if > JCEN(E)) < oo

J=1

where E; = F(x0,279%) = {z € E: 277 < |z — 20| < 277!}, in this case, E will
be called n-thin at xo (with respect to C(®).

(4) Let g € B. Then a set E is n-thin at z, if and only if

3 GO (E(x,277Y) < o0,
7=1

We show only (4). For this purpose, take u € M(B) such that

2 A .
[ror o Azt forany o€ By = Blaa 2.
r—=y
Then note that

/ log ﬁ dp(y) < /G log 2 dp(y) + (7 +2)(log 2)u(B),

j |x—y|

so that (G )
CT(L2_j+2) E S i ILL ] ,
(E) = 1G5 2)(log 2)0(B)

whenever 1 — (5 + 2)(log2)u(B) > 0. This implies that

CT(L2—j+2)(Ej) § 07(11)<Ej) : ’
1— (j +2)(log2)CV(E))

whenever 1 — (j + 2)(log2)C{V(E;) > 0. Hence, if jC{V(E;) is small enough, then we
have

CEN(Ey) £ 27 CV(E).

Thus it follows that the n-thinness of E at zy implies the required inequality. The
converse is trivial.

REMARK 6.3. For a general set £ € R", we write C,,(F) = 0 when

CB(ENB(0,R)) =0
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for any R > 0; in this case, E is said to be of logarithmic capacity zero. Note that
C,(E) = 0 if and only if there exists a measure py on R" satisfying (6.2) such that
Untio(x) = oo for any z € E.

THEOREM 6.4. Let A = p—v for u, v € M(B). If \(B) = 0, that is, u(B) = v(B)

and
] 1ogla =il du@)anty) + [ [ 11ogla = ol] dv(@)dv(y) < o,
then

// log —— dA(z)dA(y) :wn/(Un/g)\(z)>2 dz = 0.

|z —yl
Proor. Let R > 1. We show that

(6.5) / |z — 2| 7%z — y| V2 dz = w, log
B(0,R)

+ Mg + 1,
|z —y]

for all z, y € B, where Mp is a constant and |/ (z,y)| = M/R with a positive constant
M. In fact, letting ¢ = |z — y| and e = (z — y)/¢, we have

J(R) = /B((LR) |z — 2|2z — y| ™2 dz
- /B(%R) @ — 2| =y dz 1
= o 7 ) = 2 dz
= /B(OR/E) |2 7?e — 2| ™ dz + I

= / 2|72 |e — 2|72 dz
B(0,R)

—|—/ 12|72 |e — 2| ™% dz + I
B(0,R/¢)—B(0,R)

= MR—I—/ 2| ™% e — 2| ™% dz + 14,
B(0,R/£)—B(0,R)

where || = M/R and Mg :/( |2 72|e — 2| 7™/% dz is constant for e € S. On
B(0,R)
the other hand,
J(R) = MR+/ 2| dz+ I, + T,
B(0,R/£)—B(0,R)
= Mg+ wy(logl/l)+ I + I;

here note that

o] =

2|72 e — H|T2 |47 ds
/. e pom 1A 7lE = 2}

M/ 2|1 dz < M/R.
B(0,R/¢)—B(0,R)

[IA
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Thus (6.5) follows. Since A has vanishing total mass, we see that

[ (Jyg b= ) s

- wn// log Ixiyl d)\(x)d)\(y)+// I d\(z)dA(y).

Since

‘// I d)\d/\‘ < %// d(p+ v)d(u +v) = %{#(B) CUBY 0

as R — o0, the required equality now follows by Fubini’s theorem.

REMARK 6.4. If >0, > 0 and oo + 8 = n, then

— 3R a—n -n
M 110g|$—y|§/B(DR) |z — 2|* ™|z — y[P" dz £ Mlog

3R
|z —yl

whenever z, y € B(0, R), with a positive constant M independent of R.

In case n = 2, we see that

1 —
/ log dS(y) =0 whenever z € B
s eyl

(see Remark 2.2 in Chapter 3). Hence if u is a positive measure with support in B,
then

[ [ 108 L du@)du(y) = 27 J0AG)? dz 20

|z =y
for d\ = dp — [u(B)/27]dS|s.

COROLLARY 6.1. Let n = 2. If i is a nonnegative measure on B with energy zero,
then p = 0.

2.7 Relationship between Hausdorff measures and
capacities

Before giving a relationship between capacities and Hausdorff measures, we prepare
several elementary results for Riesz capacities.
For a set E and r > 0, write

rE={rx:xz € E}.
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THEOREM 7.1. If « < n, then
(7.1) Co(rE) =r""°Cy(E).
For logarithmic capacities,

C(E)

n

1+ (log 1/7)CV(E)

(7.2) CH(rE)

A

whenever E C B, rE € B and 1+ (log1/r)CV(E) > 0.

PROOF. First consider the case a < n. For a nonnegative measure p, we consider
the measure defined by

pr(B) = u(r~'B) for Borel sets B.
Note that Uyp,(rz) = r* "Usp(x). Thus it follows that
Co(rE) S " u.(R") = r"*u(R"),

which proves that
Co(rE) S 1" 2CH(E).

Apply this inequality and obtain
Co(E) = Co(r H(rE)) Sr " C,(rE) £ C,(E).

Next consider the case &« = n. Let u be a measure on B such that

2
/ log P— du(y) =1 whenever z € E.

Then, as above, we have

p 1
/ log dpr(2) 2 1+ log — u(B)
rer— z| r

for x € E. Hence it follows that

p(B)
1+ (log1/r)u(B)’

Cn(rkE) =

which implies (7.2).

It is convenient to define
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and
Ua(z) = Ua([z]).
THEOREM 7.2. 0 < Cy(B) < oc.

In fact, if & < n, then we note that
/ |lx —y|*"dy =2 2°7"|B| = ¢ for any x € B,
B

so that
Cy(B) = cil\B\ = 2",

On the other hand, in view of Remark 1.2, we see that

[ le—ylrdy < [ eyl
B B(z,1)

= [ wrdy = wija=d
B
for any x. Hence,
ca(B) = d 1 B| > 0.

The logarithmic case « = n can be proved similarly.
COROLLARY 7.1. In case o < n,
Co(B(z,1)) = cor™™®

for any ball B(x,r) with ¢, = C(B). In the logarithmic case, there exists ¢, > 0 such
that
e [Un(n] ™ = CRV(B(x,7)) S ea[Un(r)] ™!

n

for any ball B(x,r) such that B(z,r) € B(0,1/2).

THEOREM 7.3 (Dini’s theorem). Let f;, j = 1,2,..., be upper semicontinuous on
a compact set K. If f;(x) decreases to 0 for each x € K, then f;(x) converges to 0
uniformly on K.

PROOF. For e > 0, set G; = {z € K : f;(z) < e¢}. Then G; is relatively open in K,
G; € Gj and U G, 2 K. Hence by the compactness of K there exists jo for which

j=1
G, 2 K, which means that
filx) <e for all z € K and j = j .

Thus the convergence is uniform on K.
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THEOREM 7.4. If U,u is continuous on a compact set K, then there exists a
function k such that

(7.3) liII(l) k(r)/Uas(r) = 0o
and the potential / E(|x — y|)du(y) is bounded on K.

Proor. Consider the functions
us(@) = [ min{Ua(w = y), j}du(y).

which are continuous on K. Since u; increases to a continuous function U, p pointwise
on K, Dini’s theorem implies that the convergence is uniform on K. Hence, for any
positive integer m, find j(m) such that

/ k(|2 — y))du(y) <27™  forallz € K,
where k,,,(r) = Uy (r) — min{U,(r), j(m)}. Now consider the function

[e.9]

k(r) =Y mkny(r).

m=1
Then
lim ionf k(r)/Uq(r) 2 lim ionf Mk (1) /Un(1) = m

for any m, which implies (7.3). On the other hand,

o0

[ k(e = ylduty) = 1m [ Fnlle = yhduly) < 35 m2 < o

m= m=1

for any x € K.
THEOREM 7.5. If Hyy -1 (E) < oo, then Co(E) = 0.

PROOF. We prove this theorem in case a < n. For simplicity, write hq = Hy,j-1.
If ho(E) = 0, then it is not difficult to show that C,(E) = 0. In fact, for given ¢ > 0,
there exists a covering {B(z;,r;)} of E such that r; < ¢ and

S [Ualr,)) " < <.

By a covering lemma (see Theorem 10.1 in Chapter 1), choose a disjoint subfamily
{B(xj(m), j(m)) } such that {B(zjm), 57jm))} covers E. Hence

() < cz(f] B(5(my: 5750m)

i Co(B(@j(m), 5j(m)))

m=1

CQZ o(575(m))] Nt Me,

A

A
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which shows that C,(E) = 0. Now we show the general case. First find a G5 set E*
such that F € E* and h,(E*) < co. We show that C,(K) = 0 when assuming that
0 < ho(K) < 00, for a compact set K € E*. If C,(K) > 0, then Theorems 1.5 and 4.3
give a continuous potential U,u of a positive measure p supported by K. Now take a
kernel function k as in Theorem 7.4, and consider the capacities

Ci(A) = inf {M(R") [ W=yl du(y) 21 forall z € A}
and
cx(A) = sup {V(R”) : S, € A and / E(Jlz —y|) du(y) =1 for all x € R”},
in the same manner as a-capacities. We see here that
ce(K) >0
and

Cr(e) = cx(e) whenever e is compact

as in Theorem 4.3, through minimax lemma. We show below that Cy(K) = 0 on the
contrary. For this purpose, if § > 0 is given, then take a covering { B(z;,r;)} of K such
that 0 <r; < ¢ and

Z [Ua(r)]7! < 2ha(K).

Letting M (r) = inf k(t)/U,(t), we note that

o<t<r

/( | k(|z—yl|) dy =2 M(2r)Ua(2r)|B(x,r)| whenever z € B(x,r),
B(z,r

so that

Cu(B(x,r)) < [Mr)Uu(0) B, )| [ dy = [M(2r)Ua(2r)]

It follows that

Ce(K) £ 3. Ce(B(xj,r;)) = [M(20)] " 3 [Ua(2r))] ™ = MM (20)] ha(K),

J

which proves by letting 6 — 0
Cr(K) =0.

Thus a contradiction follows, and hence C,(K) = 0 as required.

We recall that a function h is a measure function if A is positive nondecreasing on
the interval (0, c0) and satisfies the doubling condition.
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THEOREM 7.6. Let h be a measure function such that
1
(7.4) / h(r)re""Ldr < oo.
0

If Co(FE) =0, then H,(E) = 0.

PROOF. Suppose a < n and E is a Borel set with H,(E) > 0. Then there exists a
compact subset K of E such that H,(K) > 0. In view of Frostman’s theorem, we can
find a positive measure p such that

wW(B(z,7)) < h(r)  for any ball B(z,r).
Then we see that
[ Ve —y) duly) = [ Ualr) du(Bla.r)
= [ uBGn) d-U.(0))

which is bounded by (7.4). Thus ¢,(K) > 0, and hence C,(K) > 0 by Theorem 4.3.
Now a contradiction follows.

COROLLARY 7.2. If Co(E) =0, then H,,_o,5(FE) = 0 for any § > 0; in this case, E
is said to have Hausdorfl dimension at most n — «.

2.8 Radial limits

As applications of fine limit result, we give radial limit results. For this purpose, we
need the following lemma.

LEMMA 8.1. Let f be a Lipschitz mapping from a compact set K to a compact set
K' = f(K), that is,

[f(z) = fy)| = Alz —y|  whenever z, y € K,
where A is a positive constant. If E € K and o < n, then
(8.1) Calf(E)) £ A"C,(E);

in the logarithmic case,

CP(f(B)) £ MC(E)

n

with a positive constant M, whenever E € K € B(0,2) and K' & B(0,2).
ProOOF. We show the case a < n only. Let p be a measure such that

Uapp(z) 2 1 whenever z € E.
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If we define a measure v be setting
V(X) = p(f (X)) for X SR,

then we see that
Uav(f(z)) 2 A" "Uaps(z),

so that
Ca(f(E)) £ A" "(R") = A" u(R").

Thus (8.1) follows.
For a set E, we define the radial projection to S by

E={¢eS:rt e E for somer > 0}.

LEMMA 8.2. If E/ is a-thin at the origin, then

(8.2) Cu ﬁ fj E
k=1j=k

where E; = EN B(0,277%1) — B(0,279).
PrROOF. We show the case o < n only. In this case, by Theorem 7.1,
Co(2PE;) = 20720 (E)).

By considering the contraction mapping: z — z/|z| from R” — B to S, Lemma 8.1
yields . ' .
Ca(E;) = Ca((ZE))7) = Co(2 Ej).

Hence it follows that

and then by the subadditivity of C,
Ca(U Ej) = 2, 7 " CalE).
j=k j=k

Since E' is a-thin at 0 by assumption, the right-hand side tends to zero as kK — oo and
then (8.2) follows.

THEOREM 8.1. Let pu be a measure on R" for which |U,p| # oo. Then there exists
a set E € S such that Co(E) =0 and

(8.3) hm Uait(r€) = Uaps(0) whenever £ € S — E.
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PRrROOF. By Theorem 5.1, there exists a set I such that F is a-thin at 0 and

(8.4) lim Uapt(z) = Uap(0).

2—0,0€ER"—E

As in Lemma 8.2, we consider the set

k=1 \Jj=k

Then C,(E*) = 0 by Lemma 8.2. Further, if £ € S — E*, then we can find & such that

that is,

ré¢ |J E;=EnB(0,27") whenever 0 < r < 27F+1
=k

which together with (8.4) implies that (8.3) holds for this &.
In the same way we have by Theorem 5.3,

THEOREM 8.2. Let pu be a measure on R for which |U,u| # oo. Then there exists
a set £ € S such that C,(E) = 0 and

}E% [Ua(r)]  Uppi(r€) = u({0}) whenever £ € S — E.

2.9 Energy integral

In case a < n, for measures p and v, we define the mutual a-energy by the integral

Ealiv) = [ Uanle) dv(a);
We call &,(1) = Eu(1, i) the a-energy of u, and set

Eoa =A{p: Ealp) < oo}
By the Riesz composition formula, we have the following inequality.

THEOREM 9.1. For measures p and v,

Ealp,v) = &)/ Ealv).
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LEMMA 9.1. Let {p;} € &,. If E,(pj) are bounded, then there exist py € &, and
a subsequence { )} such that {y;u } converges vaguely to po and

(9.1) hm Ea(ljry, V) = Ealpto, V) for all v € &,

PROOF. In view of Corollary 1.2, {Uy,/op;} is bounded in L. Hence, by Theorem
12.9 in Chapter 1, we can find a subsequence {j;u)} such that {Ua opjm} converges
to a function fy weakly in L2, that is,

lim Uajaltjry g dv = / fogdx for all g € L.

k—o0

For an open ball B = B(a,r), let xp denote the characteristic function of B. Then we
see that U,xp is continuous on R™ and vanishes at infinity, so that xp € &,. Further,
since Uy xp(x) 2 (2r)* " B| = ¢ for x € B = B(a,r), we note that

ui(B) £ ¢t [ Uxw dpyy < ¢ JEalxn)y/€aly).

Thus {y;(B)} is bounded, so that we can find a subsequence {1y} of {sj)} which
converges vaguely to a measure p. Let ¢ € C°(R"). Setting ¢ = U, /2, we show
that

(9.2) dim [0 dpsan = [ 0 duo= [ Unpopio 0 dy.

If fy is a continuous function on R™ such that fy = 1 on B(0,N), fy = 0 outside
B(0,2N) and 0 < fy <1 on R™, then

dim [ i dugoy = [ @ f dio.

Since [¢p(z)] £ M(1+|z])*/2~, we see that [{(1— fx)| £ MU, 2XB(a,1) on R™ whenever
N is large enough, say N = N(a), so that

J W )l s SM [ Uiy diay =M [ Vo dy

Hence we have for large NV,

timsup| [ dysyer [ dpo
< lilglsup V(1 — )] dpoer +/ [W(1 = fn)| duo
< M limsup </ Uajattjan (y) dy +/ Uays2tto(y) dy)
k! —o00 B(a,1)
=

M(/B(a1 dy+/ Uayatto(y )dy>
M { (foo o @)+ ([ st o) /}

A
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Letting |a|] — oo, we obtain (9.2). Now we find

Jim v dpeny = Jim / Uay2p dptjr)
= Jm [ Uappiry o dy = / Jo o dy.

Hence it follows that Uy, ap0 = fo. If we note that
T Ealyev) = ala/2,0/2) Jim [ Uspastyio (@)U (v) dy
= a(0/2.0/2) [ foly)Uaser(y) dy
= ala/2,0/2) [ Unppioy)Uasov(y) dy
= &alpo,v)
for v € &,, then (9.1) holds, and the proof is completed.

Denote by &, be the family of all measures p with finite a-energy, and by &, the
space of all differences of measures in &,. If A = p— v for pu, v € &,, then define

Ealp—v) = Ealp—v,p—v)
= 804(”7#)_28&(M7V)+504(V7V)

a(a/Z,a/Q)/ [Ua ot — Uy ov)? d.

In view of Theorem 9.1, £,(+) is a norm in &,. In fact we have

LEMMA 9.2. For u, v € &,,

(9.3) ‘\/Ea(u) — V&)

S VEalp—v).

LEMMA 9.3. The mutual a-energy E,(-,-) defines an inner product in the space
Ea

In fact, E,(n —v) 2 0, and E,(u — v) = 0 if and only if p = v, with the aid of
Corollary 2.5. Further, if i, Ay € &,, then

(9.4) Ealhn 20| £ VE(M)VEa(Na).

THEOREM 9.2. Let pu; € &, for each j. If {u;} is a Cauchy sequence in &,, that
is, lim &,(u; — i) =0, then there exists po € &, for which

J,k—00

lim &,(u; — po) = 0.

J—0o0
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PrOOF. By Lemma 9.2, {€,(1;)} is a Cauchy sequence, so that by Lemma 9.1,
there exists py € &, such that

lim &, (uj — po,v) =0

Jj—o0

for any v € £,. We have

Ealpj = po) = N Ea(p; — pr, ptj = o)
< limsup VEality — )V Ealty
< limsup Ea(ty — ) {y/Ealn) + y/Ealm)

which tends to zero as 7 — oo, or

lim &4 (; — po) = 0.

J—00

REMARK 9.1. The space &, is not complete with respect to the norm &,.
1

In fact, letting p, = XB(0,r), We note that

[B(0,7)]
Uattr(r) = 7 (Uaptr) (/7).

Hence Uy p, converges to Uy uniformly on R™ as r — 1. Choose 7(j) so that r(j) | 1
and |Uaftr(j) — Uapn] <277 on R™. Now define

e = kg — Z [hr(5)
for each positive integer k. Then
gcv()\k — A1) = / [Uapis — Uaﬁbr(kﬂ)] d(p — Mj(k+1))

= / |Uapts — Ualbr(ks1) | d(p1 + Mg(k+1)) = Tk,

which implies that {€,(A\x)} is a Cauchy sequence. Suppose {E,(A\r — A)} — 0 for
some signed measure A\. Then we see that for any ¢ € C3°(R"),

Jim gpdAkz/sz

with the aid of Theorem 2.9. On the other hand, if ¢,, € CP(R"), v, = 1 on
B(0,2) — B(0,r(m)) and ¢, =0 on B(0,r(m+ 1)) U (R"™ — B(0, 3)), then

/cpmd)\:klim o g = —

On the other hand,

[emadrs [ d<,
B(0,3)

which yields a contradiction.
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2.10 Gauss variation

If a property holds on G except for a set of C,-capacity zero, then we say that the
property holds a-q.e. on G.
Throughout this section, let a < n.

THEOREM 10.1. If K is a compact set in R™ with C,(K) > 0, then there exists a
measure py € E,(K) =&, N M(K) such that

(i)  Uapk(z) 21 a-q.e. on K;

(ii)  Uapk(xz) =1 for any x € S,,,.

PROOF. Denoting by M;(K) the family of all unit measures in M(K), we set
Ea1(K) =E NM;(K).
Now consider the quantity

A=1inf{&E,(p) : p € Ean(K)}.

Since ¢,(K) = Co(K) > 0 with the aid of Theorem 4.3, £,1(K) is seen to be non-
empty, so that A is finite. Hence there exists a sequence {p;} & &,1(K) such that
{1} converges vaguely to po and

A=lim &,(uy).
j—00
Noting that

AS Eallpy + pu)/2) = 27 Ea(y) + 27 Ealpn) — 47 Ealpy — ),

we insist that

ga(:uj_:uk)_)() asj,k—>oo.

Thus, in view of Theorem 9.2, we see that pg € &, and

lim &, (u; — o) = 0.

Jj—00
Further note that pg is supported by K, uo(K) =1 and
(10.1) A = Eq(110) > 0.

On the other hand, if 0 < ¢ < 1 and p € &, 1(K), then (1 —t)pu; +tu € My(K), so
that
A S Ea((L = )p; +tp).
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This proves, by letting 7 — oo, that
—2tEo (o, o — 1) + *Ea(pto — 1) 2 0.
By dividing both sides by ¢ and then letting ¢t — 0, we obtain
Ealpto, o — 1) =0,
or

(10.2) A= Ea(pos o) = Ealpo, 1)

From (10.2), we can show that U,uo(z) 2 A on K except for a set of ¢,-capacity zero,
so that
Uatio(z) = A a-q.e. on K.

Suppose Uy pio(zg) > A for zyp € S,,. By the lower semicontinuity, we can find a
ball B = B(zg, o) for which we see that

Uapro(x) > A whenever x € B .
Taking ¢» € C§°(B) such that 0 < ¢ = 1 on R" and ¢(z() > 0, we define vy(t) =
(1 —t)po for |t| < 1 and ag(t) = vo(t)(R™). Then, considering vy(t)/ao(t) € Eu1(K),

we have b )
' (10 2) A€ (NO;VO( )/%( ))

Consequently,

A S Ealpio, olt) ao(t)) = Afao(t) = t/ao(t) [ Uapto ¥ dpo

Letting ¢ T 0 and ¢t | 0, we have

[ Uatto 6 ditg = A [ dpo,
which follows a contradiction. Thus
Uaﬂo(%) S A
as required. Finally, in view of (10.1), we see that
po({z € Sy, : Uapio(zo) < A}) = 0.
Thus px = uo/A satisfies all the required conditions.
REMARK 10.1. As seen above,

CalK) £ puic(K) £ 2°°C,(E).
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In case a < 2, it will be shown, by applying maximum principle for subharmonic
functions, that

pie (K) = Co(K) = [inf{€ (1) : p € Ean ()}

THEOREM 10.2. If G is a non-empty open set in R" such that Co(G) < oo, then
there exists a measure ug € &, supported by G such that

(i)  Uape(z) 21 for any = € G}
(i)  Uapc(x) =1 for any x € S,,,;

(i)  pe({x: Uspe(z) < 1}) =0.
In fact, take a sequence {K;} of compact sets in G such that

K]' g Int(Kj+1) and U Kj =G.
j=1
For each j, choose p; = g, as in Theorem 10.1. In view of Remark 10.1,

Ealpy) = p1i(K;) = 2" Ca(K;) = 2" Ca(G),

and thus {&,(y;)} is bounded. In view of Lemma 9.1, we may assume that {x,}
converges vaguely to a measure pg € &,. Since {&,(y;)} is nondecreasing, Theorem
9.2 implies that

lim &, (uj — po) = 0.
As in the proof of (9.2), we have
1< Eu(po,v) whenever v € £,1(Kj).

Now applying this with {&5 = |B| x5 for a closed ball B in G, we see that pg satisfies
(). Assertion (ii) can be proved in the same way as in the proof of Theorem 10.1, and
then fi satisfies (iii).

THEOREM 10.3 (Gauss-Frostman). Let K be a compact set in R™ and f be a
positive continuous function on K. Then there exists a measure jiyx € E,(K) such
that

(i)  Uapsx 2 f a-qe. on K;

(11) Ua/uLﬁK é f on Sﬂf,K‘
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Proor. If C,(K) = 0, then we may take u = 0; note here that C,(K) = 0 if and
only if £,(K) = {0}. Hence we may assume that C,,(K) > 0. Consider the Gauss
integral

Vip) = &) —2/ fdp
and consider the quantity
A=1nf{V(p) : p € E(K)}.
Clearly, A < 0. Further, by Theorem 10.1, we have for u € &,(K)

[ 1 du S (e £)Ealpusc, ) < (max £)y/€alruac) y/€alr0),

from which it follows that
A2 —(max 260 (i),

Thus A is finite. Hence there exists a sequence {yu;} & &,(K) such that
A= lim V().
j—oo

Since {€, (1)} is bounded, by Lemma 9.1 we may assume the existence of y9 € &, (K)
such that

Jim Eapy, v) = Ealpo, v)
for any v € &£,. Noting that
A S V() +V())/2 = 47 €y — 1),

we insist that {y;} is a Cauchy sequence and

jli_)nélo Ealpj — po) = 0.
Further note that
(10.3) A=V (uo).

On the other hand, if 0 < ¢ < 1 and v € &,(K), then py + tv € E,(K), so that
(10.4) Euljio, V) = / f dv.

Similarly, if 0 < ¢ < 1, then (1 — ¢)uo € E(K), which yields

(10.5) [ Uatto diio = [ 1 dpo.

In view of (10.4), we see that

Uapro 2 f a-q.e. on K.
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Further, it follows from (10.5) that
Usio £ F on Sy
COROLLARY 10.1. Let F be a closed set in R". If u € &,, then there exists a
unique measure pp € E,(F) = &, N M(F) such that
(i)  Uapr 2 Usp a-q.e. on F;

(i)  Uaprp S Ugpon S,,.

ProoOF. The above proof is applicable to the case f = U,u and hence we can find
to € Eo(F) such that

(10.6) Ealpto, v) 2 Eu(pt, v) whenever v € E,(F)
and
(10.7) Ealpo, o) = Ealp, po)-

In view of these properties, we see that uy has the required properties. To show the
uniqueness, let pu; € &,(F) satisfy (i) and (ii). Then, replacing v by p; in (10.6), we
have

Ealpo, 1) Z Ea(p, 1) = Ea(pr, ),

and, conversely,
Ealp1, o) 2 Ealpt, o) = Ealpo, fo)-

Hence it follows that

Sa(,uo - ILL].) g 07
so that puy = po.

In the logarithmic case, we show the following results.

THEOREM 10.4. If K is a compact set in B with C,,(K) > 0, then there exist a
number A and a measure p € &, 1(K) such that

(i)  Uppu 2 An-qe. on K;

(i) Up=AonS,.

PROOF. As in the proof of Theorem 10.1, consider the quantity

L=int{ [ ([1og(2/lz ~ yl) dply)) du(w) : j € 0105 }.
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Since C,(K) > 0, we see that L is finite. Hence, in the same way as in the proof of
Theorem 10.1, we find py € &,1(K) such that

/log(2/\$ —yl) duo(x) 2 L for n-q.e. z € K,

/log(2/|a: —y|) duo(y) £ L for any = € S,

" po ({o+ [os(2/1e = ) dioy) < L}) = 0.

Now we may take A = L —log2.

THEOREM 10.5. Let K be a compact set in R"™ and f be a positive continuous
function on K. If C,,(K) > 0, then there exist a measure ji € &,1(K) and a number
such that

(i)  Upp=f+vyn-qe onkK;
() U< f+yonS,
For this purpose, let

Vp) = [ Unple) du(x) =2 [ f dp
and consider the quantity
A=inf{V(p):p e &1(K)}.

The remaining part of the proof is similar to that of Theorem 10.3.



Chapter 3

Harmonic functions

In the planar domains, real and imaginary parts of holomorphic functions are harmonic
by Cauchy-Riemann equations. Harmonic functions are characterized by the mean-
value property, and superharmonic functions satisfy the super-mean-value property.
The goal is the study of Dirichlet problem. In this chapter we deal with the classical
Dirichlet problem for the Laplace operator.

3.1 Harmonic functions

A locally integrable function v on G is called harmonic in G if it has the following
mean-value property:

1
u(e) = 1 [ wlo) dy

for any ball B = B(x,r) with closure in G. It is easy to see that harmonic functions
are continuous.

THEOREM 1.1. Let u € L},.(G). Then the following are equivalent.
(1)  w is harmonic in G.

(2)  weC(G) and
1 -
u(z) = Sl /S(m) u(y) dS(y) whenever B(z,r) € G.
(3) weC*@) and Au=0inG.
(4) wel(G) and / u(z)Ap(x) dx =0 for any ¢ € C°(G).

PrROOF. (1) = (3) : Let ¢ be a function in C§°(B) such that ¢ is radial and
/ ¥ dxr =1. For § > 0, set

bs(x) = 07 "p(x/9)

104
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and consider the function defined by the convolution

u* ps(x) = / u(z —y)vs(y) dy,

which is well defined in G5 = {z € G : dist(z,0G) > ¢}. If x € Gy, then we have by
Corollary 7.2 in Chapter 1

wevs(@) = [ ule—ypisy) dy

_ /( [ e dy) Yi(r) dr
= — [ (ouule)ils) dr

Aluxts)(x) = (ux Adg)(2)
= (@) [ Avsly) dy=0

on G, which shows that Au =0 in G. Hence (1) implies (3).
(3) = (2) : For any fixed x € G, define

|z —y*™ in case n = 3,
Na(y) = Ua(z —y) =

log(1/|z — yl) in case n = 2.
Then easy computations imply that AN, = 0 in R® — {z}. Applying Green’s formula

in the ring domain R(a,b) = {y : a < |z —y| < b}, we have

0= [ AN~ (AN dy = [ N = u(No)a} dS(),

R(a,

where u,, denotes the normal derivative of u on the boundary. Here we note that in
case n = 3,

/ woN, dS = 72" / g dS
S(z,r) S(z,r)

= 2 / Au dy =0
S(z,r)

and

U(Ny)n dS = 2—nr1_"/ u dS.
/S(x,r) ( ) ( ) S(x,r)
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Thus we have
bl_”/ u dS = al_"/ u dS.
S(il?,b) S(‘T:a)

The right-hand side tends to w,u(x) as a — 0, and hence

1
0= e o %

The case n = 2 is treated similarly, and hence (2) follows.

Applying polar coordinates about z, we see that (1) follows from (2). Thus (1), (2)
and (3) are equivalent to each other.

Since the implication (3) = (4) is trivial, we have only to show that (4) implies one
of (1) ~ (3). In fact we show that (4) implies (1).

(4) = (1) : As in the first part of the proof, we consider the convolution u * 1. If
(4) holds, then

Afurs) (@) = [ uly)Avs(z —y) dy =0

for © € Gj, so that w1 is harmonic in Gy in view of the implication (3) = (1). Since
u * 15 is convergent to u locally uniformly in G as 6 — 0, u * 15 and then u have the
mean-value property. Thus (4) implies (1), and the proof is completed.

REMARK 1.1. Since AN, = 0 on R" — {z}, N, is harmonic in R™ — {z} by the
implication (3) = (1). The function N(y) = No(y) is called the fundamental solution
for the Laplacian, that is,

AN = —a,w,0p

in the sense of distributions, where d, denotes the Dirac measure at the origin and
n—2 n =3,

Ay —

1 n=2.
In fact, if ¢ € C§°, then Green’s formula implies that

(1) pla) =~ [ Nz —9)Aply) dy.

AnWn

REMARK 1.2. If T is a distribution on G such that AT = 0 on G, that is, T is a
harmonic distribution on GG, then the above proof shows that 7" x 15 is harmonic in Gy
and hence

(T*w(;)*’(ﬁ(;/ :T*w(;
in G5,.¢. By letting 6 — 0, we see that

T:T*w(;/
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on G, so that T is considered as a usual harmonic function on G. This fact is known
as Weyl’s lemma.

The classical Dirichlet problem is that of finding a harmonic function v on G such
that

(1.2) u(z) = f(x) for all z € G
for a function f defined on the boundary. Here (1.2) is understood as

(1.3) u(z) = lm  u(y) = f(z) for all z € 0G.
y—z,yeG
If a solution u exists for a finite-valued initial data f, then f is continuous on 0G
(see Theorem 6.1 given later). Further, by minimum and maximum principles (see
Corollary 2.2 given later), a solution is unique if it exists.
Green’s formula gives a good tool to solve the Dirichlet problem.

THEOREM 1.2. Let D be a bounded domain for which Green’s formula holds. If
u € CY(D) and u is harmonic in D, then

(1.4 u@) = [ N~ u(Noa} dS()

AnWn

for every x € D.

Let B = B(a, R) be a ball. For x, consider the inversion of x with respect to

S(a, R):

If x € B(a, R) and y € S(a, R), then we see that
2" —y| = [z" — allz — y|/R.
Since N,«(y) is harmonic in B(a, R), we have

(1.5) - {unNy« — u(Ny)n} dS(y) =0

in B(a, R). Consider the function

" — a

. =n - (P54 e

If u € C'(B(a, R)) and u is harmonic in B(a, R), then we have by (1.4) and (1.5)

ua) === [ ) (Galaly) dS(o)

ApnWn
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Computing the normal derivative (G,)n on S(a, R), we have the following result.

THEOREM 1.3. If w is harmonic in B(a, R) and w is continuous on B(a, R), then

1 R? — |z — al?
I /5(a . f =l —af’ u(y) dS(y)

u\r) =

for every x € B(a, R).

In fact, if 0 < r < R, then

1 r? — |z — al?
u(r) = — T
Wy JS(ar) |z — v

u(y) dS(y)

for every x € B(a,r), and hence the required result follows by letting r — R.

We say that
1 R?>—|z—al
wp R |z —y[”

P(z,y) = Pp(z,y) =
is the Poisson kernel for B = B(a, R), which has the following properties :
(P1)  Fory € S(a, R), P(-,y) is harmonic in B(a, R).

(P2)  Fory e S(a,R), P(-,y) vanishes on S(a, R) — {y}.
(P3)  For z € B(a, R),

/S(%R) P(z,y) dS(y) = 1.

The last assertion can be obtained by considering u = 1.

THEOREM 1.4. If f is continuous on S(a, R), then

uw) = [ Play)f) ds)

is the Dirichlet solution in B(a, R) for f.

PROOF. It is easy to see that u is harmonic in B(a, R). Since f is continuous on
S(a,r), fis bounded, that is,

lfl =M< oo on S(a, R).
Let zg € S(a, R). Given € > 0, find 6 > 0 such that

|f(y) — f(zo)] <&  whenever |y — xo| < 4.
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Then (P2) gives

Lo s PEI0) = )] dS(0)

< 2M/ P(z,y) dS(y) — 0 as T — xg, x € B(a, R).
S(a,R)—B(z0,0)

Hence we have by (P3),

limsup  |u(z) — f(zo)]
x—)IQ,IEB(a,R)

P, y)|f(y) = flxo)] dS(y)

< lim sup /
r—z0,2€B(a,R) S(a,R)NB(z0,0)

< & limsup /S( o P(z,y) dS(y) = ¢,

z—xz0,2€B(a,R)

which implies that
li — =0
i)y [0(@) = f(o)]
as required.

THEOREM 1.5. Let u be a harmonic function on B(a,R). If u =2 0 on B(a, R),
then there exists a measure u supported by S(a, M) for which

(16) u(e) = [ Pley) du(y)
whenever x € B(a, R).

PROOF. In view of Theorem 1.3, if 0 < r < R, then
u(w) = [ Poan(z.u)uly) dS(0)

whenever z € B(a,r). Note, in view of the mean-value property, that
Lo, ) dS(0) =18(a P)lu(a),

which is bounded. Hence there exist a measure p and a sequence {r;} such that r; T R
and the measure du; = u dS|p(a,r,) converges vaguely to p as j — oco. If v € B(a, R)
is fixed, then Pp(q,,,)(,-) is uniformly convergent to Pp(,,g)(7,) near S(a, R), so that

U(.CE) = / PB(G,Tj)(','C?y) dﬂ](@/)
- / PB(CL,R) (:Ca y) dlu(y) as ] — OQ.

Thus (1.6) holds, and the theorem is obtained.
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As applications of Poisson integral representation, we can show the following Har-
nack inequality for harmonic functions.

THEOREM 1.6 (Harnack’s inequality). If u is a positive harmonic function on the
ball B(a, R), then

u(a)

( R )”2R—r < ( R )”2R+r
u >~
R+r R+r R—r

whenever r = |z — a|] < R.

PROOF. Let 0 < r < R’ < R. By Theorem 1.3, we see that

1 R/Z—T2
= dS(y).
ww) = Lo ey M) 4SW)

Note here that P 22 2 _ .2
R?—r < R" —r < R*—r
(R +7)" = |z —y|» = (R —r)"

for x € S(a,r) and y € S(a, R'). Since u is positive on B(a, R), we have

R/2 _ 7,.2
(R + r)"w, R

R/Q _ 702
Jooy 1) 450) S (o) £ s [ () dS(o).

By mean-value property, we find

R \"’R—r R \""R+r
< <
(wa) Ryt =) = (R’ —7‘) m—r ")

which yields the required inequalities by letting R’ T R.

THEOREM 1.7 (Harnack’s principle). If {u;} is an increasing sequence of harmonic
functions on a domain D, then it converges to a harmonic function locally uniformly
in D if lim w; # oo.

j—00

PROOF. Denote the limit function by u. First we see from Lebesgue’s monotone
convergence theorem that u has mean-value property in D. Further, if u(a) < oo for
some a € D, then Harnack’s inequality implies that

< d >n_2R_T{“(“)—U9‘(a)} < wu(z) — uj(z)

R+r R+r "
(R}j r)n ZLJ:: {u(a) — u;(a)}

A

on B(a,R) & D. Hence {u;} converges to u uniformly on such ball. Since D is
connected, this must be true for all balls in D, and it follows that « is harmonic in D
and {u;} converges to u locally uniformly in D.
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If there is no a for which u(a) < oo, then u = cc.

THEOREM 1.8. Let {u;} be a sequence of harmonic functions on a domain D. If
{u;} is uniformly bounded in D, that is,

M = sup llujllee < 00,
j

then there exists a subsequence {u;q} which converges locally uniformly in D.

PROOF. Denote the gradient of v by Vu. Let B(a,2R) € D. By mean-value
property, we have for = € B(a, R) £ D

1
Vu, = 7/ Vu;(y) d
[V (@) |B(z, R)| |/B@.n u(y) y‘
1 / n d
I .
B(z, R)| [Js@r 7Y
1 nM
< - M -
= BT

where n denotes the normal on S(z, R). Hence it follows that

nM
luj(z) —ui(y)] = ( sup ’VUJO |z —y| = = |z — 9
B(a,R)

whenever z, y € B(a, R). This implies that {u;} is equiuniformly continuous on B(a, R)
and, in particular, equicontinuous on D. By appealing the Ascoli-Arzela theorem, we
can choose a subsequence {u;)} which converges locally uniformly in D.

3.2 Superharmonic functions

We say that a function s on G is superharmonic if

(S.1) s is lower semicontinuous in Gj
(S.2) —00 < § #Z 0o on any component of G;

(5.3) s has the super-mean-value property in G, that is,

1
s(x) 2 Ban)| /B(x ) s(y) dy whenever B(z,r) € G.

We say that s is subharmonic in G if —s is superharmonic in G. Then u is harmonic
in GG if and only if u is superharmonic and subharmonic in G.

LEMMA 2.1. If s is superharmonic in G, then it is locally integrable in G.
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PRrROOF. By considering each component of GG, at first, we may assume that G is

connected. Consider the set

{x €eG: / y)| dy < oo for some ball B = B(x,r) with B C G}

Since s is lower semicontinuous and s > —oo on G, s is locally bounded below on G.
Since (5.2), together with (S.3), assures the existence of x € G for which

xT’/zr

o0 > s(x)

whenever B(z,r) € G, so that

s(y)|dy < oo
L 1500)

for such ball B(x,r). Thus E is not empty. It is not so difficult to see that E is open
and closed in the relative topology of GG. Since G is connected by assumption, F = G,
so that s is locally integrable in G.

THEOREM 2.1. Let s be a function on G satisfying (S.1) and (S.2). Then the
following are equivalent.

(1) s is superharmonic in G.

1 .
2 s(x) 2 s(y) dS(y) whenever B(x,r) € G.
® sz g [ s ds) () €
(3)  wel(GQ),s(x)= lim Bl |/ - y) dy for every x € G and

/ s(x)Ap(z) de £ 0 for any nonnegative function ¢ € C§°(G).

PROOF. First suppose s € C?(G). If s is superharmonic in G, then we show that
As £ 0 in G, so that (1) implies (3) in this case. In fact, if € G, then by Taylor’s
formula, we see that

1 . sz As(x)
Ble.)]| Jown (y) dy = s(x) + o ——+

for small 7, so that (S5.3) yields
As(z) £0

Conversely, if As < 0, then we apply Green’s formula with s and N, — ¢ in the ring
domain R(a,b) to obtain

02 [ AN =) = s(ANpdy = [ su(Ne ) = s(Noa} dS(0),

R(a,b)
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where ¢ is a constant so chosen that N, = ¢ on S(z,b). Here note that
(N, — ¢) dS(y) = —(Up(a) — / As dy > 0,
Loy 5o Ne =) dS() = ~(Usta) =) [ Asdy =
so that we obtain

1 1
5 e * 450 S 5y e 400 950

By letting a tend to zero, we establish

m /S(a:,b) s(y) dS(y) = s(x).

Consequently (1), (2) and (3) is equivalent for s € C*(G).
Now we conquer the general case, and suppose (1) holds. By (2.1),

s(z) 2 / y) dy 2 1nf s,
ZL’T| acr)

B(z,

so that (3) holds by the lower semicontinuity of s. Since s € L},.(G) by Lemma 2.1,
as in the proof of Theorem 1.1, we may consider the convolution s * ¢5; here we may
assume that ¢’ < 0. Since (1) holds, we have for B(z,r) € Gs,

/B(a:,r) (s ¥5)(y) dy = / </B(m) s(y — 2) dy) vs(2) dz

< / Bz, r)| s(z — 2)bs(2) dz
= |B(z,7)[(s * s) (),

which implies that s * s is superharmonic in Gs. Thus

/ (s x5)Ap dz <0

for any ¢ € C§°(Gys) such that ¢ = 0. Letting § — 0 and noting that s % ¢s — s in
L} (G), we have

/ sAp dr <0,

and hence (3) is fulfilled. Now the implication (1) = (3) is proved.
Conversely, if (3) holds, then

Alsxvs) = 5% (M) = [ s(y)Aiisla—y) dy £ 0

on G, so that s * 15 is superharmonic in G5 by the above considerations given for C?
functions. Hence

1

2 ] s

(5% 9s)(y) dy
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whenever B(z,r) & Gs. On the other hand,
siva(a) = [ slw—yusy) d

y
_ _/ (/B(O,r) s(z —y) dy) Ps(r) dr

1
< sup ——— s dy.
= 0<T<5 |B(x,r)| JB(ar) (v) dy

Thus we have

1 1
—_ s* s dy < s* 1) < sup 7/ s
|B(x,r)| /B(r) Ve dy = (@) = o<r<s |B(z,7)| JB@r)

If follows from (3) and the fact that s * 15 — s in L}, .(G) as § — 0 that

s(x) =2 lir?jélp (s *s)(x) = liminf (s 5)(x)

> hmmf |er‘/m s * s dy

1
|B(z, )| /)

s(y) dy.
This implies, with the aid of (3) again, that

s(a) = iy (s Us)(a).
Thus Fatou’s lemma gives

@) =y erunls

hmlnf |er |/“ s s dS(y)

1

150 Jsten) s(y) dS(y).

v

1\

Thus (3) implies (2) and then (1).

REMARK 2.1. Note that

AUL(z) = U(a]) + Lo la)

= (a—n)(a—2)z]*"*

for 2 # 0. Hence, the a-kernel U, (x) is superharmonic in R™ if 2 £ o £ n. Moreover,
U, is subharmonic in R* — {0} if 0 < o < 2.
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COROLLARY 2.1. Suppose Uyp # 00, € M. Then Uyp is superharmonic in R”
in case 2 £ a < n, and U, Is subharmonic outside the support of j in case 0 < o < 2.

REMARK 2.2. We compute the potential
1
=— [ N(z—1y)dS(y).
u(r) = 1g [, NG = )as()

In view of Corollary 2.1, u is harmonic outside S. Since u can be considered as a
function of r = |x|, we see by polar coordinates that

(r"~ '/ (r)) = 0.

Hence r"~'4/(r) is constant, so that w is of the form ¢; N(r) + ¢y for some constants

¢; and ¢y. If we note that w is continuous at the origin and u(x) — N(x) vanishes at
infinity, then it follows that

(2.1) u(z) = min{N (1), N(|z|)}.

REMARK 2.3. If u is harmonic in G, then |u|P is subharmonic in G when 1 <
p < oo; in fact, by the mean-value property and Holder’s inequality, we have for any
B = B(z,r) with closure in G,

w@r = (g [, ol av)

g (L @)™ [ wr a

= 1 ), WP dy

A

In general, if ¢ is increasing and convex on the real line and s is subharmonic in G,
then ¢(s) is subharmonic in G, because Jensen’s inequality yields

1 1
< — <
p(s(r)) = <|B| /B s(y) dy) =¥ /BSO(S(H)) dy
for any ball B = B(x,r) with closure in G.

REMARK 2.4. If f(z) is holomorphic in the plane region G, then log|f| is subhar-
monic in G. Hence, noting that ¢(t) = e is increasing and convex for p > 0, we see
that |f|P = exp(plog|f|) is subharmonic in G for all p > 0.

THEOREM 2.2 (minimum principle). Let s be superharmonic in a bounded domain
D, and set 3(y) = lim ing s(x) for y € 0D. Then

T—Y,TE

(2.2) inf s =inf 3;
D oD
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if s attains minimum inside D, then s is constant.

PROOF. Denote by M the left-hand side of (2.2) and by N the right-hand side of
(2.2). Then M < N, clearly. Suppose M < N. By the lower semicontinuity of s, there
exists a point zg € D such that M = s(xp), from which it is seen that M is finite. Now
consider the set

E={xe€D:s(zx)=M}.

Since xy € F, E is not empty. Further it is easy to see that F is (relatively) closed in
D. In view of the super-mean-value property, we have for z € F|

/B(z,r) [s(y) = s(z)] dy = 0

whenever B(z,r) & D. Since s(y) 2 M = s(z) on D,
(2.3) s=M

holds for almost every y € B(z,r). Hence it follows from (3) of Theorem 2.1 that
(2.3) holds everywhere on B(xz,r). Therefore E is open, and then E = D by the
connectedness of D. This means that s is constant and hence N = M, from which a
contradiction follows. The second assertion can be proved similarly.

If an open set G is not bounded, then we define *G = 0G U {oo} and u(o0) =
liminf w(z) for a function u on Gj if G is bounded, then we set 0*G = 9G.

|x|—00,2eG

COROLLARY 2.2. Let s be superharmonic in an open set G. If 3 2 0 on 0*G, then
s=20ond.

COROLLARY 2.3. Let GG be a bounded domain in R", and let v be a continuous
function on G. If u is harmonic in G' and attains maximum or minimum inside GG, then
it is constant.

Next we are concerned with the representation for superharmonic functions. First
we show the following result, which is an easy consequence of (1.1).

LEMMA 2.2. Let u be a measure on R™ such that |Usu| # oco. Then
AUspt = —apwp it
in the sense of distributions.

If s is superharmonic in G, then y = —(a,w,) 'As is called the Riesz measure of

THEOREM 2.3 (Riesz decomposition theorem). Let s be a superharmonic function
on GG, and denote the Riesz measure of s by . Then for each relatively compact open
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subset D of G, there exists a harmonic function hp on D such that

s:/D N(zx —vy) du(y) + hp on D.

With the aid of Theorems 8.1 and 8.2, we have the following results.

COROLLARY 2.4. If s is a superharmonic function on GG, then, for any x € G, there
exists a set E = E, € S such that Co(FE) = 0 and

hII(l) s(x + 7€) = s(x) whenever { € S — E.
COROLLARY 2.5. Let i be the Riesz measure of a superharmonic function s on G.
Then, for any x € G, there exists a set E = E, £ S such that C3(E) = 0 and

lim [N(r)] 's(z + 7€) = p({z}) whenever £ € S — E.

r—0

LEMMA 2.4. If s is superharmonic in B(a, R), then

s@) 2 [ Poan(r)sly) dS()

whenever x € B(a,r), 0 <r < R.

PROOF. Since s is lower semicontinuous on S(a,r), by Lemma 1.1 in Chapter 2,
there exists a sequence {f;} of continuous functions on S(a,r) which increases to s.
Define

u;(z) = /S oy Pr@(@0150) dS()

Then, in view of Theorem 1.3, u; is harmonic in B(a,r) and continuous on B(a,r).
Note that

lim inf >s(y) = fi(y) = i :
,Miminf s(y) = s(y) 2 f;() i u;(z)

for y € S(a,r), so that minimum principle implies that
s 2 u; on B(a,r).

By letting 7 — oo and applying Lebesgue’s monotone convergence theorem, we obtain
the required result.

COROLLARY 2.6. Let s be lower semicontinuous on G. Then s is superharmonic
in G if and only if for any harmonic function h on a bounded open set G’ with closure
in G, s 2 h on OG' implies s =2 h on G'.
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PRrROOF. The only if part is an easy consequence of minimum principle of Theorem
2.2. To show the if part, let B(a,r) be a ball with closure in G. In the proof of Lemma
2.4, s 2 uj on S(a,r), so that s = u; on B(a,r) by the assumption. Thus it follows
that

S({E) 3 S(ar) PB(a,r)('r?y)S(y) dS(?J)

for any = € B(a,r). In particular, if x = a, then

1
s(z) =
() 2 151 Jstan

s(y) dS(y).

Thus s has the super-mean-value property in GG, and hence it is superharmonic in G.

The function G,(y) having appeared in the proof of Theorem 1.2 is called Green’s
function for B = B(a, R), which is sometimes written as

and has the following properties :

(Gl) For x € B, G(x,-) is harmonic in B — {z} and superharmonic in B.
(G2) G(z,y) is symmetric, that is, G(z,y) = G(y,x) on B x B.
(G3) For x € B, G(x,-) vanishes on 0B.

(R? — |z —a*)(R? — |y — a]?)
|z —y|"

(G4) G(z,y) = M

LEMMA 2.5. Let u be a measure on B = B(a, R) such that
(24) [, (B =1y =) du(y) < oo,
Then the Green potential

Gule) = [ Gla,y) duty)
is superharmonic in B.

THEOREM 2.3. Let s be a superharmonic function on B = B(a, R). If s 2 0 on B,
then there exist p € M(B) and v € M(0B) such that

s@) = [ Glay) duy) + [ Pla,y) dv(y)

whenever x € B.
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PROOF. Let p denote the Riesz measure of s on B. For 0 < r < R, consider
(2.5) ur(e) = s(o) = [ Gloy) duy)

Then, in view of Lemmas 2.3 and 2.5, u, is harmonic in B(a,r) and superharmonic

in B. Since lim infB u,(z) 2 0, minimum principle implies that u, = 0 on B. In
T—2,TE

particular,

5002 [ {N() = N(R) duly),

so that

Lo (B=ly—a) du(y) < .

B(a,r)

It follows from Lemma 2.5 that the Green potential Gu(z) is superharmonic in B and
Glian (@) 1 Gula) € s on B,

Since u, decreases as r T R, the limit function u = hII]l% u, satisfies the mean-value

property on B, so that u must be harmonic in B. In view of (2.5), we see that

+/ (x,y) du(y).

Since u = 0 on B, in view of Theorem 1.5, it is of the form

u@) = [ Pla.y) duly)

for some measure v on 9B. Thus the theorem is established.

3.3 Boundary limits of superharmonic functions

For £ € S, define the truncated cone I'(, 0) of vertex at £ with half-angle 6, 0 < 6 <
/2, by

We note here that if 6 > 0 is small enough, then there exists a positive constant ¢ = ¢(J)
satisfying

(3.1) 1— |:1c|2 > |z — |
and
(3.2) [z —y| > cly — ¢

whenever z € I'(¢,0) N B(&,6) and y € SN B(&, 6).
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LEMMA 3.1. h be a nonnegative nondecreasing function on [0, 00) such that

(3.3) h(ryr'=? < M
and
1
(3.4) / h(t)t~7=1 dt < Mh(r)r—®  whenever 0 < r < 1

for some 3 > 0, where M is a positive constant. If ji is a measure on R" satisfying

(3.5) lim [A(r)]~' u(B(&, 7)) = 0,

r—0
then ,
lim / T duy) =o.
M Joen v e —gpp PO

PROOF. Set
e(r) = sup [h(t)]"'u(B(E 1)) = 0.

o<t<r

Then it follows from (3.5) that
lim e(r) = 0.

r—0
Note here that

”
lim sup —du(y) < limsup mPu(B(E,r
r—0  JBEr (r—+1&—y|)P ) r—0 (B&:r)

< limsup e(r)h(r)r'? = 0.

r—0
On the other hand,
r 1
lim su / ———d < limsu 7"/ t7% du(B(&,t
b BEN-BEr) (r+1]E—y|)P wy) = ol ", HB(E:1))
1
— Timsup [ (B O)d(~1 )
r—0 s

= timswp r [ p(B(E ()

r—0

1
— limsup r2(d) / h(t)d(—t7) < Me(5),

r—0 r

from which it follows that
,
lim ————— du(y) = 0.
r—=0 JBEn-Ber (r+|&—y|)? )

LEMMA 3.2. Let

u@) = [ Pla.y) duy)
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for p € M(S). If £ € S and

. (B 7))
3.6 1 —_— 2 =
(36) M SnBE N
then
lim u(x) =0
e—€.xel(£,0)

for any 0 € (0,7/2); in this case, u is said to have nontangential limit zero at &.

PRroOOF. For § > 0, write

A

u@) = | ey D) dn(y) + J ey P dny)

= w(z) + uz(z).

First we note that

iy vale) =0

In view of (3.1) and (3.2), for x € I'(§,0) N B(§,0) and y € SN B(§,6), we find

w—¢
w@ M e a W

with a positive constant M, if § is small enough. Now, applying Lemma 3.1 with
h(r) = SN B(&, )|, we have

lim ui(x) = 0.
a—€,zED(E,0) 1)

Thus the lemma is proved.

By considering the derivative of o with respect to the surface measure dS|g, we can
write

(3.7) p=fdSls+o,

where o is singular and f is defined by

L n(BE)
(33) flo) =l (£

which exists for almost every £ € S. Moreover, note that

(3.9) lim [f(y) = F(E)|dS(y) = 0

r—=0 JSNB(&,r)

for almost every £ € S; if this is true, then such ¢ is called a Lebesgue point for f (see
Corollary 10.1 in Chapter 1).
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THEOREM 3.1. Let yp € M(S) and write it as (3.7). If we set

u(w) = [ Pla.y) du(y).

then

im u(z) = f(&) whenever 0 < 0 < 7/2,
x—y,zel'(£,0)

for almost every £ € S; that is, u has a nontangential limit at almost every boundary
point.

PRrROOF. Letting dS denote the surface measure on the unit sphere, we note first
(cf. Theorem 10.3 in Chapter 1) that

L o(BED)

M SBE) "

for almost every & € S, so that Lemma 3.2 shows that / P(z,y) do(y) has nontan-
s

gential limit zero at almost every & € S. Since

[ Peniwise) - 1€ < [ Pey)lie) - 104w,
it follows from Lemma 3.2 that

lim P(x,y) [f(y) — f(€)] dS(y) =

=0 JSNB(&,r)
as long as (3.9) holds. Thus the theorem is proved.
Next we deal with fine boundary limits for Green’s potentials in the unit ball B.

THEOREM 3.2. Let u be a measure on B such that Gu(x) # oo on B. Then for
almost every £ € S, there exists a set F(£) & B which is 2-thin, or simply thin, at &
such that

lim Gu(z) =0 whenever 0 < 6 < w/2;

x*)é.:xer(é)e)*E
that is, Gu(x) has nontangential fine limit zero at almost every boundary point.

Before giving a proof, we prepare the following lemmas.

LEMMA 3.3. Let u € M(B) be as in Theorem 3.2. For 6 > 0, set

A(0) {f €S: / (=)™ du(y) = OO}'

|€ yln ¢ _ o ln—1+6

Then A(0) has (n — 1)-dimensional measure zero.
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In fact,
(1= Jy)
/S(/B W dﬂ(ﬂ)) dS(€)
L=t ([ 1g—um= as) duty)
L=l ([ M= 1) 416 = @/l dS(©)) duly)

< M [ (1=1yP) duly) < .

A

LEMMA 3.4. Let v be a measure on B with finite total mass. If we set

F = {§ € S:limsup ' "v(BNBE,r)) > O},

r—0

then E has (n — 1)-dimensional measure zero.

PRrROOF. Let 0 < § < 1 and consider

F(5) = {5 € S:limsup ' "v(BN B, r)) > 5}.

r—0

We have only to show that |F'(0)] = 0. For any ¢ > 0 and £ € F(6), there exists
r =r(&) such that 0 < r < e and

r"w(BN B ) > 6.

By a covering lemma (see Theorem 10.1 in Chapter 1), we can choose a disjoint sub-
family {B(&;,r;)} for which

U B(&.5r)) 2 F(5).

J

Note here that

WU BNBE) = Y u(BNBE)

J J
52 7’;“1
J

MY |SNB(&,5r;)]

v

> MS|F()|

On the other hand, since B(§,r;) £ B — B(0,1 —¢),

V(U BNnB¢,r)=v(B-B(0,1—¢)) —0
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as € — 0, so that it follows that
[F(6) =0

as required.

PROOF OF THEOREM 3.2. Let £ € S — (A(d) U F). For 6 € (0,7/2), take 6’ such
that < ¢ < m/2. Then find ¢ > 0 for which

B(z,c(1—|z])) S T(,0) whenever z € BNT(,0).
Write
Gu(xr) = G(z,y) d + G(z,y) d
() /B(x,c(l—x|)) (2, y) du(y) /B_B(M(l_lxl)) (,y) du(y)
91() + ga(z).
Note that

(1 —[z]*)(1 = |y]*)
92(7) = M/13—3<z,c<1—|x|>> 1€ =yl + (1 — |z])]" aly).

Since £ € F', Lemma 3.1 proves, as in the proof of Theorem 3.1,

go(z) = 0.

lim
r—E&,x€l(£,0)

On the other hand,
g1(z) = M/ N(x —y) du(y).
@Sy [ Ny daly
Since £ ¢ A(9), we see that

N(£ — d < 00.
/F(W)DB(&E) (& —vy) du(y)

In view of fine limit results (see Theorems 5.1 and 6.2), we can find a set E(6) & I'(¢,0)
which is thin at £ such that

lim z) = 0.
a—&,xel(€,0)—E(0) 91(z)

Letting {6,} be a sequence which converges to m/2, we can find {r;} such that

E= UE )N B(E, ;)

is thin at &. Since E has all the required properties, the theorem is obtained.

COROLLARY 3.1. Let i be a measure on B such that Gu(z) # oo on B. Then for
almost every £ € S, Gu(x) has limit zero along almost every ray terminating at & and
passing a point of B.
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COROLLARY 3.2. Let s be a nonnegative superharmonic function on B. Then, for
almost every £ € S, s has a finite limit along almost every ray terminating at £ and
passing a point of B.

THEOREM 3.3. Let u be a measure on B such that Gu(x) # oo on B. Then
lirr% Gu(r§) =0
for almost every & € S.

Proor. Consider the set

Ez{{ES:limsup N(r§ —vy) du(y)>0}.

r—1 B(Tf,(l—T)/Q)

In view of the proof of Theorem 3.2, we have only to show that F is of surface measure
zero. This can be carried out in the same way as in the proof of Lemma 3.4. In fact,
consider for § > 0,

E(5)={§€S:limsup N(ré —y) du(y) >5}.
r—1 B(r&,(1-r)/2)

For given € > 0 and £ € E(0), there exists 7 = r(£) such that 1 —e <r < 1 and

N(ré—y)d > 0.
/B ez V&= Y) duly)

Then we see that

(1-r)/2
/B(r&(”m N(ré—y) duly) = /0 N(t) du(B(ré, b))

A

(1-r)/2 .
M / W(B(re, )" dt.
0

Hence there exists ¢t = ¢(£) such that 0 <t < (1 —r)/2 and
w(B(ré b)) = M7Y[(1 —r) /2],

so that
1—|yl®) d > Mot
/B(T&t) ( ly|*) du(y) =

Denote by S*(€) the radial projection of B(r(§)&,t(€)). Then {S*(£)} covers E(J).
Consequently, by a covering lemma (see Theorem 10.1 in Chapter 1), we can choose a

disjoint subfamily {S*(&;)} for which

U 55°() 2 B
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where 55%(¢;) denotes the spherical cap centered at &; and expanded 5 times S*(¢;).
Note here that

Soeyt < oty [ (A= ll) du(y)
< oY - ) duy),

B(0,1—2¢)
which tends to zero as € — 0. Hence we find
|E(9)] =0
as required.

COROLLARY 3.3. Let s be a nonnegative superharmonic function on B. Then
s(r€) has a finite limit as r — 1 for almost every £ € S.

THEOREM 3.4. Let n = 2 and p be a measure on the unit disc B such that
Gu(zx) # oo on B. If v is a curve in B tending to a boundary point £, then

liminf (1 — |2])Gu(z) = 0.

r—E,xEYy

PRrOOF. For simplicity, let d(z) = 1—|z| denote the distance of  from the boundary.
As in the proof of Theorem 3.2, we write

Ga;:/ G(z,y) d +/ G(z,y) d

p(x) podiays SV ) E [ G ) dily)
= 91(z) + g2().

In view of (G4), we have

d(z)?

Ay du(y).
~Bwd@)/2) | —y|? (W)duly)

d(e)lga(@)| < M [

Since d(z)/|z — y| is bounded on B — B(z,d(x)/2), we apply Lebesgue’s dominated
convergence theorem to obtain

lir% d(z)ga(z) = 0.
To treat g, we use the Green capacity Cg defined by
Ce(F) =inf v(B)

for £ € B, where the infimum is taken over all measures v on B for which

/ G(x,y) dv(y) 21 whenever x € E.
B
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Since Gu(x) # oo,
/B d(y) dp(y) < oo.

Hence we can take a sequence {a;} of positive numbers such that lim a; = oo and

> 4 /B d(y) duly) < oo,

where B; = {z: 27771 < d(z) < 279"?}. Now we consider the sets
Ej ={z:27 <d(z) <277 d(z)gi(z) > a;'}.

If x € Ej, then
0! < d@)lp(@)| £ M27 [ Gla,y) duly)

J
Hence it follows from the definition of capacity that

ColE;) £ Mag2 u(By) £ Ma; [ d(y) duy),

J

so that

Moreover, setting £ = U E;, we see that
J

lim d(x)ga(z) = 0.

z—S,7€B—E

Let L be the line {(¢,0) : 0 <t <1} and L; = {(£,0): 277 < 1—t <279t} If z € L;,

then
/.

J

2d
G(z,(r,0)) dr < M/ log ﬁ dr = Md(x),
L]‘ -
and hence we have
Co(LNBy) 2 [Md(:c)]*1|Lj] =M >0.

Now we see that
Ca(yNBj) 2 Ca(L;) 2 M.

This implies that v N £} is not empty for large j, and thus it follows that

liminf d(z)ge(z) = 0.

T—E,TEY
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3.4 Kelvin transform

In section 3.1, we defined the inversion with respect to the spherical surface S(a, R) by

Note here that

4.1 -y
(4.1) | T—dlly—d]

For a function u on an open set G € R™ — {a}, define the Kelvin transform of u with

respect to S(a, R) by
R n—2

| — al

Further set G* = {z* : x € G}. If u € C?*(G), then we see that

Ax*u*(a:*):< i >n+2Au(:c).

|+ = af

THEOREM 4.1. Let G € R™ — {a}. If u is harmonic in G, then u* is harmonic in
G*.

COROLLARY 4.1. If s is superharmonic in G, then s* is superharmonic in G*.

This is an easy consequence of Theorem 4.1 and Corollary 2.6. In fact, suppose
s* 2 w* on QU* for a harmonic function u* on a bounded open set U* with closure in
G*. In view of Theorem 4.1, the Kelvin transform w« is harmonic in U. Since s = u on
U, it follows from Theorem 2.2 that s =2 v on U, or s* = u* on U*. Hence Corollary
2.6 implies that s* is superharmonic in G*.

Let a = (—1,0,...,0) and b = a/2. Consider the inversion with respect to S(a,1).
If 2* € B(b,1/2), then
1
T
so that B(b,1/2)* is the upper half space H = {y = (y1,...,y») : y1 > 0}. Recall that

Poison’s kernel for B = B(b,1/2) is given by

xy
|z —al*’

2 1/4 — |a* — b2

Pu(a"y") = N e

If w is a positive harmonic function on H, then v* is harmonic in B by Theorem 4.1
and is of the form

@)= [ Pelat ) di ()
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for some positive measure p* on S(b,1/2). Hence

|z — aln—?

= a2 [ gy

wp Jou |z —yl?
2ZE1 1
wp Jou |z —yl?

u(r) =

.%'1*

= —u({a}) +

where
W(E) = [y = ol )
for a Borel set £ € H. Here note that
| ly=al™ duly) = 1 (S(0,1/2) ~ {a}) < oo
Thus we have the following representation of positive harmonic functions on H.

THEOREM 4.2. If u is a positive harmonic function on H, then there exist a
nonnegative number ¢ and a measure j on OH such that

2.’,171 1
u(r) =cxry + —/ d
( ) 1 w, Jom ’Jf y’n :u(y)

for x € H.

COROLLARY 4.2. If x € H, then
21‘1 1
wp Jou |z —yl?

dy = 1.

Green’s function for B = B(b, 1/2) is given by

-n |j_b| e ~ -n
6o = o= = () -

where & denotes the inversion of = with respect to S(b,1/2). Then note that

|x — a| = 2|z — b||Z — d|

and
s T —a
T = CH_W
. b+ (x —b)/4|x —b*] —

|7 — al?
x— (4)z —b* + 1)b
|z — al?
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Thus we see that
Tt =,

where 7 denotes the reflection of y with respect to the hyperplane OH.

THEOREM 4.3. If s is a positive superharmonic function on H, then there exist a
nonnegative number ¢, a measure j on OH and a measure v on H such that

) =en+ 20 [ duly) + [ Gulay) doy)

wy Jou |z —y|"
for x € H, where

v =y =T -y nz3,
GH(I’,y) =
log (| — yl/|z —y|) n=2,

/ ly —e|™" du(y) < oo
OH

and
/H yily —el™" dv(y) < oo.

PROOF. In view of Corollary 4.1, s* is superharmonic in B = B(b,1/2), and hence
by Theorem 2.3, s* is of the form

* * — P *’ * d * * / G *’ * d * * .
s*(x") /S(bm) (2", y") dp*(y") + o) s(x™,y") dv*(y”)

By Theorem 4.2, the first integral is of the form
2x 1
o — a7 [ exr + —1/ duly) | .
wp Jom |x —y|"

Gp(a*,y") = |z —a|" |y — a|"*Gu(z,y),

so that the second integral is of the form

o= a2 ([ Gua.y) dvy)

Similarly,

where

| owly =l dvy) = [ (/4= 1y = bP) dv'(y") < o

2
Wn |CL’ - y|n
for H, and Gu(z,y) is called Green’s function for H.

REMARK 4.1. In Theorem 4.2, Pg(z,y) = is called the Poisson kernel
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3.5 Balayage

In this section, let 0 < @ £ 2 and o < n. It is important to note here that every
potential is subharmonic outside its support.

THEOREM 5.1 (maximum principle). Suppose Uyp < 0o p-a.e. and s is positive
superharmonic in R". If Uyp < s p-a.e. on S, then Uyp < s everywhere on R™.

PROOF. In view of Theorems 1.4 and 1.5 in Chapter 2, for given ¢ > 0, we can find
a compact set K & S, such that u(S, — K) < e, Uy(p|k) is continuous and

Uspt < s on K.

Then s — U, (pt] k) is superharmonic outside K, liminf s — U, (u|x) = 0 and

|z|—o00
Usptl) SUspp =5 on K.
Thus minimum principle for superharmonic functions implies that
s—Us(ulxk) 20  onR" - K,

so that U, (k) < s on R". By considering a sequence { K} of compact sets for which
K; 1S, we obtain the required inequality.

COROLLARY 5.1. Suppose Uyp < oo p-a.e. . If Uyp < 1 p-a.e. on S, then
Uapt £ 1 everywhere on R".

With the aid of Theorem 10.1 in Chapter 2 we obtain the following result.

THEOREM 5.2. If K is a compact set in R", then there exists a unique measure
vk supported by K such that

(i)  Usyk(z) =1 a-q.e. on K;
(i)  Usvk(x) £1 on R™

The above measure g is called the equilibrium measure of K; U,y is called the
equilibrium potential of K.

Suppose U, < 00 p-a.e. and
(5.1) Uapt £ UL0, p-a.e. on S,
where @ € R" — S,,. By considering the inversion with respect to S(a, 1), we see that

Usple) = |a* =a"™ [ a* =y "y = ol dpu(y)
= 2" — " Uap (2)
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for a measure p* with compact support. By (5.1),
Uup* =1 pr-a.e. on S
Thus maximum principle implies that the inequality holds everywhere on R, so that
Uapt < UL0, on R™.

Now, applying Theorem 10.3 in Chapter 2 with f = U,d,, we have the following
result.

THEOREM 5.3. If a is not contained in a compact set K, then there exists a unique
measure 6, x € E,(K) such that

(i) Undax = Uydy a-q.e. on K;

(ii) Usbax = Und, on R™

We say that J, x is the balayage of d,, or the sweeping of 4, to K.

LEMMA 5.1. For ¢ € CP(R™), 6.x(p) is the difference of lower semicontinuous
functions on R" — K.

In fact, for z € R" — K,

Unborc(z) = / Unborc db, = / Und, d,
= / Ua(sz,K d(sa,K :/ Uada,K déx,K

— / Ua5a d6x7K = Uadft,K(a)7

so that U,d, k(x) is continuous on R™ — K. Hence we see that / Ut ddgx =

Uaba i dpv is lower semicontinuous on R" — K for any pu € &,. Since ¢ € Eas

da i () is the difference of lower semicontinuous functions on R" — K.

LEMMA 5.2. Let u be a measure such that S, N K = and U,u # oo, and set

() = [ Guc() dula)
for p € Cg°(R™). Then uy defines a measure on R".
PROOF. Let B be a ball. If ¢ € C3°(R"), then we can find M > 0 such that

’90’ § MUozXB-
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Hence we have

[IA

’(SUMK(SO)’ M/ UaXB d(sa,K = M/ Uaéa,K dXB

< M / Unda dxs = MUy x5(a),

so that
[ 1usc(@) dis(a) €M [ Uags do < o0,
B

COROLLARY 5.2. Let u be a measure such that S, N K = () and U,u # oco. Then
there exists a unique measure g € E,(K) such that

(i) Uaptge = Ugpt a-q.e. on K;
(ii) Ua,uK é Ua,u on R".
In fact, the measure pg in Corollary 10.1 in Chapter 2 has the required properties,
and the uniqueness is easy.

THEOREM 5.4 (domination principle). Suppose u € &, and v € M. If Uy < Uyv
p-a.e. on S, then Uyu < Uyv everywhere on R™.

PRrooF. As in the proof of Theorem 5.1, we may assume that K = S, is compact
and U,pu is continuous. Then we have for a € R" — K,

Upp(a) = / Unpdy dpn = / Uaba,x dp
_ / Unpt dborc < / Uav db, i
= / Unlax dv = / Unbo dv = U,v(a),
which was to be proved.
By Corollary 10.1 in Chapter 2, we have

COROLLARY 5.3. Let F' be a closed set in R". If u € &,, then there exists a unique
measure iy € E,(F) such that

(1) Uapr = Usp a-q.e. on F;

(ii) Ua,uF é Ua,u on R".

THEOREM 5.5. Let F be a closed set in R". If Uyu # oo, then there exists a
unique measure jtp supported by F' such that
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(i) Uaptr = Ugpt a-q.e. on F;

(ii)  Uapr < Upp on R™;

(iii) / Uopirp dv = / Usvr dp for any v € &,.

PRrROOF. Let F; = F'N B(0,7) and take a sequence {f;;} of positive continuous
functions on F; which increases to Uypu. By Theorem 10.3 in Chapter 2, we can find a
measure f; € E,(Fj) such that

(5.2) Uattie 2 fix  a-q.e. on Fj,

(5.3) Uattjr < fiw — on Sy,
Since f; < Uyp on Fj, we have by domination principle,
(5.4) Uattjr < Ugp on R™.

Moreover, we see that {U,p;} increases with k. Since U,xp = A > 0 on a ball B,
we have

Appin(B) = /UaXB dpij
= /Ua,uj,k dxB

/ Uapt dy < 00,
B

A

so that we may assume that {yu;,} converges vaguely to a measure p; € M(Fj). Since
Ualtj = li}gn inf Uypjr a-q.e., (5.2) and (5.4) imply that

Uattj 2 Uspt a-q.e. on Fj,
and
Uaptj = Uspe on R™.
By the choice of {f;;}, we can show that {U,u;} increases and

Appi(B) = /B Uapt dy < 00

for any ball B, so that {j;} converges vaguely to a measure p supported by F. As
seen above, we have
Uapto Z Unpt a-q.e. on I,

and
Uapto £ Uy on R".
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Thus o satisfies (i) and (ii). To show that g satisfies (iii), we have only to note that

/Uaﬂj,k dv = /UaV dpjp
= /UaVF dptj x

= /Uauj,k dvg

and let £ — oo and then j — oo.
We say that up is the balayage of u to F.

REMARK 5.1. Let F' be a closed set in R™ and suppose Uy,p # oo. Then there
exists a sequence {y;} in &,(F) for which each U,pu; is continuous on R™ and U,
increases to Uy pip.

REMARK 5.2. Suppose U,pu #Z oo and Uyv # oo. Then

(5.5) / Uapir dv :/ Unavr dp.

3.6 The classical Dirichlet problem

If D is a domain of R™ and f is a function on 9D, then the classical Dirichlet problem
is that of finding a function A which is harmonic in D and

(6.1) lim  h(z) = f(§)

z—E&,x€D

for all £ € OD. If a solution exists, then it is unique.

THEOREM 6.1. If the classical Dirichlet problem has a solution h, then the bound-
ary function f is continuous.

In fact, let {; € 0D tend to  and f(;) tend to ¢. For each j, we can find z; € D
such that |z; — &;| < 1/j and |h(z;) — f(&)| < 1/j. Then z; — £ and

£(&) = lim he;) = lim f() =0,
so that f is continuous at &.

First we consider the Dirichlet problem in the case n 2 3 and a = 2. Let D be a
bounded domain in R", and FF = R" — D.

LEMMA 6.1. If a € D, then the balayage i, r is supported by the boundary 0D.
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In fact, Uydar = U,d, is harmonic outside D, so that

Sor(R" — D) = 0.

THEOREM 6.2. If f is continuous on F', then

(5.1) Hy(@) = [ f(y) dbur(y)
is harmonic in D.

PrOOF. If f = Uyp with p € &, then Theorem 5.5 gives

Hi(z) = /Uzﬁb d5m,F=/ Uspip doy p

= | Vb dyur = [ Vs dur = Uppie(a).

Since S, & F, Uypp is harmonic in D, and so is Hy. For a general continuous function
fon F, given € > 0, take p € C3°(R™) such that

lf —¢l<e  onF.

A

Then ¢ € & and H, is harmonic in D as seen above. Moreover, since d, p(R")
d:(R™) =1 by Theorem 1.7 in Chapter 2, we have

[Hy = Hy S [ 1f =l dbop < e

Thus it is seen that H; is a uniform convergence limit of harmonic functions on D, so
that Hy is harmonic in D.

We say that xy € 0D is regular if J, p converges vaguely to 6, as v — x, v € D;
we say that z is irregular if z( is not regular.

COROLLARY 6.1. Suppose every boundary point of D is regular. Then for a given
continuous function f on F, Hy is the Dirichlet solution on D.

THEOREM 6.3. The following are equivalent for xy € F.
(i) o Is regular;
(ii)  Fory € D, Usuy r(y) = Uzday (y);

(iii) Oz, F = Ogp-
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PROOF. First we show that (i) implies (ii). First note that (5.5) gives
(62) Sy(l‘) = U25x7p(y) = / UQ(SZ‘,F déy = / U25y7F déx = Uz(s%p(l')

for any = and y, which implies that s,(x) is superharmonic in R™. On the other hand,
if y € D is fixed, then |y — z|>™™ is continuous on F, so that

lim s,(z) = lim /|y—z|2_" doy.p(2)

T—30,5€D z—z0,2€D
= [y 2P dba(2)
= Udy(xo).
Since s, (z) = Usd,(x) 2-q.e. on F, or, simply, q.e. on F, the super-mean-value property

implies that
Sy(xo) = U26y<x0);

so that (ii) is fulfilled.
To show the implication (ii) = (iii), we note first that

U25xo,F($) = UQ(SLF(ZL‘()) = UQ(SJ;(.I’()) = UQ(SxO(ZL‘)

holds q.e. on F. Hence the equality holds q.e. on R" by (ii), so that d,, p = 0, and
(iif) holds.
Finally we show that (iii) implies (i). Note by (6.2) that

lim inf Ug(sx,F(Z) z UQ(SIO,F(Z) = Ug(sxo(Z)

T—x0

for any z. Hence, if p € & and Usp is continuous, then

lim inf / Uspt dd, p = lim inf / Usdy p dpu = / Usbyy dpt = Uspi(izo)

T—T0 T—T0
and

[ Ve dbor = [ Vs dp < [ U dyp = Usp(i),

so that
lim / Ugu d(gx,F = UQILL(JT())

Tr—T0

Hence, for ¢ € C5°(R"), we have

lim/ gpdéxf:/ © dby,,

T—x0
which implies that d, p — J,, vaguely as x — .

COROLLARY 6.2. Let E be the set of all points of 0D which are irregular. Then
Cy(E) = 0, that is, F is polar.
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In fact, for any y € D, it suffices to note that

EC{z €0D : Uy, r(y) < Usdy(y)}.

COROLLARY 6.3. Suppose Uy # oo. If xq is regular, then

Uspip(wo) = Uspa(0).

THEOREM 6.4. Let xq € OD. Then xy is irregular if and only if F' is thin at x.

PROOF. Suppose 1z is irregular. Then for fixed y € D,

U25;vo,F(y) < U25ac0 (y)

If F'is not thin at xg, then we can find F/ & F for which

U25x0,F<y) = UZ(Sy,F(‘%.O)
= lim Uz(;yj‘(l')

r—x0,rEF’

= hIIl , U25$7F(y)

r—x0,tEF

= lim  Usd.(y)

r—x0,cEF’

- U25ZEO (3/)7

which yields a contradiction. Thus F' is thin at xg.
Suppose F'is thin at zy. Then there exists a measure p such that

liminf  Usp(z) > Uspi(xo).

z—xz0,zEF
By the lower semicontinuity, we can find r > 0 such that
Usp(x) > n > Uspi(xo)  for any z € K — {0},
where K = F'N B(xg,r). Consider the equilibrium measure v in Theorem 5.2. Then
Uspe > nUsvi qg.e. on K,
so that maximum principle implies that

Uspp 2 nUsyx - on R™.

In particular, Usp(zg) = nUavk (o). If 2 is regular, then, since the balayage of vk to
F is itself, Corollary 5.3 gives
UQP}/K(‘TO) = 17



3.7 Dirichlet problem in the plane 139

so that
Uspi(zo) 2 .

Thus a contradiction follows.

COROLLARY 6.4. Let xg € OD. If F' contains a cone with vertex at xg, then xq is
regular.

COROLLARY 6.5. If D is a ball B, then H; is equal to the Poisson integral of f for
B. Further,
G(ma y) = U25x(y) - U25x,F(y)

is equal to Green’s function for B, where F' = R" — B.

COROLLARY 6.6. If D has an irregular boundary point, then there is no solution
even if f is continuous on F'.

3.7 Dirichlet problem in the plane
In view of Theorem 10.5 in Chapter 2, we have the following.

THEOREM 7.1. Let K be a compact set in R* with Cy(K) > 0. Then for a €
R? — K, there exist a unique measure daix € E21(K) and a number 7y, ¢ such that

(i)  Usbax = Uz + Yax g-e. on K;
(ii) Usbarc < Uzdy + Yo on R2.
Note here that
Yo, Z |zl\il>noo {U364,x (x) — Usda(x)} = 0.

For a € R* — D, apply Theorem 7.1 with K = D. Then 6, is supported on 9D,
since (i) of Theorem 7.1 implies that Usd, x is harmonic in D. Hence it follows that
Cy(0D) > 0. If x € D, then

Usdz.0p = Uady + V20D qg.e. on 0D.

Since lim {U20,9p(y) — U20.(y)} = 0, we see that

ly|—o0
Yz, 0D = 0.

Now define Green’s function for D by

G(7,y) = Uz6.(y) — Uadrop(y)-
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THEOREM 7.2. For z,y € D, G(z,y) = G(y, ).

PROOF. In view of (i) of Theorem 7.1,

/ UZ(S:L‘,aD dé‘y,@D = / U25x déy,(’?D = U25y,8D(x)

and
/ Usdy.0p doyop = / Uz0y ddyop = Uzbzop(y).

Thus the required equality follows.

As before, we say that xy € 9D is regular if d, gp — 9,, vaguely as x — zy, z € D.

THEOREM 7.3. Let xg € 0D. Then x is regular if and only if

(7.1) lim G(z,y) =0

r—x9,2ED

for any y € D.
PrROOF. If xg is regular, then

lim G(z,y)= lim G(y,z) =0.

T—x0,2ED r—xg,ED

Conversely, (7.1) holds for some y € D. Let {z,} be a sequence in D tending to zy,
and consider

uj(z) = Gz, ).

Note that each u; is positive and harmonic in D — {z;}. Since {u;(y)} tends to zero,
by Harnack’s inequality, we see that {u;} tends to zero locally uniformly on D. Hence,
it ¢ € C§°, then we write ¢ = Usp and have

[ ¢ douop = [ Ustdssop = [ Usbayop v dz
- / Usds, ¢dz—/ wj b dz
= () —/ u; Y dz.
Applying Lebesgue’s dominated convergence theorem, we have

lim / ¢ dbz, op = ©(20),

r—xg,2ED

which implies that d,, 9p — 94, vaguely as j — oo. Hence it follows that 6, 9p — dq,
vaguely as © — g, x € D.

COROLLARY 7.1. Let E be the set of all points of 0D which are irregular. Then
Cy(E) =0, that is, F is polar.
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COROLLARY 7.2. Suppose every boundary point of D is regular. Then, for a
continuous function f on 0D, Hy is the Dirichlet solution for D and f.

As in Theorem 6.4, we can show the following characterization of regular (or irreg-
ular) boundary points.

THEOREM 7.4. Let xq € OD. Then x is irregular if and only if F' is thin at x.

COROLLARY 7.3. Let xy € OD. If F contains a continuum - for which xq € 7,
then x is regular.

3.8 Removable singularities

For an open set G, let H(G) be a class of functions on G. A compact set K € G is
removable for H if any function in H(G) which is harmonic in G — K is harmonic in
G. In this section we consider the the Holder space A, for H.

For a positive number «, take the nonnegative integer £ for which

k<aSk+1.

We denote by A,(G) the Holder space of all functions u € C*(G) such that in case
a<k+1,
| DMu(w) — D'u(y)| < M|z —y|*~"

whenever z, y € G and |u| =k ; in case a = k + 1,
| D*u(z 4+ y) + D*u(z — y) — 2D"u(z)] £ M|y
whenever z, v £y € G and |p| = k.

LEMMA 8.1. If u € AL(G), then for any ball B = B(x,r) € B(xz,2r) € G there
exists a polynomial Pg of degree at most « such that

1 .
5]y 1400 = Po(w)ldy < 4

where A is a positive constant independent of B.

PrROOF. We show this only when o = 1. Take a mollifier ¢ € C§°(R") such that
/w(x)d:v = 1,79 = 0 outside B(0,1) and 0 < ¢p £ 1 on R". Letting ¢,.(y) = "¢ (y/r),
we consider u,, = u * .. Then

/ u(y) — ur(y)|dy <271 sup 2u(y) — u(y — 2) —u(y + 2)|dy < Mr't,
B z€B(0,r) /B
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Further, we have

V2u,(g)] = Jux (V2)(y)
< Mt [ 2uly) —uly - )~ u(y + 2)ldz £ M
B(0,r)

so that Taylor’s theorem implies that |u.(y) — P(y)| = Mr for all y € B, where
P(y) = u,(x) + (y — x) - Vu,(z). Now it follows that

y)|dy < Mr,
!Bl/

as required.

LeEMMA 8.2 (Partition of unity). Let {B(x;,7;)}, 1 < j < N, be a finite family
of open balls such that {B(xj,7;/5)} is mutually disjoint. Then there exists a family
{1;} € C5°(R™) with the following properties :

(i)  ¢; 20 on R™ and ¢; = 0 outside B(x;,2r;).
N N N
(i) > ¢j<1onR"and ) ¢;=1onlJ Bz r)).
j=1 j=1 j=1
(iii) | Dta;| < MJ{'“' on R"™ for any multi-index .
ProOF. Without loss of generality, we may assume that ry = ry = -+ = ry.
)

First take a function ¢ € C§°(R") such that ¢ = 1 on B, ¢ = 0 outside B(0, 2
0= ¢ =1onR" Letting ¢;(z) = p((x —x;)/r;), we deﬁne Yy = 1 and
k=1
i = [T(1 = ¢;)

J=1

for k =2, 3,... . Then ¢, € C5°(R") and ¢y, = 0 outside B(zg,2ry). By induction we
see that
which shows that

j=1

k k
Y =1 for x € | B(zj,7)).
j=1

For a multi-index u = (p1, ..., ftn ), note that

| D ()| = M Z (Z ID”l%'l(fv)l) X e X (Z ID””%(I)!)

Jn=1
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where 14,...,1, are multi-indices such that v; 4+ --- 4+ 1, = u. Note also that for each
positive integer m, {j : 2™ 'ry < r; < 2™rp and @ € B(zj,2r;)} has at most A
members, where A depends only on the dimension n, since {B(z;,r;/5)} is mutually
disjoint. Hence we have

k
Z |D" ()] = Z 7‘1/" < MA Z (2m! )*\Vil < Mr,;'”i‘,

m=1

so that
|D“¢k(m)| < Mrk—lu1\—~-~—\un| _ Mr,?'”'.

THEOREM 8.1. Let h be a measure function on [0,00) and let u be a locally
integrable function on G such that

(8.1) F(u) = sup r2h(r) 'inf / lu(y) —v(y)|dy < oo,
B(z,r) v B(z,r)

where the infimum is taken over all superharmonic functions v on B(xz,r). Consider

the set S(u) of all x € G such that

lim sup 2" /B oy Juw) —v)ldy > 0

r—0

for some superharmonic function v on a neighborhood of x. If Hy(S(u)) = 0, then u
can be corrected on a set of measure zero to be superharmonic in G.

PROOF. We shall show that Au < 0 on G in the sense of distributions, that is,

(8.2) /G (@) Ap(z)dz < 0

for any nonnegative p € C§°(G). Since Hp(S(u)) = 0 by assumption, for any € > 0

there exists {B(z;,r;)} such that | JB(z;,7;) 2 S(u) and Y h(r;) < e. Further, for
J J

each x € G—S(u), there exist r(z) > 0 and a superharmonic function v, on B(z,2r(z))

such that

w(y) — v, (y)|dy < er(z)*™.
Lo 110) — @y < ()

Let ¢ € C§°(G) be nonnegative. Then

S, C (UB(xj,rj)) U ( U B(a: r(z ))) ,

we can choose a finite covering {B;} of S, such that {B;} = {Bj} U {B,»}, where
B, = B(l‘j/,?”j/), Bj// = B(l’j//,T’jn) with T = T($j//), X jr eG— S(u), and {5_18]'} is

J
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mutually disjoint. Now take {v;} for {B;} as in Lemma 8.2. Then

[ u@a@ip)@de = [ (@) - o(@)]A @) @)

[ (@) = v@)1A @) @)lde
Mh(rj)[F(u) + 1]

[IA

A IA

for some v which is superharmonic in 25;. Similarly, we have

| w@awpe)@dr < [ () = v, (@]AW6) (@)d
[ 1u(@) = va, @A@Y @)de < Mefry]".

A

A

Now it follows that

[ u@aeois = 3 [ u@awe)eds

< MZ h(ry) + MeY_ [ry]* < Me,

1

3’ J
which shows (8.2), as required.

COROLLARY 8.1. Let K be a compact subset of G, and 0 < a < 2. If u € A,(G)
is harmonic in G — K and H,_5,,(K) = 0, then u is harmonic in G, that is, K is
removable for A,(G).

In fact, let A(r) = r" 27 If 0 < o < 1, then the constant function is harmonic
and

D7t [ fuly) —elldy £ Mehe) T [y — ol dy
v B(z,r) B(z,r)
= M(n+a) tw, < oo;

in case 1 £ o < 2, with the aid of Lemma 8.1, we see that (8.1) holds. Since S(u) € K,
we apply Theorem 8.1 with + u to obtain the required assertion.

COROLLARY 8.2. Let K be a compact subset of G such that H, o(K) = 0. If u is
harmonic in G — K and in BMO(G), that is,

1
sup — u(y) — ugldy < oo,
w1 [, 1)~ usldy

where the supremum is taken over all balls B in G and ug = | Bl / y)dy, then u can

be corrected on a set of measure zero to be harmonic in G.

We discuss the converse of Corollary 8.1.
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PrROPOSITION 8.1. Let K be a compact subset of R™ such that H, 5, ,(K) > 0,
where 0 < a < 2. Then there exists u € A,(R"™) such that u is harmonic in R" — K
and u is not harmonic in R™.

PRrROOF. In view of Frostman’s theorem, we can find a nonnegative measure p on
K such that u(K) > 0 and

(8.3) w(B(x,r)) < "2t for all B(z,r).
In case n > 2, consider the potential
u(z) = / lz — 2> "du(2).

Since S, & K, w is harmonic outside K. If |j| < «, then (8.3) yields

A

DIN(z — 2)|du(z M/ v — 227l gy
foo IDNG=2due) < M [ )
M / z— 2|2V d (2

e

+M/ la — 2> dp(z) £ Mreldl
B(a,r)

A

for every ball B(a,r). On the other hand, if & = |j| + 1 and r = 2|y|, then
/ IDIN(z+y—2)+ DIN(z —y — 2) — 2DIN (2 — 2)|dp(2)
"n—B(z,r)

< M & — 2|79 dp(z) £ Mo
R"—B(z,r)

if @ < |j|+ 1 and r = 2|y, then

D'N —2)—=D'N(xz — 2)|d
Jor oy 1PNty = 2) = DN Gz = 2)ldu(2)

< M |z — 2|' I dp(z) £ Myl
R"—B(z,r)
Thus it follows that u € A,(R"™).
What remains is to show the case n = 2. In view of (8.3), u has no point mass, so
that there exist two disjoint compact subsets K; and K of K such that p(K;) > 0 for
1 =1, 2. Set

:u’lKl /'L’Kz 1
v= — and u(z) = [ log dv(z).
n(Ky) () @) / |z — 2] )

Since v(R") =0,
-

u(z) :/ log dv(z)

|z = 2|



146 Harmonic functions

for any r > 0. Hence, noting that |v|(B(z,r)) < Mr®, we have

/( : Dilog(r/|x — z|) dv(z)| £ Mrel]
B(a,r

for |j| < a. Since the integration over R" — B(z,r) with r = 2|y| can be estimated as
in the first case, it follows that u € A,(R").

Finally we treat the case a = 0.

THEOREM 8.2. Let K be a compact subset of G for which Co(K) = 0. If u is
bounded and harmonic in G — K, then u can be extended to a harmonic function on

G.

PROOF. Since Cy(K) = 0, there exists a measure p with compact support such
that Uy = oo on K. For any € > 0, u. = u + €Usp is superharmonic outside K. If we
define u. = oo on K, then u, is lower semicontinuous on G and it has super-mean-value
property at each point of G. Thus u,. is superharmonic in G. Now define

U(z) = liminf w/;(z)
J—00

and
U(z) = liminf U(y)

Yy—z

for + € G. Then U = u outside K by the continuity of u. Further U is lower
semicontinuous on G. On the other hand, Fatou’s lemma implies that

1 / —
— | U(z)dz = / 2)dz = / hmmf uy/i(z) dz
B /3 1Bl 1Bl e
< lijnij;gf B /B uyi(2) dz < h}ﬂg}f u1/;(y) = Ul(y)

for any ball B = B(y,r) with closure in G. Since U is essentially bounded, by letting

y — x, we have
|B.T7"‘/xr

whenever B(x,r) € G. Thus U is superharmonic in G, and hence it is a superharmonic
extension of u to G. Similarly, —u also has a superharmonic extension V on G. Then
U + V is superharmonic in G. Moreover, U + V vanishes outside K, and hence it
vanishes almost everywhere on G. Thus U = —V on G, each of which is a harmonic
extension of u to G.

||/\

U(x)

In view of the above proof, we have the following result.

THEOREM 8.3. Let xg € G and u be harmonic in G — {xz¢}. If
lim N(x — x¢)u(x) =0,

T—x0

then u can be extended to a harmonic function on G.



Chapter 4

Riesz potentials of functions in L”

In this chapter we study several properties of potentials of functions in LP. Our main
aim is to give a proof of Sobolev’s inequality. There are various ways of proving
Sobolev’s inequality, and we show a proof of applying the Marcinkiewicz interpolation
theorem.

4.1 The Marcinkiewicz interpolation theorem

We introduce a notion of nonincreasing rearrangements of functions. First let f be a
measurable function on R"™. Define

my(r) = [{z: |f(z)] > r}]

and
F1() = inf{r 2 05 my(r) < 201},

Then it is easy to note that f* is nonincreasing and

(1.1) Fmp(r)/2) < .
Since my is continuous from the right, we see that
(1.2) my(f7(t)) < 2[t].

LEMMA 1.1. f* is continuous from the right on [0, 00).
PROOF. First note that f*(t4) = sup,.,q f*(s) = f*(t). Further, (1.2) gives
my(f*(t4)) S mp(f*(t+s5)) =2(t+s)  whenever t 20 and s > 0.
Hence, m¢(f*(t+)) < 2t, which proves f*(¢) < f*(t+). Thus it follows that
fr+) = 17 (@).

147
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LEMMA 1.2. my«(r) = my(r) for all r 2 0.

PROOF. Since f* is nonincreasing on [0, 00),
(1.3) my-(r) = 2sup{t = 0: f*(t) > r}.
Hence (1.1) gives

2 myp(r).

my(r)
Conversely, if 2|t| > m«(r), then f*(t) < r, so that (1.2) gives

my(r) < me(f7(t)) < 2|t
Thus, ms(r) < my(r) by letting 2[t| — m«(r), and the proof is completed.

LEMMA 1.3. Let {f;} be a sequence of measurable functions on R" such that
| fj(z)| increases to f(x) for each x € R™. Then my, and f; increase to my and f*,
respectively.

PROOF. Clearly, my, < my, and Lebesgue’s monotone convergence theorem implies
that
my(r) = lim my,(r).

Jj—0o0

Further, f7(t) = fi,(t) = f*(t). If we set g(t) = ]1Lr£10 fi(t), then g(t) = f*(t). Note
that
my(g(t)) = lim my, (g(t)) < lim my (f7(t)) < 2J¢],

J—00 Jj—oo
which implies that f*(¢) < ¢(t). Thus it follows that
fr(t) = g(t),

as required.

THEOREM 1.1. If 1 £ p < oo, then

(14) L f@pde= [ ey

PROOF. In view of Lemma 1.2, we have
[ 1f@Pde = [ msm)dom) = [ mpr)de) = [ ey

THEOREM 1.2. If k is a nonnegative and nonincreasing function on (0, 00), then

[ ke =yDlfwldy < [ k(e eyt
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PRrOOF. If f is a characteristic function of a set I with measure 2/, that is, f = x7,
then

/k(|x—y|)f<y)dy—/ k(| — y)) dy</ (1t)dt = /k(\t])f*(t)dt.

Let f=> ajxi, where 0 < a; < ap < -+ < a5, and {J;} are mutually disjoint.
j=1
Then, writing b; = a; — a;_1 with ag =0 and J; = [; U [;;; U---U I, we see that

= bix;, and f*= Z bix. -

IR

i=1

Hence, by the above considerations, we have

[ Kl =uDfwidy = 3 b [ k(e —t)d

b [ (e / ()£ (1)t

Now the general case follows from considering a sequence { f;} of step functions which
increases to f.

Ms

<.
Il
—_

M3

S

@
Il
—

We here prepare the well-known Hardy’s inequalities, which is an easy consequence
of the following result.

LEMMA 1.4. Let K(z,y) be a nonnegative measurable function on R, x R, with
R, = (0, 00), which is homogeneous of degree —1, that is,

KAz, \y) = X' K(z,y) for all \,z,y € R;.
Further
(1.5) Ak = / K(1,y)y Y?dy < oo.
0

For a nonnegative measurable function f on R, set

Kf@)= [~ K)oy

Then we have for 1 < p < oo
1K fllp, = Arl fllp-

PrROOF. Note by the homogeneity that

Kf@)= [~ K.y (ay)dy.
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Now we apply Minkowski’s inequality for integral to have
1<l £ [T K@pIFCy)lhdy
= ([ K@y oay) 171, = Acl

THEOREM 1.3 (Hardy’s inequalities). If f is a nonnegative measurable function f
on R, and r > 0, then

and
{/OOO (/;0 f(y)dy>p$r_1d$}l/p < pr (/OOO [yf(yﬂpy’r‘—ldy)l/p‘

To prove the first inequality, consider
g~ D /Py =1+ +1)/p when 0 < y < x,
K(z,y) =
0 when y 2 x
Then K satisfies all the conditions on K required in Lemma 1.4

Let 1 S p; £ ¢ S 00,5 =0,1, pp < p1 and gy # ¢1. Let T be a quasi-linear
transformation which is defined on LP°(R™) + LP*(R"), that is,

T(fr + f)(@)] = w(IT ()] + [T fo(2)])

holds almost everywhere, where & is a positive constant independent of f; and fy. We
say that T is of weak type (p, q) if

q
o T > 21 < or (1410)
whenever f € LP(R"™) and A > 0; we say that T is of (strong) type (p, ¢) if
ITfllg = Ml fll, ~ forall fe LP(R").
Clearly, if T is of type (p, q), then T is of weak type (p, q).

THEOREM 1.4 (the Marcinkiewicz interpolation theorem). Suppose T' is of weak
type (pj,q;) for j =0 and 1, that is,

o 117 > ) < ()
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for f € LP"(R™) and A >0, j =0,1. If 0 < 0 < 1,

1 1-60 0 1 1—-60 0
= +— and - = + —,

p Do b1 q 4o 1

then T is of type (p, q), that is,
ITfllq = Allfll,  with A= A(po, p1, 0, q1,0)-

PROOF. Set
m(t) = {z : [Tf(z)| > t}|
and
h*(r) =inf{t 2 0:m(t) < 2|r|}.
Then we have by Theorem 1.1 that

ae  wl= ([ were)” = ([ m@pa)” =

On the other hand, it is useful to note that

(1.7) ( /0 - [rl/ph*(r)]‘ndr/ry/qz <M ( /0 © e (7“)]‘“dr/r>

for 0 < p £ 0o, where 1 < ¢; £ ¢3 £ 00. To show this, we see that

¢

/Oo [Tl/ph*(r)](hd?“/r > /t [rl/ph*(r)](hd?“/r > M[tl/Ph*(t)]ql

0 t/2
for ¢ > 0, which proves the case ¢, = 0o. In case ¢; < go < 00,
|/ < <Sup [t/7h* (t)]q2_q1> [,
0 t>0 0

Let
_Yaw—-1/g _1/q—1/q
l/po—1/p  1/p—1/p
For f € LP(R"), write f = f' + f;, where

/() when [f(x)] > f*(t7),
fi(z) =

0 otherwise

and f; = f — f'. We see that

() = f(y) when 0 Sy < 17,
(f)*(y) =0 when y > 17,
(fo)*(y) = f*(t7) when 0 < y < t7,

(f)*(y) = [*(v) when y 2 7.
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Since T is of weak type (pj;,q;), 7 = 0,1, we have

(TF) () < At~ ]| £,

Moreover, since f € LP(R") and py < p < p1, it follows that f* € LP(R™) and
fi € LP*(R™). Now we find

(T ) = K(Tf)(t/2) + (Tf)(t/2)]

e [Ao(t/2) 0 o + As(t/2)7 | fill ]

A IA

In view of (1.7), we obtain

/q

177l = 1Tl = (2 By o)
< v ([T sy )

On the other hand,

1/po

1700 = (2 0 wrdy/y)
< My )y

M [* g )y

A

and, similarly,
il < M0 1) 00 [ 7yt )y .

Thus it follows from Hardy’s inequalities that
e’} 1/P [e%e} 1/117
ITAly < M ([T gl rde/t) 6 ([Tl e
0 0
0o 1o P 1/p
M { / (t”q‘l/qo / yl/”(’(ft)*(y)dy/y) dt/t}
0 0
00 1/p
+M </ [tl/q—l/Q1+0/P1f*(tU)]Pdt/t>
0
00 00 p 1/p
ear { [ (0 [Ty gy )y i
0 to
[%S) T p 1/p
a{ [T (i [y g ydyfy) drjrh £
0 0

+M {/OOO (Tl/p—l/m /roo yl/plf*(y>dy/y)pd7’/r}l/p
M|l = M £l

A

A

A
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For a locally integrable function f, we recall the definition of maximal function

>0

1
M f(z) = sup W/B(w) | f(y)|dy.

Holder’s inequality gives
Mf(x) < [M(|fP)()]'.

Hence in view of Theorem 10.2 in Chapter 1, we see that the mapping f — M f is of
weak type (p,p) whenever 1 < p < 0.

COROLLARY 1.1. If 1 < p < o0, then
IMfllp < Apll £l
for every f € LP(R™).

This can also be proved by a direct application of Theorem 10.2 in Chapter 1.

4.2 Sobolev’s inequality

In case 0 < a < n, we consider the Riesz potential U, f of order «a for a measurable
function f, which is in fact defined by

Uaf(2) = Ua f(x) = [ o=yl " (y) dy;

this is also called the a-potential of f. Here we assume that U,|f| # oo, which is
equivalent to

2.1) | @yl 1 W)l dy < o

in view of Theorem 1.1 in Chapter 2. If this is the case, then we see easily that U, f is
locally integrable on R". This fact can be extended in the following manner, which is
widely known as Sobolev’s theorem.

1 1
THEOREM 2.1. Let — =
p p

(i) If 1/q > 1/p* and q > 0, then

«
o

(. war@ye ) < whsl,

for any compact set K.
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(i) If1 <p < oo and 1/p* >0, then

(2.2) (f Watta

REMARK 2.1. Inequality (2.2) is known as Sobolev’s inequality.

/p*
W da) < Mgl

Our proof can be carried out by an application of the Marcinkiewicz interpolation
theorem.

PrROOF OF THEOREM 2.1. We may assume that f is nonnegative. For R > 0,
write

Uaf@) = [ o=yl fly) dy + = yI" " () dy
B(z,2R)

R"—B(z,2R)
= ui(z) + uz(x).

If € B(0, R), then

us(e) < | (lol/2)"~" £ (v) dy,

R"—B(0,R)

which implies that us is bounded on B(0, R). Let 0 < § < 1 and
(2.3) d(n —a)p’ < n.

By Holder’s inequality we have

/ 1/p’
(o st a)
B(z,2R)

1/p
X ( / |z — y|mOemmP ()P dy)
B(z,2R)

1/p
— MR +nl/p (/ |z — |0 @mmIp £(4))P dy) '
B(z,2R)

A

u(x)

Now it follows from Minkowski’s inequality for integral that

1
( / ulqux) fa < MR/

p/q
x { / ( / |z — y| =D a=mp(a/p) dx) Fly)? dy}
B(y,2R)

M RISe=mp/ +nl/p +{(1=0)=ma+nl/a| ||

1/p

A
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as long as
(2.4) (1—-0)(a—n)g+n>0.

If 1/g > 1/p — a/n, then we can find § satisfying both (2.3) and (2.4), and (i) follows.
Next let 1/¢g = 1/p* = 1/p— a/n > 0. To obtain Sobolev’s inequality, we return to
the estimate for uy. In fact, since ap < n, we have by Holder’s inequality

) 1/p 1/p
< / |z — y|lemP dy) ( / fly)P dy)
"—B(z,2R) "—B(z,2R)

< MR g,
For any A > 0, choose R > 0 so that
MR[(a*n)p’Jrn]/p’Hf“p -\

A

ug ()

Then it follows that

{o: Uafla) > 22)] < r{x w(z) > A}
<
= [ () @
< M (L)

(Hf||p>

This implies that f — U,f is of weak type (p,p*). In view of the Marcinkiewicz
interpolation theorem, the mapping is seen to be of (strong) type (p, p*), which means
the required Sobolev inequality.

THEOREM 2.2. Let 0 < o — — < 1. If f is a function in LP(R") satisfying (2.1),
D

then
Uaf () = Uaf(2)] £ Mz — 2|77 f]|,.

PROOF. For r = |x — z|, write

Uaf(e) = [l [l ) d
= wui(z) + us(z).

Since (o — n)p’ +n > 0, we have by Holder’s inequality

1/p' 1/p
wG = ([ eyl ay) ([ ) dy
o B(z,2r) B(w,2r)

g

< — gl g

< ([, el @) s,
—  Mylla=n)p'+n]/p’ K
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On the other hand,

ua() = up(2)] < M [ 2= yI* " f )] dy.

" —B(xz,2r)

Since (&« —n — 1)p’ +n < 0, we have as above
) 1/p
fnle) @ £ w ([ e )
" —B(z,2r)
1/p
(o oy 100 )
n—B(x,2r)

< Mylla=m)p’+n]/p Hpr-

Thus the required result follows.

THEOREM 2.3. Let ap = n and G be a bounded open set in R"™. Then there exist
two positive constants A; and Ay such that for any f € LP(G),

/

P
ex der < A
rG|/ p[Aupr] =

PROOF. Let R be chosen so that |G| = |B(0, R)| = 0,R". Then for 0 < § < n,
o fﬁd < / . */Bd — nR*ﬂJrn . )
/G o=yl dy = f ey = /(n—=P)

Assume that f 2 0on G and 1 < p < ¢ < oo. Then, in view of the estimates of u; in
the proof of Theorem 2.1, we have

Unf(2) £ (wnRO74 /04 5(a —n)p/])"”
A= (e gy )
([ 1=l Fly)dy)
and, by applying Minkowski’s inequality for integral,
1/q , /
(/ [Uaf]qd$> < (u)nR‘s(o‘*")p +n/[n +6(a— n)p,])l/p
G
x (wn RO sl 1 (1= §)(a — n)g]) |1 £1]

Here, let 1/r =1—1/p+1/q and 6 = r/p’. Then it follows that

1/q
([ Warpar) ™ < Wl RED4 = )] £,
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Since (o« —n) +n/r =n/qand 1/r < 1,

(2) [ Wafyids < [Kag " |Gl 11l

with Ky = w,/n. If m is a positive integer such that m > p — 1, then, by (2.5) with
g = mp', we have

1 Udnf pm , mm Kip/ mn
wil; <C||f||p> de = KaplGl/ol 7y (m )

for C > 0. Hence it follows that

> 1 Udsf pm , > m™ Kip\™
b wlai) wsmoan S oty ()

|
m=myg m: m=mqo

for mo > p— 1. The sum is convergent if C*' > eK,p’. The lower term m < mg can be
evaluated by (2.5).

4.3 Spherical means in LY

For ¢ > 0 and a Borel measurable function v on R", consider the spherical means over
the surface S(0, ), which is defined by

1 , 1/q
500 = (51051 Loy 1N d5C0))

By a simple modification of the proof of Theorem 2.1, we have the following inequality
(see also Theorem 4.2 given later).

n — ap

1
THEOREM 3.1. Let ap > 1 and — = > (0. Then

p pn—1)
B 1/p
(/Sm,m U ()" d5<w>> < Mgl f,.

We consider

R(r) =

{ ep—n)/p ap <,

flog(1/m)}*  ap=n.

THEOREM 3.2. Let 1 <ap <n,q>0and 1/q > 1/p. If f is a function in LP(R")
satisfying (2.1), then
lim [x(r)] 'S, (Usf,7) = 0.

r—0
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PROOF. We may assume that f is nonnegative and ¢ > p, because S, is nonde-
creasing for g. Write for r = |z| > 0,

Uafl) = [ eyl W) dyt [ eyl () dy
= w(x) + uz(z).

For any fixed a > 0, we see from (2.1) that ( |z —y|* " f(y) dy is bounded
R"»—B(0,a)

near the origin, so that we may assume that f vanishes outside B(0,a). If x € S(0,r),
then

A

wle) £ [ W2 dy

ot g\ 1p
on—a / a—n)p d / > g
< B(0,a)—B(0,2r) vl y) ( B(o,a)f(y) y)

é«MMﬂ<Ammf@Vd@U{

Hence it follows that

A

1/p
limsup [k(|z])]  ur (2) £ M </B(0,a) oy dy) ’

z—0

which implies that the left hand-side is zero by letting a — 0. Let 0 < § < 1 and

n—o n—1
P <0<

(3.1) pn—a) < dn—ay

Since (1 —§)(av —n) +n/p’ > 0, as in the proof of Theorem 2.1, we have

/ 1/p
w(r) < o — |0 gy
B(0,2r)

1/p
([, 7= o107 )
B(0,2r)
1/p
< Myl A=) e—np+nl/p! (/ |z — y\é(a*")pf(y)p dy) )
B(0,2r)

Since (o —n)g +n — 1 > 0, we note that

Sy([Ua(- = )P, 7) < MyPlem)
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for any y. Now it follows from Minkowski’s inequality for integral that

Sq (u27 T) é MR[(l_é)(a—n)pq_n]/p/

1/p
8 </B(O,2r) [Se(Ual- = y)a’ )P f(y)? dy)
1/p
Mk(r) </B(0,2r) Fy)" dy) |

lim [k(r)] 1S, (ug, ) = 0.

r—0

Thus Theorem 3.2 is obtained.

A

which gives

—ap—1 1 1
THEOREM 3.3. Let ¢ > 0 and oAb o < —. If f is a function in LP(R")
p(n=1) ¢~ p
satisfying (2.1), then
liminf [k(r)] 1S, (Uaf,7) = 0.

r—0

Before proving this fact, we note the following lemma, which is a consequence of
fine limit result (see Theorem 5.3 in Chapter 2).

LEMMA 3.1. Let 0 < # < 1 and p be a measure on the real line R for which
Upp # oo. Then

liminf ' PUsn(r) = u({0}).

PROOF. In view of Theorem 5.3 in Chapter 2, there exists a set £ £ (0, 00) such
that E' is thin at 0 and

i 1-8 _
(3.2) ol Usp(r) = p({0}).
If I; = [277,279%1), then
(1) = ¢
for some constant ¢ > 0. This implies that [; — E; # () for large 7, which together with
(3.2) implies the required assertion.

Now we give a proof of Theorem 3.3. As in the proof of Theorem 3.2, we may
assume that f is nonnegative, and write U, f = u; + us. First we have

lim [k(r)] 1S, (ug, ) = 0.

r—0

Let 0 < d <1 and
n—1

T cs<1
q(n — a)
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and

n—ap <5< n—1 1
p(n — «) gln—a)  pn—a)

(3.3)

As in the proof of Theorem 3.2, we have

1/p
Sunr) S MO ([ = g dy)

0,2r)

Set 3 = —p[n — 1 — 6(n — a)q]/q and note that

—r B
St~ )l < e L=

for any y. Hence we see from Minkowski’s inequality for integral that

ly| — |~

0,2r) ‘ r

1/p
fly)? dy) :

Sy(ug,m) < Mk(r) (/B(

Now Lemma 3.1 gives
liminf [k(r)] 7S, (ua, ) = 0,

r—0

and Theorem 3.3 is proved.

4.4 Restriction property
For a point x € R", we write

r = (1,%2, ... 1) = (x1,2), ¥ = (w9, ..., 7).

THEOREM 4.1. Let 0 < =« —1/p < 1. Then

<// UL f(0,2) — Uaf(O,y’)!pdmfdy/y/p < M|f]
|z’ —y’|<1 ‘ - :

! — yl ’n71+ﬁp

To show Theorem 4.1, we need the following easy results.

LEMMA 4.1. Ifa < 1, then

[ 12 = Mz,
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LEMMA 4.2. If a < 2, then

/ (1,2 + WO~ = [(z1, )|’ < M2 72,
{a’:|2"|>2|h'[}

In fact, note that
[l + h[*™" = |2]*7" £ M]A||z]*""

whenever |h| < 2|z|, and apply Lemma 4.1.

PROOF OF THEOREM 4.1. Note that

U, f(0,2") = /R1 /Rn_1 |(—z1,2" — 2)|* 7" f(21, 2")dzd2’
and
Uaf (0,2 + ') = Upf(0,2)
< (] ez b =2 = e’ = 211G, 2)ld ) d.

Hence we have by Young’s inequality

1Uaf(0,- +h') = Uaf(0,)]l,
< /(/ (=212 + B[ — ](—zl,x’)|o‘_"‘dx’> (/ \f(zl,z’)|l’dz/>1/?dzl.

In case a < 1, in view of Lemmas 4.1 and 4.2, we have

Vet O +R) =Uaf O My € M [ 2l Gl

+MIn| 21|21 f (21, ) lpdn

|21 ]2 ||

— ML) + L)),

By Hardy’s inequality, we obtain

/R [11(R)]P Y

e | 1B

[IA

00 r p
o [T ([T gl G e )

M/o 2~ Pl 1 G, ol dzr = M fI]"

A

In the same way we find

L) ., BTN 00 o p
/Rn_l ,;[L/qulﬂgpdh = M/O r=er (/r |21 2Hf(217')|\pd21) dr

M [Tl S Gl = M

A
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Thus the case a < 1 is proved.
In case a = 1, we must replace I; by

A() = / ] log(2|1'| /|21 I f (21, )llpd1
z1
< M/ U1 /12171 f (2, )Moz
1] <|W|
for 0 < € < 1 and apply Hardy’s inequality. In case 1 < a < 2,
Iy = MI|I| | (AR EN | FICID] 2

21| <|h!

which can be treated similarly.

THEOREM 4.2. Let ap > 1 and 1/p = (n — ap)/p(n — 1) > 0. Then
/ ﬁ / 1/ﬁ
([ Wat©.a)Pda’) ™" < Mg

In fact, we have by Hélder’s inequality

, 1/p'
vt = [ ([ 1aa = e
/ 1/p /
X (/Rl |f(21,z)|pdzl) dz
/ a—n+1/p’ N|p /p /
M |z’ — 2| - |f(21,2")|Pdz dz'.

Rn—1

[IA

Now apply Sobolev’s inequality to establish the required inequality.

4.5 Inverse property
Recall from Theorem 2.9 in Chapter 2 that if ¢ € C§°(R"), then
(5.1) p(x) = Ualtr(a, )] ();

for example, in case 0 < a < 2,

(5.2) Y(a, 1) = v, lim plo+1) = SO(x)al

L.
e=0 JR"—B(0) |t|nte

THEOREM 5.1. If 0 <« <2 and f € LP(R"), 1 £ p < oo, then

< M| £l

/ Uaf(' + t) - Uaf()dt
R"—B(0,) |t|rte

p
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for any ¢ > 0; moreover,

f(y) — ’Yail lim Uaf(x + t) - Uaf(l')

dt.
e—0 JR"—B(0,) |t|n+o¢

Before giving a proof, we show that

Kly) = [ D= yl* = i)/l ed
R"-B
is integrable on R". First note that

(5.3) |[K(y)| = M|y|*™  fory € B(0,1/2).

LEMMA 5.1. If0 < o < 2 and [{| = 1, then

b€ —1
lim | LR )
e=0 JRr—B(0,¢) |t|nte

PROOF. Consider the inversion : s = t/|¢|*; then t = s/|s[>. We can write

i+ g -1 .
e # = / +s/|s|* |7 = 1]|s|*"ds
/R"—B(O,a) |t oo IS T s/IsT] J|s]
= [ sk s/l i
B(0,1/¢)
= [ s s
B(0,1/¢)
so that
t a—n _ 1
lim Ldt = lim Ht +€|a—n . |t|a_n]dt.
e—0 R"—B(0,¢) |t|n+a Nooo BO,N)

Further we see that

/ \t+§]°‘*”dt:/ |s|o " ds

B(0,N) B(¢,N)

= / |s|°‘_”ds+/ |s|"_”ds—/ |s|*"ds
B(O,N) B(¢,N)—B(0,N) B(0,N)—B(&,N)

= [t | e = el = | = "],
B(0,N) B(0,N)—B(&,N)

Here note that

/ [|s—t|a—“—|—t|a—“wt\ < MN“"B(0,N) - B(E, V)|
B(0,N)—B(&,N)

A

MN“2,
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Hence it follows that

I t 4 €[0T — [t*dt = 0,
A o HEFE [£[*7"]

which proves the required equality.

LEMMA 5.2. If0 < o < 2, then

‘t_|_y‘a—n _ |y’a—n I
dt| £ M|y|*™"
feoo e[+ = Ml

whenever y € R" — B.

PRrROOF. We see from Lemma 5.1 that

t a—n __ a—n
/ It +y Y| gt
"B

|t|n+o¢
a-n _
_= |y|_n/ %ds
"~ B(0,1/ly)) || te
a-n _ ]
= |y lim st e =1,
==0/B01/)-BOe)  |s["T
[s 4+ &[0 = 1= 3 s;(0/08;) 1€
- J
= |y " lim ds,
o™ ling B(0,1/ly))~B(0e) | s+
where £ = y/|y|. Hence it suffices to note that
s+ €7 — 1= 35,(0/08 el
/ ]+ ds < M/ |s|>~* "ds
B0,1/ly)) | 5|+ B0,1/ly))
S Myl*

Lemma 5.2 together with (5.3) gives the following result.
LEMMA 5.3. If 0 < a < 2, then K € L'(R").

For € > 0, define
K. (z) = "K(z/e).

Now we are ready to prove Theorem 5.1.

Proor orF THEOREM 5.1. Write

/ Uaf(z +1) — Uof(2)
R"—B(z,e)

e

dt
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(o g o= = i) g+ )y
R"»—B(0,¢e)
= [ K@)+ ypay.
With the aid of Theorem 2.3 in Chapter 2, we see that
| K@+ vy - f@) [ K)dy i PR,
In view of (5.1) and (5.2), it now suffices to note that
/ K(y)dy = Ya-

REMARK 5.1. For general «, we need to consider the higher differences, and leave
the further considerations to the reader.



Chapter 5

Continuity properties of potentials
of functions in LP

The study of (k, p)-capacities was systematically done by Meyers as generalizations of
a-capacities. In this chapter we give the fundamental properties of («, p)-capacities,
and study continuity properties of potentials of functions in L? in connection with the
capacities.

5.1 (k,p)-Capacity

We say that a function k on the interval (0,00) is a kernel if & is finite, nonnegative,
nonincreasing and lower semicontinuous; further, in this book, assume

(k1)  k(0) = lim k(r) = oo;
(k2)  k(r) < ME(2r) for r > 0;

(3) [ k(lyl) dy < oo

With the aid of (k3), the following is an easy modification of Theorem 1.1 in Chapter
2.

LEMMA 1.1. Let f be a nonnegative measurable function on R", and set
Uit () = [ k(lz = y)f(y) dy.
Then Uy f # oo if and only if
(1) [ O+ Iy f () dy < oo
if (1.1) holds, then Uy f is locally integrable on R™.

166
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Let 1 < p < co. For aset F and an open set GG, we define the relative (k, p)-capacity
by
Crp(E; G) =1nf |[f]]7,

where the infimum is taken over all nonnegative measurable functions f such that
f =0 outside G and Uy f(z) = 1 for all x € E. If such an f does not exist, then we
set Cip(E;G) = 00. In case k(r) = r*", we write C,, for Cy .

We first show the following result (cf. Theorem 4.1 in Chapter 2).

THEOREM 1.1. Cj,(+;G) is a countably subadditive, nondecreasing and outer
capacity.

Proor. Clearly,
(1.2) Crp(E1; G) £ Cyp(Eo; G) whenever £y € Fs.

Let f be a nonnegative measurable function such that f = 0 outside G and U, f = 1
on E. Since k is lower semicontinuous, Fatou’s lemma shows that U, f is also lower
semicontinuous, so that w(a) = {x : Upf > a} is open for all a. Further

Chpl(B: G) £ Ciplw(a): @) Sa™ [ fy)dy
whenever 0 < a < 1. By letting a — 1, we have

CooBiG) S _inf Gyl @) £ [ fly)dy,

w2E,w:0pen G
which gives

(1.3) Cyp(E;G) = _ inf Cip(w; G).

w2 Ew:0pen

Finally, for each E;, take a nonnegative measurable function f; such that f; = 0 outside
G and Uy f; 2 1 on E;. Consider the function

f(y) =sup f;(y).
J
Then it is easy to see that
Ucf 2Urf; 21 for all z € E;.

Hence

CeolUEsG) < [ fyydy <SS [ fwrdy,
J J
which shows that

(1.4) Ck,p(U E;G) = Z Crp(Ej; G).



168 Continuity properties of potentials of functions in LP

PROPOSITION 1.1. For any E & R", Cy,(E;G) = 0 if and only if there exists a
nonnegative function f € LP(G) such that

Urf(z) = 00 whenever = € E.

PrOOF. If C ,(E;G) = 0, then for any integer j we can find a nonnegative mea-
surable function f; such that f; = 0 outside G, Uy f; = 1 on E; and

/G fily)Pdy <277

Then f = _ f; belongs to LP(G) and
J
Unf(z) = Upfi(z) = o0 for any x € E.
J

Conversely, if there exists a nonnegative measurable function f € LP(G) such that
Urf(x) = oo for all x € E, then

CiplB5G) S ™ [ fly)dy
for every a > 0. By letting a — oo, we see that

C}C’p(E; G) = 0.

PROPOSITION 1.2. If ap 2 n, then C, ,(E;R"™) = 0 for any set E.

In fact, if f(y) = |y|=*(log |y|)~° outside B(0,2) for 1/p < § < 1, then

/ Fly)” dy < oo
R"—B(0,2)

and
1 a—n d — .
/n_ o EH DT () dy = o0

The second assertion implies that

/ |z —y|* " f(y) dy = o0 for any x.
R"—B(0,2)

In view of Proposition 1.2, it is convenient to say that F is of (k, p)-capacity zero,
that is,
Crp(E)=0
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if Cy»(E N G;G) = 0 for any bounded open set G.

PROPOSITION 1.3. If/ [k(Jy)))P dy < oo, then Cy,(E) > 0 whenever E is not
B
empty.

For this purpose, it suffices to note that for any =z,
, 1/p'
[ k=) dy < ([ kel dy) IS
B(z,1) B

COROLLARY 1.1. In case ap > n, C,,(E) = 0 if and only if E is empty.

THEOREM 1.2. Cy,(E) = 0 if and only if there exists a nonnegative function f
such that Uy f # oo and

Unf(x) =00 whenever z € E.

PROOF. If there exists a nonnegative function f such that Uy f #Z oo and U f(x) =
oo whenever x € E, then we see that

/( : E(lx —y|)f(y) dy = o0 whenever x € E N B(0,7),
B(0,j

which implies that Cy ,(ENB(0, 5); B(0,4)) = 0. Thus C,(E) = 0 follows. Conversely,
suppose Cj,(E) = 0. Then for any j, we have

and hence we can find f; such that || f;]|, < 277,
[ R+l fi(y) dy < 27

and
/( : E(lz —y|)f;(y) dy = o0 whenever z € E N B(0, 7).
B(0,5

Now the function f(y) =sup f;(y) is seen to have all the required properties.
J

COROLLARY 1.2. If C},(E; G) = 0 for a bounded open set G, then Cj, ,(E) =
COROLLARY 1.3. If ap < n and C, ,(E;R") =0, then C, ,(E) = 0.

In fact, if ap < n, then Holder’s inequality gives

[ @+l 15 @) dy < Ml £,
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We say that a property holds (k, p)-q.e. on a set A if it holds for all z € A except
those in a set E with Cy,(E£) = 0. In case k(r) = r*", “(k,p)-q.e.” may be written

as “(a, p)-q.e.” .

THEOREM 1.3. Let G be a bounded open set in R™, and let { f;} be a sequence in
LP(G) which converges to f in LP(G). Then there exists a set E and a sequence {i(j)}
such that Cy, ,(E;G) = 0 and

lim Uy fig)(x) = Upf(2) for (k,p)-q.e. © € G.

J—00

PrROOF. The proof is easier than that of Theorem 4.5 in Chapter 2. For each
positive integers ¢ and 7, consider the set

Eij =A{z: |Ufi(z) = Uef(x)] > 57}

Then we have by the definition of (k, p)-capacity

Cupl By @) £ 57 [ 1£:w) = Fw)I" dy.

Since {f;} — f in LP(G), we can find i(j) such that i(1) < i(2) < --- and

L 1) = F@)l dy <279,

Set E =) (U Ez-(j),j) . Then it follows from countable subadditivity that

=1 \j=¢

Crp(B;G) X Crp(Biy :G) <Y 7277 =0
g=t k=t

as { — oo, from which Cj,(E;G) = 0 follows. If x € G — E, then we can find ¢ such
that
Uy fih (2) = U f(x)] £ 571 for any j 2 ¢,

which implies that
Jlim Uk fi(2) = Uaf(2)] = 0.

COROLLARY 1.4. If Cy,(A; G) < oo, then there exists a unique nonnegative func-
tion f € LP(G) such that || f||b = C,(A; G) and

Uef(z) 21 for (k,p)-q.e. z € A.
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In fact, take a sequence {f;} € LP(G) such that lim ||f;||} = Cy,(A; G) and
j—o0

Upfi(z) 21 for any = € A.

Since .lzim 1(f5 + fo)/2][5 = Cyp,(A; G), we see by Clarkson’s inequality that {f;} con-
J2,£—00

verges to a function fy in LP(G). Then | fo||h = Cy,(A;G) and, moreover, Theorem
1.3 implies that
Urfo(z) 21 for (k,p)-q.e. z € A.

The uniqueness is also a consequence of Clarkson’s inequality.

THEOREM 1.4. If A; € Ajy and A= | Aj, then

=1

J—00

Proor. We may assume that the left hand-side is finite, so that
Crp(Aj; G) <7 < oo,
For each j, find f; such that f; = 0 outside G, || f;||b <~ and
Uefj(x) 21  whenever z € A;.

Then there exist a subsequence {f;)} and a sequence {a;,} of nonnegative numbers
such that Z a0 =1 and

>0

9= aiefiu

>0

converges to a function fy € LP(G). Then we see that
Urge(x) 2 1 whenever x € Ajy).

Since [|g¢||) < v, we apply Theorem 1.3 to obtain a subsequence {gy } such that Uygy —
Uk fo for every x € G — E, where Cy,(E; G) = 0. Thus

Urfo(z) 21 whenever v € A — E.
Hence

C}mp(A; G) Ck’p(E; G) + Ck,p(A — E; G)

folly = Jim gl <,

which implies that
CholG) £ Jim CiylAy:C).
J—00
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Thus the equality holds.

For a subset A of an open set (G, we consider the inner capacity
p(A; G) = sup pu(G),
where the supremum is taken over all measures p such that S, & A and
Ukt o () = 1

Then it is easy to see that

WG £ [ Uf@) du@) £ [ Usnv)1(y) dy

1Ukstll Lo ey 1 f lp = 1 £l
for a competing function f defining Cy ,(A; G), so that

(15) rpl(4; G) £ [Chp(A: G,

=
=

We show below that the equality in (1.5) should hold for any Borel set A.

LEMMA 1.2. If ¢4 ,(A; G) < oo, then there exists a measure p supported by A for
which
pR") = cip(4; G)

and
HUkUHLp’(G) =1

Recall that M;(A) denotes the family of all unit measures for which S, & A.
Further, consider

L2G) = {f € L/(G): £ 2 0 and ||f], < 1.

LEMMA 1.3. For A € G,

cep(A;G) ' = inf su Urf(x) du(x).
s (A5G = iat s [ Unf(@) da)

P . = inf - h 1 h h
ROOF. Set 7 omf |Ukpill £ ()- We have only to show that

(1.6) v = e (A G)] 7

because [|g[|; ) = sup / f(y)g(y) dy. If v > =, then there exists u € M;(A)
FeLi(@)
for which [[Ukpl| sy < 7' Then it follows from the definition of ¢4 that

crp(A;G) 2 W(R") /A =177,
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so that v 2 [exp(4; G)] 7!
Conversely, let ;1 be a competing measure for ¢ ,(A; G). If p(R") < 0o, then

v = [/ p@®NUkpl 1o ) = 1/ (R"),
so that v < [cx,(A; G)] 1. Thus (1.6) is proved.
In the same manner we can prove

LEMMA 1.4. For A € G,

. —-p __ .
[Chp(A; G)] —fes%r()c) b o / Urf(x) dp(z).

Now, in view of minimax lemma, we see that
e p(I; G) = [Cp (K Q)P

for any compact subset K of G. By appealing the capacitability result with the aid of
Theorem 1.4, we can prove the following general result.

THEOREM 1.5. For every Suslin set A, we have

cep(A;G) = [Crp(A4; Q).

THEOREM 1.6. Let A be a Suslin subset of G for which 0 < C,(A; G) < co. Then
there exist f € LP(G) and p € M(A) such that

(i
(ii

) Il = Ceal 45 G);
)

(i) () = (45 G) (= [Crp( A5G );
)
)
)

Unf =21 (k,p)-q.e on A;
(iv ”Uk#HLP’(G) =1
(v

(vi

p({x : Upf(x) #1}) = 0;
Upi(y) = [Crp(A; G [f ()P~

(i) [ e =yl U]V dy £ ey (A5 G)) 7 on S,

ProoF. By Corollary 1.3, we can find a function f satisfying (i) and

Uef(z) 21 forany z € A — F,
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where Cj, ,(E) = 0; further take a measure p as in Lemma 1.1. In view of (1.5), we
have

u(B) = Ukpill v () Crp(B; G)
for any Borel set B € G, which implies that

u(E) = 0.
Hence

p(A:G) = w(R") £ [ Upf(2) dule)

[ Uiantw) () dy

S WUkl )1 f 1l
< £l = [Crp( A GV,

Since ¢y, ,(A; G) = [Crp(A; G)]YP, (iv) and (v) hold, and (vi) and (vii) are then seen to
hold.
5.2 Relations among (o, p)-capacities
First we compute the («, p)-capacity of balls. For this purpose, define
TP ap < n,

{ {log(2R/r)}'7P ap = n,
where 0 < r £ R; if r 2 R, then we define hq (1) = hap(R).

THEOREM 2.1. Suppose ap < n. If B(a,r) € B(0, R), then

M hap(r) = Cop(Bla,); B(0,2R)) S Mha(r),

where M is a positive constant independent of B(a,r) and R.

PRroOF. Let B(a,r) € B(0, R), and consider the function

folg) = la =y [a — g7 for y € B(0,2R) — Blv,r);

set f, = 0 outside B(0,2R). For simplicity, set h(r) = hqp(r). If z € B(a,r), then
|z —y| = |r—a|l +]a—y| £ 2]la—y| for y € R" — B(a,r), so that

\Y,

T — a—n ; 204771/ a — -n a — n—ap *P//p d
[l iy 2o [ eyl eyl dy

M{h(r)] ¥/,

1\
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Hence it follows that

Cap(Bla,r); BO.2R) = [ [f:(y)/MIB)] /)7 dy

A

< M[h(r)]p’ [ ) dy
< MDY [ o= yl=lla— =7 dy
< M[h(r)]p“ ¥ = Mh(r).

Conversely, take a nonnegative measurable function f such that f = 0 outside
B(0,2R) and U,f = 1 on B(a,r). Since B(a,r) & B(0, R), we see that

\B(clb,m o = |B(61L,7’)\/B( (/ [z =yl )dy> da

/ (W /B(w) o — y|a"d$> f(y)dy

M [ D) S )y

MThap(r)] 71 £llp,

A

A

which gives the left inequality.

LEMMA 2.1. Let 1 < ¢ < co. If Uypu € LY, then there exists a function k on (0, 00)
such that

(i)  k is positive, decreasing and continuous on (0, 00);

() [ k(e —yl) duty) € L;

(iii)  lm k(r)/r*™" = oc.

r—0

The proof is similar to that of Theorem 7.4 in Chapter 2, and we leave it to the
reader.

THEOREM 2.2. Suppose ap < n. If Hy,, (E) < oo, then C,,(E) = 0.

PROOF. Suppose Hy,, ,(E) < oo but B, ,(E£) > 0. Here we may assume that E is
compact, and then find a unit measure p supported by E for which Uy € L. Let k
be a function as in Lemma 2.1. Since, by assumption, ¢, ,(ENB(a,1); B(a,2)) > 0 for
some a, we may assume, without loss of generality, that

(2.1) cap(ENB;B(0,2)) > 0.
Let 0 < e < 1/2 be given, and set
d(e) =inf k(r)/ro .

r<e
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Then it is easy to see that
Cip(B(a,r); B(0,2)) £ Cyp(B(a,r); B(a,2¢)) < [6(2¢)PCy p(Bl(a,r); B(a,2¢))

whenever B(a,r) € B. Now find a covering {B(a;,7;)} of E'N B such that 10r; < ¢
and

3" Raylr;) < Hy,,(ENB) +e.

J

By a covering lemma (see Theorem 10.1 in Chapter 1), we can choose a disjoint sub-
family {B(a;,r;/)} for which {B(a;,5r;)} covers E N B. Then we have

Cip(ENB; B(0,2)) = > Cyp(Blay,5ry); Blaj, 2¢))
j/

[6(2¢)]” Z Cap(Blag, 5ry); Blay, 2¢))

MBS hay(ry)

< M[6(2)P{Hp, ,(ENB) +e}.

A

Hence it follows that Cj (£ N B; B(0,2)) = 0, which contradicts (2.1).

THEOREM 2.3. Suppose ap < n. If C, ,(E) =0, then H,(E) =0 for v > n — ap.

PROOF. Let v > n — ap and suppose H,(E) > 0. We may assume that E is
compact. By a theorem of Frostman used in the proof of Theorem 7.6 in Chapter 2,
we can find a positive measure p supported by E such that

w(B(x,r)) =17 for any ball B(x,r).
Write
Ustilr) = [ v du(B(a,r))

1
M/ w(B(z,r)r* " dr + M
0

A

A

r<l

1/p 1
" <Sup M(B(%T)T_O /0 [u( B, )] /PPt dr 4+ M

A

1 /
M / [(B(x, 7))/ rrira=n=t gr 4 0f.
0
Hence, for any bounded open set G, we have by Minkowski’s inequality for integral

(f, st ae) ™ < o [ ([ wttery o) " s ar

/ 1 /
< M[u(E)Y” /0 Pl g M < oo,
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since n/p'+v/p+a—n=[y—(n—ap)]/p > 0. Thus it follows that c,,(E;G) > 0 if
E € G, which gives a contradiction.

COROLLARY 2.1. Suppose ap < n. IfC, ,(E) = 0, then E has Hausdorff dimension
at most n — ap.

THEOREM 2.4. Let 0 < o, B <mand 1 <p, g <oo. If ap < fq, then Cz,(E) =0
implies C, ,(E) = 0.

PRrOOF. Suppose C,(E) = 0. If ap < (B¢, then Theorem 2.3 implies that H,(E) =
0 for any v > n — fq. Since n — ap > n — B¢, we have H,,_,,(E) = 0. Now Theorem
2.2 implies that C, ,(E) = 0.

5.3 Continuity properties

In view of Sobolev’s theorem, if ap > n, then U,f is continuous on R"™ whenever
f e LP(R") and U,|f| # oo. In case ap < n, U, f may not be continuous on R" for
the above f. This is closely related to the fact that C,,({a}) = 0 for a point a if and
only if ap < n.

Throughout this section, assume that ap = n. Let ¢ be a positive nondecreasing
function on the interval (0, co) satisfying

() A p(r) £ @(r?) £ Ap(r).

Our first aim in this section is to discuss the continuity of U, f when

(3.1 [ @l 15 @) dy < oo
and
(3.2 | @5 dy <,

where @, (r) = rP(r).
For the sake of convenience, set

(3.3) ©(0) = lim ¢(r) 2 0.

r—0

By condition (¢), we have the doubling condition

(1) A7lo(r) < p(2r) < Ap(r)

and for v > 1,

(¥2) AT o(r) = (r7) = Ayp(r).
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LEMMA 3.1. If v > 0, then

(¥3) sTp(s™h) S Mt p(t™1) whenever t > s > 0.

A

PROOF. Let 0 < s <t < A~Y7. If m is the positive integer for which (¢+=1)2"
571 < (t71)?""", then we have by condition (v)

pls™) S () S A

AT Ap(t ] S [T Ap(tTh)] £ 5T [Ap(E ),

HA A

so that (¢3) holds for 0 < s < t < A7Y/7. Since ¢ is positive and nondecreasing, we
see that

(3.4) sTp(s™1) < MtTp(t) whenever 0 < s <t = 1.

If we consider ¥(r) = [p(r~1)]7!, then 1 satisfies the same conditions as ¢, so that

s7 t
o = Mow

In particular, if we set t = 1 in (3.5), then

(3.5) whenever 0 < s <t < 1.

(3.6) M~1s7 < p(s) whenever 0 < s < 1.
If we apply (3.6) for 7/ smaller than ~, then we see that

lim inf Dot = limsup M~ = oo,

t—o0

so that (3.4) holds for 0 < s <tand s <1. Ift >s=>1,then 0 <t ! <s ! <1 and
hence (3.5) gives
7 <M s
e(t™) = (s’
which implies that (3.4) holds in this case, too.

In view of (3.5), it follows also that

57 7
<SM— whenever t > s > 0.
p(s)

(¢4) (1)

THEOREM 3.1. Let ¢ satisfy the following condition :

(3.7) /O () < oo,



5.3 Continuity properties 179

and set
1-1/p

o) = ([ Tete e ar)

If f satisfies (3.1) and (3.2), then U, f is continuous on R™ and, moreover,

Uaf(2) = Uaf(2)| = o(¢"(Jx = 2[))  as|z—z[—0.

PROOF. Let r = |z — 2| < 1/2 and write

Uaf(e) = [ el )y +
= w1 (z) + uz(2).

|z =y fy)dy
R"—B(z,2r)

For 0 < v < a, we have by Holder’s inequality

w() £ [ -yl
B(z,3r)

_ qyle—n — =N\ -1/p 1/p
L N e (CE e G F RO T

1/p
Mre— + (/ [z = y[* (]2 —y| ™) /PP dy)
B(z,3r)

A

1/p
) </B(z,3r) Hf(y)ISO(If(y)I)”p]de)
= Mr* 7+ M (/03’“ [gp(t‘W)]—P’/Pt—ldt> 1/p' </B(z’3r) (I)p(|f<y)’)dy> 1/p7

so that we have by (2)

() £ 3430 () <I>p<|f(y>!)dy>1/p.

z,4r)
On the other hand, we note that
|z —y|*™" — |z —y|*" £ Mr|z —y|* ! whenever y € R" — B(z, 2r),
so that
T —ylem |y — gyl d
Sy =81 = 2=y 17 W) dy

< M 2= y"" £ ()] dy.
" —B(z,2r)
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Hence for a — 1 < v < «, we have as above

[IA

- wr [ — g f ()] d

o) —wal S M [ ey dy

MT/ |z — y|°‘_”_1_”’ dy + Mrgo(rﬂ)_l/p
" —B(z,2r)

|z =y £ W) (| f (v)]) 7] dy

A

“J
{z:R"=B(,2r);| f(y)[>r—7}

Mre™ 4 Mr[p(r=7)]~1/r (/

A

/ 1/p’
R——
"n—B(x,2r)

1/p
g (A"—B(:c,zr) CI)p("f(y)Ddy)

Mr bl ([ a5 hy)

A

By (¢), we see that

T 1/p' ,
o) 2 ([ [ Ieear) T 2 M) flog(1/r)]

Further, by an application of (p4) with [p(r=1)]71,
(3.8) Ms* 7 < (s )] whenever 0 < s < 1.

Thus we establish

1/p

uz(a) = ()] £ Mg (r)log(1/r) 77 ([ @11 (w)])y)

Now it follows that

1/p
Va0 - Uaf @ £ M 43000 ([ @)

o dr .
M () og (/] ([ @, w)hdy)
which together with (3.8) proves the required result.
REMARK 3.1. Consider the function
p(r) = [log(1 +7))°.
Then ¢ satisfies (3.7) if and only if § > p — 1. The same is true for

p(r) = [log(1 +1)]"" log(1 + log(1 +1))]’,
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and so on.

1
REMARK 3.2. If / [p(r~ )]V ®=Vr=1dr = 00, then we can find a nonnegative
0
function f satisfying (3.2) for which U, f(0) = occ.

In fact, let

and consider the function

Fy) = [(yD)~*log w(lyD) Iyl =Lyl )] 7

for y € B(0,79), where 1/p < § < 1. Then by change of variables ¢t = 1(r), we have

/ [y|*" fFly)dy = M/OO t~ /7 logt] dt = oo,
B(0,r0) t

0

where ty = 1(rg). Since f(y) < M|y|™,

{7 (1og ) ly = Loyl )17} o(Mly| )
M log ) P (lyl ]yl

(I)p(f(y))

=
S

so that, in the same way as above, we have

[y < M [T logt) Pt < oo,
B(0,r0)

to

5.4 Fine limits

In this section, let ap < n. In this case, U,f may not be continuous by Remark 3.1,
when f € LP. We are concerned with weak limits, which are an extension of fine limits
of potentials of measures.

First we begin with maximum principle for nonlinear potentials.

THEOREM 4.1 (maximum principle for nonlinear potentials). Let G be an open set
in R". If
L 1o = gl Uap ()]0 Vdy < 1

for any x € S, then
L e =yl Wap(y)] Dy < M

for every x € R", where M = (n/a)2"37' ("=,
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PROOF. Let a € R" — S, and take a* € S, such that 2r = |a — a*| = dist(a, S,).
Set

u(e) = [ eyl Uan(y)] 0V,

w@) = [ eyl ()] Oy,

If y € R* — B(a,r), then |a* — y| £ |a* — a| + |a — y| < 3la — yl, so that

us(a) < 3" Yuy(a”).

On the other hand, if z € S, and y € B(a,r), then [z —y| 2 |[a—z|—|a—y| 2 |a—z]|/2,
so that

ufa) € R Uau(@)] V0 [ oyl rdy
< 2 Uap(@)]07D (wn/a)r®
< R Uap(a)] O /)23 [yl .
B(a,r

Since |z —y| = la— 2|+ |a—y| = (3/2)|a — z| when z € S, and y € B(a,r), it follows
that
uy(a) < (n)a)2"3" =Py, (a*).

Thus Theorem 4.1 is proved.

LEMMA 4.1. If u is a measure with compact support, then

R —
Lo eyl apty) Oy 2 0 [ (B )
B(0,2R) 0

for every x € B(0, R).
Proor. For y € B(xz,r), we have
Untily) Z (20" u(B(y, 20)) Z (2r)* "u(B(z, 7)),
so that

T —ylem Ua 1/(p71)d
Loam V7= 0 Waaty)]

> [7 1B (@0 (B )

0

1 -1
/(v )d(—ro‘_")

1\

R _
M/ (r“p’"u(B(x,r)))l/(p Y r~tdr.
0
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THEOREM 4.2. Let f € LP(R") and set
1e=1 4

Tla) = [ (e [ opan)
Then Cy p({7 1 Jop(z) = 00}) = 0.

PRrROOF. Suppose C,,(K) > 0 for some compact set K such that K & {x :
Jap(x) = 00}. Then, in view of Theorems 1.6 and 4.1, we can find a positive measure
i supported by K for which

[ e =yl Uapy)) 0Ny < 0,

where K € G. Let dv(y) = f(y)Pdy and write, by Theorems 10.4 and 10.5 in Chapter
1

Y

v =gu+o,

where ¢ is singular and
for p-a.e. x.

In view of Lemma 4.1, we see that J,,(x) < oo for p-a.e. z. But, since u(K) > 0, a
contradiction follows.

A set E is called («, p)-thin at zq if

Z <2j(n—ozp)0a’p(Ej; Bj < oo,

=1

))1/(17—1)

<

where B; ={r € £:277 < |z —xo| <277} and B; = {z: 27771 < |z —xo| < 27712},

THEOREM 4.3. Let f be a function in LP(R") satisfying (3.1). If J,,(z¢) < oo
and U,|f|(xy) < oo, then there exists a set E for which E is («, p)-thin at xy and

(4.1) lim . Unf(x) = Uyf (o).

rz—x0,2ER"—

If (4.1) holds, then we say that U, f has an (a, p)-fine limit U, f(xo).

COROLLARY 4.1. If f is as in Theorem 4.3, then U,f has an (a,p)-fine limit
(v, p)-g.e. on R™

PROOF OF THEOREM 4.3. For simplicity, assume that xo = 0 and f = 0. For
x # 0, write

Uafl@) = [ eyl Ty [ eyl )y
= w(x) + ua(x).
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If y € R" — B(z,|z|/2), then |y| < |z| + | — y| < 3|z — y|, so that

[z —yl* " fy) = 3" yl* " f(y)-

Since U, f(0) < oo by assumption, we can apply Lebesgue’s dominated convergence
theorem to see that

(4.2) lim () = U f(0).

To deal with uy, in view of J, ,(z9) < 00, we take a sequence {a;} such that lim a; = oo

Jj—o0
and

0 A 1/(p—1)
(4.3) > a (2](”_0‘”/ f(y)pdy> < 00.
=1 B;

Now consider the sets
By ={:279 < o] < 279wy (2) > a; 7'},

If z € E; and y € B(x, |z|/2), then

w@) < [ eyl fl)dy,

J

so that ,
Capl By B) £ a7 [ fly)dy.

J

Hence it follows from (4.3) that

S (2000, (B;: By)) Y < o

=1

This implies that E = | Ej is (o, p)-thin at 0. On the other hand,

J=1
. < . —l/p/
limsup i (z) < limsup a; " = 0.
z—0,20€R"—FE Jj—00

This, together with (4.2), implies (4.1), and the proof is completed.

We have another type of fine limit result, which is better in studying the existence
of radial limits.

THEOREM 4.4. Let f be a function in LP(R") satisfying (3.1). If

(4.4) [ e =yl )Py < oo,
B(zo,1)
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then there exists a set E for which

lim Uaf(x) = Uaf(20)

r—x9,2ER"—F

and

(4.5) > 2ePC, L (Ej; By) < oo
j=1

THEOREM 4.5. Let f be a function in LP(R"™) satisfying (3.1). Then there exists a
set E satisfying (4.5) for which

lim [k(|z))] UL f(z) = 0.

r—z0,cER"—F

PRroOF. For simplicity, assume that 2o = 0, and f 2 0, as before. Let r = |z]/2 > 0
and € > 0, write

Uaf(@) = [ o=yl f)dy+ [ 2= g1 Fy)dy
B(z,r) B(0,4r)—B(z,r)

+ = yl* " fly)dy + | 2=yl fy)dy
B(0,e)—B(0,4r) R"—B(0,e)
= ui(z) + uz(x) + us(x) + ug(z).

By Hoélder’s inequality we have

wix) € v )y

1/p
< B ([ st

1/p
< Myler-ie ( / f(y)pdy>
B(0,4r)

and

us(e) = [ W2 )y

g ) e
2”70[ / p’ Oéfnd / pd
(Lo oy 1a0) ([ o fra)

Mr(r) ( /B o f(y)pdy>1/p.

Hence it follows that

A

A

1/p
lim sup [m<|x|>rl[uz<x>+u3<x>+u4<x>1éM(/B . f(y)”dy> ,

r—0
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which implies that the left hand-side is equal to zero by the arbitrariness of €. Take a
sequence {a;} such that lim a; = oo and
J—00

> o f, Sordy <o

As in the proof of Theorem 4.3, consider the sets

By ={z:27 <] < 279wy (2) > a; PR(279)}

and .
E=|J E;.
j=1
Then it is easy to see that
K@) P Cap( B By) S a; [ fly)dy,

B;j
so that E satisfies (4.5). Moreover,

timsup n(Ja])] s () < limsup a; 7 = 0.
rz—0,2eR"—F j—00

Thus Theorem 4.5 is obtained.

5.5 Contractive property of («, p)-capacities

First we deduce a contractive property of (a, p)-capacity, which will be used for the
study of radial limit result.

Now, let f be a measurable function on R™. For x = (z1,29,...,2,) = (x1,2'),
define the symmetrization with respect to the hyperplane {x : 1 = 0} by setting

fr(@) = f(a) (@)

If f is a characteristic function of a rectangle I with sides parallel to the coordinate
axes, then we see easily that f* is also a characteristic function of a rectangle I* which is

obtained from [ by translation. Hence, if f = Z ajxi,;, where 0 < a; <ag <---<ap
j=1

and {I;} are mutually disjoint rectangles with sides parallel to the coordinate axes,

then it follows that f* is measurable. By a passage of limit process with the aid of

Lemma 1.3 in Chapter 4, we deduce the measurability of symmetrizations.

LEMMA 5.1. If f is bounded and measurable on R", then f* is also bounded and
measurable on R".
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LEMMA 5.2. If f € LP(R"), then

/|f($)\pdx:/ [ (z)Pdx.

LEMMA 5.3. If k is nonnegative and nonincreasing on (0, 00), then

[ ke = yhif@ldy < [ k(g f* ().

For t > 0, write
R(t)={x=(21,....2p) : 5| <t (j=1,2,....n)}
For a set E, denote by E* the projection of E to the hyperplane H.
THEOREM 5.1. For E € R(t),
Cap(E* R(t)) = Cop(E; R(2)).

PROOF. Let f be a competing function for C, ,(E; R(t)). Then Lemma 5.3 implies
that

[l =y @y 2 [ e =yt fdy 2 1

for all * = (0,2') € E*, where x = (x1,2’) € E. Hence it follows from Lemma 5.2
that

Cap(E" R(t)) = LF7I15 = [1F115,

which proves the required inequality.

Let G be a bounded open set. A mapping T: G — TG is said to be Lipschitzian if
there exists A > 0 such that

Az —y| £ Tz — Ty| £ Az — y| whenever z, y € G.

LEMMA 5.4. If G and T are as above, then
M7 Cop(E; G) £ Cop(TE;TG) £ MCop(E;G)
for any set E € G, where M = A™tp(n—a),
PROOF. Let f be a competing function for C, ,(E; G), and consider

g(z) = f(T'2) for z € TG.
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Then, if x € E, then

[ 1Tz =2prg(e)de 2 o2 [ e =yl f )y,

so that
Cop(TE; TG) £ MPC9||g|[p < M=) F2.

Thus the required inequality follows.
COROLLARY 5.1. Forr > 0,
Cop(rE; B(0,rN)) =r""*"C, ,(E; B(0,N)),
where rE = {rx : x € E}.

LEMMA 5.5. Let G and G' be bounded open sets in R™, and let F' be a compact
set in GNG'. Then
Cop(E;G') = MCap(E; G)

whenever E C F.

PROOF. First note that ny = C,,(F;G N G’') < oo. To show this fact, assuming
that |F'| > 0, we have only to see that the potential / |z — y|*™™ dy is bounded on
F

R". Let a =dist(#,G N G") and take a competing function f for C,,(E;G). Setting
n = Ca,p(E;G), we have for x € F

x—yl*" duy < a®"|GV/P < Mn.
fo o o=yl )y < 0G| 1, < My
Hence, if Mn < 1/2, then
/( ) lz —y|* " fy)dy > 1/2 for any x € E.
B(z,a
Since B(z,a) € G’ for z € E, it follows that

Copl B:G) 2 [ fly)dy,

so that
Cop(E;G") £ 2"C,,(E; Q)

whenever n < 1/2M. If n =2 1/2M, then
Cap(E;G) = o < no(2Mn) < 2MnoClop(E; G).

Thus the lemma is obtained.
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THEOREM 5.2. For E € B(0,2) — B, denote by E the radial projection of E to
the unit sphere S, that is,

E={¢eS:récE forsomer >0}
Then 3
Cap(E;B(0,3)) < MC, ,(E; B(0,3)).
PRrRooF. Consider the truncated cones

F = {z= (2,2 |2] <21/2,1 £ || £ 2},
G = {z=(x,2):|2/| <z1,1/2 < |z| < 3}.

By the subadditivity of C,, and Lemma 5.5, it suffices to show that
(5.1) Cop(ENF;G) £ MC, ,(ENF;G)

for £ € B(0,2) — B. Define the mapping 7" on G by setting

x/
Ty = <|$\, m) :

note that G’ = TG = {y = (y,,%') : 1/2 <y < 3,|y'| < 1/y/2}. Since T is Lips-
chitzian, Lemma 5.4 implies that

Cop(T(ENF);G") S MC, ,(ENF;G).
In view of Theorem 5.1, we have

Cop(T(ENF)C) S MCy,(T(ENF);C),

where C' = {z = (z1,2') : =1 < 2, < 3,|2'| < 1/v/2}. Since T(ENF)* =T(ENF),
(5.1) holds, and the required assertion is proved.

5.6 Radial limits

As an application of Theorem 4.4, we give the following radial limit result.

THEOREM 6.1. Let f be a function in LP(R™) satisfying (3.1) and (4.4). Then
there exists a set £ < S such that C, ,(E) =0 and

liH(l] Uaf(xo+1E) = Uaf () for any £ € S — F.

To show this result, we need the following lemma.
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LEMMA 6.1. If E satisfies (4.5), then C,, ,(E*) = 0, where

k=1

ProoOF. By Corollary 5.1, we have
2D 0, o (Ej; Bj) = Cap(2 Ej3 27 By),
where 2/B; € B(0,4). In view of Theorem 5.2, we have
2=, ,(Ej; By) 2 MCop(Ej; B(0,4)).

Hence it follows that

Cop(U EjiB(0,4)) S M1y~ 210790C, (Ej; By),
j=k

j=k
which tends to zero as k — oo, and we obtain the required result.

Noting that if £ € S — E*, then r§ € E for small > 0, we have Theorem 6.1 as a
consequence of Lemma 6.1 and Theorem 4.4.

The following is a consequence of Theorem 4.5.

THEOREM 6.2. Let f be a function in LP(R™) satisfying (3.1). Then there exists a
set £ € S such that C,,(F) =0 and

lim [k(r)] " Uaf (20 + 7€) =0 for any £ € S — E.

r—0

It is important to discuss the limits at infinity. The radial limit results will be
obtained in the same way as Theorems 6.1 and 6.2, which will also be derived as direct
consequences of Theorems 6.1 and 6.2 by considering the inversion. Here we discuss
the limits along lines parallel to the coordinate axes.

THEOREM 6.3. Let ap < n, and let f be a function in L?(R™). Then there exists
a set B/ € R"! such that C,,({0} x E') =0 and

lim U,f(z1,2')=0  foranysz’ e R" ' —F.

Tr1—00

PROOF. We may assume that f = 0. If |x| > 2r > 0, then we see that

wle) = [ eyl )y
< 1 BODM I = M £
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On the other hand, setting

. — _ a|a—n d
wlo)= [l )y

and
Arg = Az or(2) > 1/(2))},
we have by the definition of C, ,,

CaplArs) £ (2 [ fly)dy.

n—B(0,r)
If r is sufficiently large, say r = r;, then
ur(x) < 1/(27) whenever |z| > 2r

and

Ca,p(Ar,j) < 27j.

Counsider the sets
B; ={x:|x| >2r;,U,f(x) >1/j}.

If ¥ € B;, then v, (v) > 1/(2j), so that B; £ A,, ;. Hence

Ca,p(Bj) < 2_j.

Now set -
Ey=J B
=k
and -
E= ﬂ E;,
k=1

where Ej} denotes the projection of Ej to the hyperplane {0} x R"™'. In view of
Theorem 5.3, we have

Ca,p(E]:) é Ek é Z

so that
Cap(E) =0.

If (0,2") & E, then (0,2') ¢ B; for all j 2 k. This implies that
Us(z1,2) £1/5  whenever xy > 2r; and j = k,

so that
lim U,f(z,2") =0

T1—00

as required.
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5.7 Fine differentiability

For a point z = (x1, ..., x,) and a multi-index A = (\1,..., \,,), we recall

J;)‘ = xi‘l ...xi‘L”’
A= Al A!

and
D* = (0/0x )M -+ (8/0xz,)™.
For a nonnegative integer m, consider the function
2

Ua,m(xay) = Ua<I> - Z A\ [D/\Ua<_y)]'

IA[=m

Here we give the estimates of U, ,, needed later.
LemMA 7.1. Ify € B(0,|z|/2), then

|Ua,m(xa Y < M|m|m|y|a_n_m-

LEMMA 7.2. Ify € B(0,2|z|) — B(0,|z|/2), then

Uam(@,y)| & Mz —y|*™.

LemMA 7.3. If y € R" — B(0, 2|z|), then

[Uam(z,9)| = M || y|onm=t,

Proor. Consider the function

»(t) = Ua(tz —y).
By mean value theorem for analysis, we see that
Y(1) = $(0) + (1/1)¢'(0) + -+ + (1/m) ™ (0) + Ky,
where K, 41 = [1/(m + 1)!]p ™ (t,) for some 0 < to < 1. Further, note that
O (4) = 2
0 = 3 SDUats =)

If y € R" — B(0,2|z]), then

[tor =yl 2 |yl — [z] 2 [yl/2,
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so that

|D UL (tox — )| £ M|y|o" L
Hence we obtain the required inequality.

THEOREM 7.1. Let m be a positive integer smaller than «, and let f be a function
in LP(R™) satisfying (3.1). If Jo—mp(20) < 00 and U,—p,|f|(x0) < 0o, then there exist
a set E and a polynomial P for which E is («, p)-thin at zo and

(7.1) lim . |z — xo| " [Unf(x) — P(z)] = 0.

r—x0,2ER"—

If (7.1) holds, then we say that U, f is (a, p)-finely differentiable at z.

COROLLARY 7.1. If f is as in Theorem 7.1, then U,f is («, p)-finely differentiable
(o —m,p)-q.e. on R™.

PROOF OF THEOREM 7.1. For simplicity, assume that o = 0 and f = 0. For
x # 0, write

Usnd @) = [ Uaiml@.p)f (y)dy
= ooy Uam@)f @)y
- /B<o72|x|>—B(o,|x|/2) Uam(@: 1)/ (y)dy
ooy Unn @0 )y
= u(z) + us(x) + us(x).

By Lemma 7.1, we have

s ()] < Mlal™ [

ly|“= """ f(y)dy,
B(0,|z//2)

so that
liH(l) |z| "™ uy (x) = 0.

For € > 0, set
d(e) = sup / ly|*" " f(y)dy.
B(0,r)

0<r<e
Then lir% d(¢) = 0. By Lemma 7.3, we have

jus(a)] < Ml [ o )y,

n—B(0,2|z|
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so that
us(e)l £ Mt [l )y
R"—B(0
S ( [, 100000
2|z| B(0,r)
< Mlal™ [T )y + M)
so that

limsup |z| " |us(x)| £ Md(e).

z—0

Thus it follows that
lin% |z| " ug(z) = 0.

To deal with uy, in view of J,_,,(0) < oo, we take a sequence {a;} such that
lim a; = oo and

Jj—o0

(7.2) i (2971 (a— m)p}/B

1/(p—1)
f(y)”dy> < oo.
3
Now consider the sets
By ={z:277 < |z < 2797 fus ()| > a; /7' |2},

If z € E; and y € B(0,2|x|) — B(0, |z|/2), then Lemma 7.2 gives
fua(@)| S M [ =yl )y,

so that o
CaplEji By) S 72 [ - f(y)ray.

J

Hence it follows from (7.2) that

S (2000, (B B)) Y < .

7j=1

This implies that £ = | Ej is (a,p)-thin at 0. On the other hand,

J=1

thllp ‘;L’|7m|u2( )l < Mhmsup a /v’ =0.
rz—0,ceR"—F j—00

Thus || ™" Uq,m f(x) has (o, p)-fine limit zero at the origin, and the proof is completed.
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THEOREM 7.2. Let « = m be a positive integer, and let f be a function in LP(R™)

satisfying (3.1). Then for almost every xq, there exist a set E and a polynomial P for
which
lim . |z — x| ™ [Usf(x) — P(z)] =0

r—xo,cERM—
and
(7.3) lim 2/"=*PC, (E;; B;) = 0.

Jj—00

If (7.3) holds, then we say that E is (o, p)-semithin at zy. We also say that U, f is
(c, p)-semifinely differentiable at almost every point of R™.
To show Theorem 7.2, we need some lemmas.

LEMMA 7.4. The potential / |x — y|™ "dy is infinitely differentiable inside a ball
B
B.

PROOF. Let ¢ € C§°(B) which is equal to 1 on B(0,79), 0 < ro < 1, and write
/B [z —y[" "y = / |z —y[" " (y)dy + /B |z —y[" "1 = (y)]dy
= wui(z) + ug(z).

Then it is easy to see that us is infinitely differentiable inside B(0, ) and w4 is infinitely
differentiable everywhere on R"™. Since r( is arbitrary, the potential under consideration
is infinitely differentiable on B.

LEMMA 7.5. Let f be a locally integrable function on R™ such that

/Rn (1 +y[)™"[f (y)ldy < occ.

For |A| = m,
Ax(z) = lim (DM — y[™ "1 f (y)dy

r—0 JR"—B(z,r)
exists for almost every .

This is a consequence of singular integral theory, whose proof will be given in
Theorem 3.5 of Chapter 6.

PROOF OF THEOREM 7.2. By Lemma 7.4, the function
U)= [ e -y
B(zo,1)

is infinitely differentiable on B(zg, 1) and By = D U(xzy) is independent of . Set
A)\<.CIZ'0) if ’)\| <m,
C\=
Ax(zo) + f (o) Bx if [A| = m
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and

For x € B(xo,1/2) — {zo}, write

v — 20| " {Un f(x) — P(2)}
= |l’-$0|_m/ Um,m(x_x07y_m0)f(y)dy
"7B(x0,1)
+|z — x0|’m/ Unn(x — 20,y — x0) f(y)dy
B(z0,1)—B(z0,2|z—0|)
A
xr — X
IAI=m ’

x lim D U,, (o — y){f(y) — f(x0) }dy

r—0JB(z0,2|z—x0|)—B(0,r)
+f(@o)|lw — w0 ™"

B
li / Umm - Y dy — - g
X (1m Bend)B(0) m(T = T0,y — yo)dy E : N (z — x0) )

0
" A=m

g™ U, ( — - d
ol e Un(E W) = o)}y

Ho—a[ 7 Unle =9 () ~ o)y
= ui(x) +us(z) —uz(x) + ug(z) + us(z) + ug(x).

Lemma 7.3 implies that
lim wu(z) =0.

T—T0

As in the proof of Theorem 7.1, set for r» > 0,

1
d(e) = sup

0<t<e m B(zo.t) | f(y) = f(o)|dy.

Note that

(7.4) lim 6(¢) =0

e—0

for almost every xy. Now assume that (7.4) holds. By Lemma 7.3, we have

w(n)] € Ma—m| [ oy [0 =y ) = Fao)ldy
B(z0,1)—B(z0,2|z—x0
< M=ol [ w7 ) o)y
+ Mz — | / 20 =y £ (y) = f (o) ldy
B(zo,e)—B(x0,2|z—x0])
<

M (e)|z — x| +M(5( ).
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Hence
limsup [us(x)| < M(e),

T—T0

which proves
lim wuy(z) = 0.

T—T0

Since A, exists and is finite for |A\| = m,

lim D Up(zo — y){f(y) — f(zo)}dy
r—=0JB(x0,2|z—x0])—B(z0,r)
= lim D Up (w9 — y) f(y)dy

r—0 B(zo,2|x—zo|)—B(zo,r)

tends to zero as x — xg. If |A\| < m, then

| — 20| ™| — 20)?|

/3(107296:1:0|) DAUm($O —y{f(y) — f(zo) }dy

< Ml a7 [ 20—y "M f(y) — Fao)ldy < M(2Je — x]).

z0,2|x—xz0|)

Thus it follows that
lim wus(z) = 0.

T—T0o

Note that
—m (z — xO)A A
ug(z) = fxo)|x — 20| Ulz)— > TD Ul(xg) | .
IA=m '
Since U is infinitely differentiable near x,

lim wuy(z) = 0.

T—T0

As to us, if we note that

jus(a)| = Mz = ao| ™ | £(y) = Fao)ldy,

B(zo,2|x—x0])

then
lim wus(x) = 0.

T—x0

Finally we see as in the proof of Theorem 7.1 that

()] = Ml —ao| ™ | =y f () — f(wo)ldy

B(z,|z—xz0|/2)

has (m, p)-semifine limit zero at x.
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5.8 Differentiability

Let ¢ be as in Section 5.3, and recall that

Dy (r) = rPeo(r).
For the positive integer m such that m < o — n/p < m + 1, assuming that

1 rod
(8.1 | ety < o
0

we define

0 t

T 1/p/
Fom (1) = (/ [t"‘(a—m)%(t—l)]—p’/p‘#> .

THEOREM 8.1. Let m be as above, and let f be a function on R" satisfying (3.1)
and (3.2). Then U,f is m times differentiable at any z, € R", and in fact, for some
polynomial P of degree at most m,

|z — 20| " Unsf(x) — P(x)] = O(Em (| — x0])) as r — xo.
PROOF. Without loss of generality, we may assume that o = 0, f = 0 on R™ and
f = 0 outside a ball B. As in the proof of Theorem 7.1, write

Uamf () = ur () + uz(x) + us(z).

Recalling the considerations in the proof of Theorem 3.1, we have for 0 < v < a—m <
L+,

[ ()] = M )Iylo‘_"_mf(y)dy

B(0,|z/2
y|“ """ f(y)dy
/{yeB<o,|x/2>:f<y)<|yv} ] )

+M ly|*7" " f(y)dy
{WEBO,|2l/2):1 (5)>1y] 7}

< u "
- B(0,|z|/2) ] Y
) 1/p
+M / y a—n—m y —v\—1 pp’dy>
(] g )
1/p
X / D, (f(y dy)
(B(()"x/z) »(f (W)
1/p
< Ma Mol ([ ()
B(0,|x|/2)
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2l ua(@)] S Ml [ e =yt (y)dy
B(0,2z|)

2| . 1/p
< Mlz|7"TT + Mz (/ (" Pp(r~7)] 7P /pr_ldr>
0
1/p
X D, (f(y dy)
(/B(WD S(F()
1/p
< Mal M el) ([ @yt )a)
B(0,2]x|)
and
—-m S M a—n—m—1 d
ol (o) £ Mjal [l )y

IN
&
<

Miat== 4 Ml ([ @, (F(o)ay)
% </Zoo [rn—(a—m—l)pw(r—l)]—p’/pdr> o

||

IA
Y
<

Ml 4 M= (lal D)7 ([ @,(£()dy)
Here note that
(8.2 () 2 M=),
Hence the required result follows.
REMARK 8.1. If n — (& — m)p = 0, then

|2 — x| " Uaf (2) = P(x)] = o(km(|lz —w0))  as & — o,

because, in this case, (8.2) is replaced by

i) 2 (/ [s@(t—l)]—p'/p@> o

2 t

1\

Mlp(r=)]"*llog(1/r)] 7"

Next we relax (8.1), and in fact assume that

dr

(8.3) /01 [r"_o‘pap(r_l)]_p,/p7 < 00.

For a positive integer m, define

" / -p/p
hon(r) = inf 77 ( /0 [sn—apgp(s—1>]-p/pd5> .

t2r S
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Here note that
(8.4) hun(r) € M=)
and, in case ap > n,

(8.5) o (1) = My (@mP (=1,

For an open set G and 3 > 0, we define

Cun, (B5G) = inf | @,(f(y))dy.

where the infimum is taken over all nonnegative measurable functions f such that
/ lz —y|P " f(y)dy > 1 for all x € E.
G

As before, write Cge,(E) = 0 if

Cs0,(ENG;G) =0 for any bounded open set G.

LEMMA 8.1. If f satisfies (3.2), then
Coa—m,@p (Ef) = Oa

where

By ={o: [ o=l = oo}
B(z,1)

LEMMA 8.2. Let h be a measure function on [0, 00) for which

lim r"h(r) = oo,

r—0

and set
By = {o s B [ 17y > 0f.
If f is locally integrable, then Hy(Ey)) = 0.
PROOF. For § > 0, we have only to show that

H,(EfpsNB(0,R)) =0 for any R > 0,

where

Byns ={otmsuw B0 [ 17l =},

r—0
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Let € > 0. For each x € E;j 5N B(0, R), we can find 7(x) such that 0 < r(z) < ¢ and

Ly @)y > 3h(r(2))

By a covering lemma (see Theorem 10.1 in Chapter 1), we can select a mutually disjoint
family {B(x;,r;)} for which r; = r(z;) and

U B(l"j,f)?“j) 2 Eﬁhﬁ ﬂB(O,R).

Hence we see that

H (Epps N B(O,R)) < z h(sr) S MS h
J

< Mo 12/ | Fw)ldy
< Mo |f(y)|dy.
UjB(l‘j,’I‘j)
On the other hand,
h(r;)
dy > 6h(r;) = 6—2r",
fo, 1@y > 5hry) = 6= 5,

so that
\U B(zj, )| = Z |B(zj,75)]
J J

< Mt BT )y

O<r<e

Here the last term tends to 0 as ¢ — 0, and thus by considering the absolute continuity
with respect to the n-dimensional measure,

/ £ (w)ldy
U'B(xjvrj)

J

becomes small with . Hence it follows that
Hy(Eyns 0 B0, R)) =0,
as required.

THEOREM 8.2. Let m be a positive integer such that o — n/p < m < «, and
let f be a function on R" satisfying (3.1) and (3.2). Then there exist £y and Es
such that Co_mae,(E1) = 0, Hy,,(E2) = 0 and U, f is m times differentiable at any
r € R"— (B U Es).
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Proor. For simplicity, let £y = Ey and Ey = Ey), with f and h replaced by
®,(|f(y)|) and h,y,, respectively. We show below that Ey and E, satisfy the required
assertions. In view of Lemmas 8.1 and 8.2,

Ca—m,q)p(El) =0 and Hhm(EQ) = 0.
Now assume that xg € Fy U E5. As in the above proof, write

Usnf () = ui(z) + uz(x) + us(x).
First we see that
&= ol ()] £ M [ 20 =y~ £ (y)ldy
B(zo,|z—z0|/2)
tends to zero as x — xg, since xy ¢ F;. Similarly, since

lim xo—y|*"" dy =0,
ey [P0 f(y)|dy

it follows that

limsup |z — xo| ™" |us(x)|

Tr—T0

< Mlimsup |z — o |zo — y|* """ fy)|dy = 0.

T—x0 R"™—B(z0,2|z—x0|)

Finally, we have for 0 < v < a,

= o "ua(@)] € Mz — a0 = y1*" Fy)dy

B(zo,2|x—x0])
< Mlx — x|

31 (i = 2]

B(zo,2|x—x0])

1/p
@Au@m@Q .

Since z¢ & Es,
lim |z — xo| "ua(x) = 0.

T—T0

Thus the required assertion follows.

By applying the proofs of Theorems 7.2 and 8.2, we can prove the following result.

THEOREM 8.3. Let m = « be a positive integer, and let f be a function on R"
satisfying (3.1) and (3.2). Then U,f is m times differentiable almost everywhere on
R™.

THEOREM 8.4. Let m be a positive integer smaller than «, and let f be a function
in LP(R™) satistying (3.1). If Uy—p|f|(z0) < 0o and

(8.6) lim e [ p(y) Py =0,
B(wo,r)

r—0
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then there exists a polynomial P for which

1/q
(8.7) lim 7 (ﬁ o @) - P@:)\%) —0

r—0 xo,T)l B(zo,r
whenever 1/q 2 1/p* =1/p—a/n >0 and ¢ > 1.

PRrROOF. Write U, ,, [ as in the proofs of Theorems 7.1 and 8.2. Then it suffices to
treat only us. By Lemma 7.2, we have

ua()] £ M [ fr =g f)ldy
B(0,2[z)

— Ma/ _ a—n d
[ o 12— 00l

for r = |z|. Hence it follows from Sobolev’s theorem that

1 . 1/q 1 , 1/q
<]B(O,r)| B(0r) |[ug()] dﬂ?) = (H/B |ug(r2)] dz)
1/p
M (/]3(0,2) |f(rw)|pdw>

1/p
Mo ( / If(y)l”dy> .
B(0,2r)

A

A

Consequently,

L v fn—(a—m)p] o
—-m a4 <M —[n—(a—m)p P
r <|B<O, ’I")| ~/B(077") |UQ([E)| ZE) = (T’ B(0.2r) |f(y)| y) )

which tends to zero as r — 0 with the aid of (8.6).

COROLLARY 8.1. If f is as above, then

1
lim ———— Uofly) = Uy f(x)|%dy =0 for (a, p)-q.e. x € R",
I B e Uaf(y) ()] (a,p)

whenever 1/q =2 1/p* =1/p—a/n >0 and ¢ > 1.

We say that a function u is m times L9%-mean differentiable at z( if there exists a
polynomial P of degree at most m such that

r—0

_ o 1 , 1/q B
(8.8) lim r (m /B(mr) lu(y) — P(y)] dy) = 0.

COROLLARY 8.2. If f, m and q are as in Theorem 8.4, then U,, f is m times L?-mean
differentiable (a — m, p)-q.e. on R™.
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5.9 Logarithmic potentials

For a locally integrable function f on R", we define the logarithmic potential by

|z — y|

Lf(z) =/ <10g ! )f(y)dy-
Here assume that

(9.1) [ Dog(2+ [yl F(w)ldy < o,

If (9.1) holds, then
—00 < Lf # .

THEOREM 9.1. Let f be a function on R™ satisfying (9.1). If

(92 | Dog(2+ £ w)DIIf w)ldy < oo,

then Lf is continuous on R".

Proor. For r > 0, we have

/B(W) [log [z — yl]f(y)dy’

A

oo ozl =l =i |+ [ gl )
B(zo,r) B(zo,r)
< M og(L/r)+ [ loa| 7)1 ()l
xo,T
This implies that Lf(0) is finite and

lim Lf(x) = Lf(xo).

T—x0

THEOREM 9.2. Let f be a function on R" satisfying (9.1) and (9.2). Then Lf is
n times differentiable almost everywhere on R".

THEOREM 9.3. Let 1 < p < oo and f be a function in LP(R"™) satisfying (9.1). If
m is a positive integer smaller than n, then Lf is m times differentiable (n —m, p)-q.e.

on R". Moreover, Lf is n times differentiable a.e. on R"™ and the n-th derivatives
belong to LP(R").

The last assertion follows from the singular integral theory given in the next chapter.



Chapter 6

Beppo Levi functions

Beppo Levi functions are functions whose distributional derivatives are (locally) in LP.
Beppo Levi functions can be represented as integral forms, in various ways. If this is
done, then Beppo Levi functions are seen to behave like potentials of functions in LP.
To show the converse, we apply the singular integral theory, whose proof is also given
here.

6.1 Sobolev’s integral representation

We begin with the following lemma, which is needed later to establish an integral
representation for functions whose partial derivatives are all in the Lebesgue class
LP(R™).

LEMMA 1.1. Let u be a locally integrable function on a domain G. If D*u = 0 on
G for any multi-index A\ with length m in the sense of distributions, then u is equal
a.e. on (G to a polynomial of degree at most m — 1.

PROOF. Let ¢ be a nonnegative function in C§°(B) for which

[ vz =1,

and set
bs(x) = 0" "P(x/0)
for 0 > 0. Then u * 95 is defined on G5 = {x € G : dist(z,0G) > 0} and

D*ux y5) = (D*u) * 5 =0

there for [A\| = m. This implies that u * 15 is equal to a polynomial of degree at most
m — 1 on each component of Gs. If m = 1, then, as seen above, u * 15 is constant on
each component of G;. Since u x 15 — u in L},.(G), we see that u is constant a.e. on
G. If m = 2, then each partial derivative (0/0z;)u is constant a; a.e. on G, so that

205
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u(x1, ..., x,) — Y _ a;x; is shown to be constant a.e. on G. In general we see that u is

J
equal a.e. on GG to a polynomial of degree at most m — 1.

THEOREM 1.1 (Sobolev’s integral representation). If ¢ € C§°(R™), then

MZ / —

ProoOF. For ©® € S = 5(0,1),

(=D

m
nDA¢( )dy7 a) =

WAl

v(0) = oy /0 T (90t (10 ) dt
Note that o
~@/nme) = Y S D).

[Al=m

Hence, integrating with respect to © € S, we have

wnh(0) = % / ( /O - tm‘l(ﬁ/at)mw(t@)dt> de

= cum S [

IAI
Applying this with ¢)(x — -), we have the required equality.

Let u € LY (@). If D*u € LP(G) for any multi-index A with length m, then u is
called a Beppo Levi function on G and written as

w € BLn(LP(Q)).

We show that Sobolev’s integral representation is valid for Beppo Levi functions. First
we give a simple case which is derived from a general case mentioned later.

THEOREM 1.2. Let mp < n. If u € BL,,(L?(R"™)), then

=) a / Mu(y)dy + P(x) a.e. on R"

IA=m
for some polynomial P of degree at most m — 1.

For a multi-index \ and a nonnegative integer ¢, set

ka(x) = &*/|al"
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and
ka(z —y) for |y| <1,

kxe(z,y) = z¥
ka(z —y) = > D"k (=)l for |y[ =2 1.
pize
By Lemma 7.3 in Chapter 5, we have the following estimate.

LEMMA 1.2. If |y| 2 1 and |y| > 2|z|, then

|Fxe(r, y)| = M’x‘@rl’y“/\l*n%fl.

THEOREM 1.3. Let { be the nonnegative integer such that { < m —n/p < {+1. If
u € BL,,(L?(R™)), then

u(z)= > a)\/ kxo(x,y) D u(y)dy + P(x) a.e. on R"
[A|l=m

for some polynomial P of degree at most m — 1.

PROOF. Denote by U the sum on the right-hand side. For f € L?(R") and a ball
B, note by Hélder’s inequality that

Lo )y < oo
R"—B

since (m —n — ¢ —1)p' + n < 0. Hence the function

/Rn,B kae(@,y) f(y)dy

is finite-valued and continuous on B. Moreover,

| Bnalwy)f)dy = [ k(e = y)f(y)dy +a polynomial,

so that it is locally integrable on R"™. Thus U is locally integrable on R". Let u be a
multi-index with length m+/¢+1 and write p = g + po with |p1| = €+ 1 and |pus| = m.
Then we have for ¢ € Cg°(R")

/ U(z)D*y(x)dx = Z a,\/</ k)\7g(I,y)DMT/)(ZL’)dZE> D’\u(y)dy.

[Al=m

For each positive integer j, set
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Since ¢ < |py], we have

/ fno(, y) DPp )z = / on(z — )D“zp(a:)dx
= (=1)ml hm/ DM EY (x — y)D*2ep(x)dx

J]—00

= (=D lim D“lk/\])(z)D“Q@/)(z +y)dz.

J—00

Noting that |D# k:gf)(z)| < M|z|™"~ml we apply Fubini’s theorem to establish

Jv@Dpr @i = (1Y a i o [ D )( / Dﬂ2¢<z+y)mu(y)dy> dz

[A|=m

= ()" Y ay Jim / Dr)( )( / DW(Hy)D#Zu(y)dy) dz

[A|=m

= (=D Y ay lim

j [e.e]
[Al=m

-y a,\/</k‘)\ D’\+“1¢(z—|—y)dz> D2 u(y)dy

[Al=m

([ DK () D(z + y)dz) D=uy)dy

= (=" [ Dy) Duly)dy
= [uly) D i)y

Thus Lemma 1.1 implies that u — U is equal almost everywhere to a polynomial P of
degree at most m + £. If we apply a result from singular integral theory (as will be
shown later), then we see that

DtP e LP(R") for any p with length m.

This implies that D# P = 0 for any p with length m, so that the degree of P is at most
m— 1.

6.2 Canonical representation
For a number ¢, note that

Alz|* =ln+¢—2)|z|*  on R"—{0}

and
A(log|z|) = (n —2)|z| 2 on R" — {0}.

In view of Theorem 2.9 in Chapter 2, if 2m < n, then

#) = by [ |2 =y A (y)dy
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for every 1 € C°(R™), where

[((n —2m)/2)
(m — 1)l4mgn/2”

b = [yom] ™ (—47) ™" = (=1)"

In general we show the following.

THEOREM 2.1. If ¢ € C§°(R™), then

0(2) = b [ Van(z =) A" G (y)dy,
where b,,, is a constant and

| |2 when 2m < n or 2m = n and n is odd,
U2m( >—

|z[*™ " log(1/]z|) when 2m 2 n and n is even.

By writing
A™ = > (ml/A)D*,
[A|l=m

Theorem 2.1 establishes the canonical representation for functions in C§°(R™).

LEMMA 2.1. If¢ € C§°(R"), then

= 3 b [ (DVan)@ —y)De(y)dy

[A|l=m
with by = mlb,, /Al
Setting ky(x) = D Uy (z), we define ky¢(z, y) as before Lemma 1.2.

THEOREM 2.2. Let { be the nonnegative integer such that { < m —n/p < (+1. If
u € BL,,(L*(R™)), then

= > b,\/ kxe(z,y) D Mu(y)dy + P(x) a.e. on R"
[Al=m

for some polynomial P of degree at most m — 1.

PRroor. For ¢ € C°(R"), we have

(5wl i) s

Al

= Yo (f l%A,Ax?y)Amw(@dx) Duly)dy

[Al=m
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= 5 b [ (0" [ Vanle = A (DPo@)dr ) Duly)dy

[A|=m

= (D" b [ DYm)D uly)dy

[A|=m

= 0! Y b [ DMy

IA[=m
= [ u@)A™e)dy,

which proves the required assertion in view of the proof of Theorem 1.3.

6.3 Theory of singular integrals
First we show the so-called Calderén-Zygmund decomposition.
THEOREM 3.1. Let f be a nonnegative integrable function on R™ and t > 0. Then
there exist sets F' and () such that
i) R"=FUQ, FNQ=040.
(ii)  f(x) £t for almost every x € F.

(iii) €2 is the union of cubes {Q);} whose interiors are mutually disjoint.

1
(iv) t< 0,1 Ja, f(z)dx < 2"t for all Q;.

PROOF. Since f € L'(R"), we can find ry > 0 such that
1
1l / flz)dr =t for any cube @ with diameter r.
Q

Decompose R™ into a mesh of equal cubes with diameter ry whose interiors are mutually
disjoint. Taking any cube @' in this mesh, we divide it into 2" congruent cubes {Q"},
and collect cubes Q)" satisfying

1

(3.1) O] Jor flz)dz > t;
here note that
(3.2) f(z)dx f(x)dz = 2"t.

|Q”| Q" = 2101 o
If @" does not satisfy (3.1), then we again divide it into 2" congruent cubes {Q"}, and

collect cubes " satisfying (3.1). Repeating the sub-division process, we finally obtain
cubes {Q;} satisfying (3.2), and set

0={JQ ad F=R'-Q
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If x € F, then there exists a sequence {Q,(z)} of cubes such that z € Q,(z), Qi 1(x) S

Qé(l‘)7 dlam(Qﬁ(x)) = 2787"0 and
1
— dy <
Q@] Jauw TV =

so that it follows that
flz) =t for a.e. x € F.

REMARK 3.1. In Theorem 3.1, we have

1
Q=3 1Q)l < 7 [ flayde
J

| =

/1]

Applying Plancherel’s theorem, we have the following result.

LEMMA 3.1. Let K € 8’ be a tempered distribution whose Fourier transform is
bounded, that is,

(3.3) K € L®(R").
Then the convolution operator

Tf(z)=Kxf(x), [feS,
is of type (2,2), that is,

ITflla = Allfll for feS;
thus T'f is well-defined for f € L*(R") so that

~

F(Tf)=Kf

LEMMA 3.2. Let K be a function in L}, ,(R™ — {0}) such that

loc

(3.4) A = sup / |K(z —y) — K(z)| de < oo.
{a:|z[>2[y[}

Y

If a is a integrable function on a cube () centered at the origin for which

Then the convolution

Kxa(x) = /Q K(x —y)a(y) dy
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makes sense for almost every x € R® — Q, where Q = 2y/nQ, and

/ K a()] de < Allal)s.
"—Q

In fact, applying Fubini’s theorem, we have

Jos ( Sy K= 0) - K<x>|da:) a(y)] dy

= Allalh.

A

K xa(zx)| dx
[ K =)

LEMMA 3.3. Let k be a function in L}, (R™ — {0}) such that

(3.5) ‘/ k(x) de| < Ay whenever 0 < r < R,
{zr<|z|<R}
(3.6) / |k(z)| de < Ay whenever r > 0
{zr<|z|<2r}
and
(3.7) lim k(x) dx exists.

r—0 {z:r<|z|<1}

Then
K(p) = p.V./ k(z)p(z) de = lim k(x)p(z) dx

=0 J{z:|z|>r}

defines a tempered distribution on R".

PROOF. Write

K@) = o0l [ k) ds
+ lim k(x)[e(x) — ¢(0)] dx

r—=0 J{zr<|z|<1}

+/{a::x|>1} k(x)p(z) d.

Set

== < sup V(o)
{z:|x|<1} |[E| {lz|<1}

and
Cy= sup |z[lp(r)].

{z:|z|>1}
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Then it follows that

Loy H@le@) = O] do < 01; / 2l k()] da

{z:2-i<|z|<2-3+1}

A

Z A 2 ]+1 - 201142

and

A

O3 [y )]

{z:29-1<|z|<27}

/{r:x|>1} |k(2)|o(x)] do

A

CQ Z (A22_j+1) == 202142.

=1

THEOREM 3.2. Let k be a function in L}, (R™ —{0}) satisfying (3.3) — (3.7). Then
there exists a constant M > 0 such that

Hz:Tf(x) >t} M@ for allt > 0 and all f € L'(R") N L*(R").

Proor. For t > 0, letting €2 = U (; and I be as in Theorem 3.1, we define

J

f(z) forx e F,
g(x) = 1 ; . .
G fdy for e € 1n(Qy)

note that g is defined almost everywhere. If we set b = f — g, then
b=0 a.e. on F
and

(3.8) / b(y)dy =0  for all cubes Q.

J

Note that g € L*(R"), because

Joo 190 s = [ 1RGP dy+ 3 [l dy

[, 15wl dy+ 229
<+ e

Hence it follows from Lemma 3.1 that

A

o Tg(e) > 1}] < Ml glof? < a0
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Next we are concerned with b. Set

b(x) for x € @,
bj(x) = {

0 otherwise.

With the aid of (3.8), Lemma 3.2 gives

/ T ()] da < Alb H1<2A/ 2)| da.
R"—Q;
In view of Lemma 3.1, the series Z b; and Z Tb; are seen to converge to b and T'b
J J
in L?(R™), respectively. Hence
Tb(z) <> |T a.e.
J

and

Th(x)| dv < 24 [ d

L. ITb@)| de 224 [ |f()] dr,

where Q = ] Q;. Since || < (2y/n)"|Q2], we finally obtain

J
: Th tH S0+ Th(z)| do < Mt~|f]]:.
{o: To(@) >} 10+ [ [To(a)] do < ME7| ]y

Thus we finally establish
Hae:Tf(z) >t} < Ha: Tg(z) > t/2}] + { : Tb(z) > t/2}] < Mt f].

THEOREM 3.3. Let k be a function in L}, .(R" —{0}) satisfying (3.3) - (3.7). Then
there exists a constant M > 0 such that

ITFI = Mlifll,  forall f e LP(R™).

PROOF. Since T'f is both of weak type (1,1) by Theorem 3.2 and of type (2,2) by
Lemma 3.1, the interpolation techniques imply that in case 1 < p < 2,

||Tpr = Ap”f”p for all f € LP(R"™).

For ¢ € §, Lemma 3.3 implies that

Tp(z) = p-V~/ k(x —y)p(y)dy

= lim k(z —y)p(y)dy
r— R"—B(z,r)
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exists for all z, and, moreover, we have for ¢ € S,

| Me@)e) de= [ ou)[T() dy.

Hence it follows that for 2 < p < oo,

1Tl = S [Tp(@)]y(z) dz
s el (”;up_1 ||T¢||pf) = Apllelly

Now the required result follows by approximating f € L?(R™) by functions in S.

THEOREM 3.4. Let €2 be a homogeneous function on S of degree 0 possessing the
cancellation property

(3.9) /S Q(2)dS(z) = 0

and the smoothness property

(3.10) /01 ) oo, wir) = sup 0(z) — Q).

r |lz—y|<r|z|=1,]y|=1
For f € LP(R"), 1 < p < o0, and € > 0, set

A = [ Ka i K =P

Then :
(1) |1T:fl, = A, fl|, for some positive constant A, independent of f and e.
(i) T.f = Tf in L»(R™) as € — 0 and
ITfllp < Apllf1lp-
Before proving this, we prepare several lemmas.

LEMMA 3.4. Set K(x) = || "Q(z/|x|). Then

/ |K(z —y) — K(x)|dz < o0.
{@:|z[>2[y[}

PROOF. Write

—y) — K(x :Q(gg—y)—Q(x) x ! _—
K(z —y) — K(x) z — y[r +Q()<]x—y!” W”)
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We have

1 1

— - dx
lz—yl* ||

/{|x|>2y|}

Mly| | [ da
{lz[>2]y|}

= M/ lz| ™" d < .
{l=[>2}

Since |(x —y)/|x —y| — x/|z|| £ Aly|/|z| when |z| > 2|y|, we see that

dv = M w(Alyl/leD]e™ dx

{lz[>2[y[}

_ M/OA/2 “’Sﬂ)

/ ‘Q(:v —y) — Q(x)
{z|>2ly]} |z —y["

dr < oo.

LEMMA 3.5. The Fourier transform of K(x) is a homogeneous function of degree
0, which is explicitly given by

m(y) :/s [(—=mi/2)sgn(y - x) +log(1/]y - [)]:z)dS(x),  [y| = 1.
PROOF. Setting

K(x) if r < |z| <R,
KT’R(ZL’) =

0 otherwise,

we have only to show that

(i) sup |F(K,r)(y)| < A with a positive constant A independent of r and R.

(ii) m(y) = lim F(K g)(y) for y # 0.

r—0,R—o00

Using polar coordinates, we see that

Fir) = [ ([ e owase)

s
where z = ta’ for t = |z| and y = sy for s = |y|. By (3.3),

Fm)(y) = [ 1r(y.2)0(a)dS @),
with

R ; / /
I r(y, ") :/ [e7 MW T cog(2mst) |t dt.

r

The imaginary part of I, p converges to

- </ooo SlTnt dt) sgu(y’ - @') = (—=m/2)sen(y’ - 2')
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as r — 0 and R — oo. On the other hand, the real part of I, g is equal to

R AR cost 1R cost
/ [cos(\t) — cos(ut)|t*dt = / — dt — — dt
r Ar t ur t
wr t wR t
_ / cos i — coS .
Ar t AR t

which converges to
(cos 0) log (/) = log(1/]y" - ')

as r — 0 and R — oo. Moreover, we see that
| F (K ) (y)] = M/S [1+log(1/|y" - 2])]|2(z")|dS ().
Now (i) and (ii) follow.
Now Theorem 3.4 follows from Theorem 3.3 together with Lemma 3.5.

THEOREM 3.5. Let 2 be a homogeneous function on S of degree 0 possessing
the cancellation property (3.9) and the smoothness property (3.10). For f € LP(R"),
1 < p < o0, define

T"f(x) = sup [T.f(x)].
e>0
Then :
(i) lir% T.f(x) exists for almost every x.

(i)  If f € L*(R™), then T*f is of weak type (1,1).

(iii) If 1 < p < oo, then
1T fllp = Apll flp-

Before proving this, we prepare the following result.
LEMMA 3.6. For any z € R",
T f(x) = M(Tf)(x) + A Mf(z),
where M denotes the maximal operator.

PROOF. Let ¥ be a nonnegative, nonincreasing and radial function on R™ such
that

A:/ U(y) dy < oc.
We first show that

(3.11) v f(z) £ AMf(x)
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for nonnegative measurable function f on R". In fact, letting
F)= [ Ty
we see that
vrf@) = [T F@) d=ur)
< [T 1B )IMI@) d—v )
= [ Mf@] [ d(=v()
— o, Mf(z)] /0 T () dr = A M f(z).

Let ¢ be a nonnegative and radial function in C§°(R") such that ¢ = 0 outside the
unit ball B and

/ e(y) dy = 1.
Setting
K(x) for |z| > e,
K.(z) =
0 otherwise,

we consider the function

O(x) =px K(z) — Kq(z).
If |z] = 1, then

prK(z) =T | o KWkl —y) —e@)dy,

so that ® is bounded on B by the smoothness of ¢. If 1 < |z| < 2, then

o) = liny [ [K(z —y) — K@)e(y)dy,

so that @ is also bounded there. If |z| > 2, then

0(@)| = | [ [~ y) — K@)elw)dy

so that
|®(2)| = Aw(c/|x|)|z[™".

1

Since / w(t)/t dt < oo, we see that ¢(x) = sup |P(y)| is integrable. For ¢ > 0,
0 {y:lyl>]z[}

note that

O, =Kx*xp. — K,
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with ¢.(z) = e ™¢(x/e). Hence it follows that
Tef:(Tf)*Soe_f*(psa
which together with (3.11) proves the required inequality.

PrOOF OF THEOREM 3.5. Part (iii) follows from Lemma 3.6 and the L? bounded-
ness of maximal functions. To prove (ii), decompose f € L*(R™) as g + b in the proof
of Theorem 3.2. We are only concerned with 7*b because of (iii). We show that for

ZL‘EFERn—UQj,
J

(312)  Tb@) S 3 [ K@ —y) ~ K —y)[b(w)ldy + A Mb(a),
7 70
where y; is the center of the cube ;. For this purpose, note first that
= [ Ko - y)biy)dy.
7 Qi
If |z —y| > ¢ on @y, then

| Ko —pbw)y = [ K@ —y) — K@= y;)]b(y)dy.

J J

Since x € R — Qj, we have in general

J

so that (3.12) follows. Hence we obtain

Koz - y)b(y)dy' < AMb(x),
/(2: [K(z—y "K@—%NWMWde
Z;/nQ<QWK@_QV‘K@—%NwwMde

= S [, (o =)= Kl ) bl < ABIBI,

Thus we find

A

{o:T0(@) > 1) £ ¢ [ Tb@)de +30105)
F .
J
< AYbll A+ CEY FIL S A

which proves (ii).
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Finally we show (i). Consider

I¢(x) = |limsup T.f(z) — lim iglf T.f(z)|.

e—0

If feCP(R™), then I;(x) = 0 for all . Moreover we see that

Iy(x) < 27" f(2).

Thus, if we write f = f; + f2, where f; € C5°(R"™) and || f2]|, < d, then Iy, (x) = 0 for

all  and
o : 1) > )] = o s (@) > 0] S 24,8 7)1 all, < 24,4775

Since § can be chosen arbitrarily small, it follows that |{z : I;(z) > t}| = 0, which
implies that /; = 0 a.e. on R".

6.4 Applications of singular integral theory

For a multi-index A and a positive integer ¢, set

ZL’/\

K(x) = kap(z) = W

If 11 is a multi-index with length m, then D"k is of the form

(@.1) =3

where a;(z) is a homogeneous polynomial of degree |A\| —m+2j. In case m = |A\|—{+n,
we write

Qx/|x]) = QU ep(x/|z]) Z |x|f+2] n

and

K (@) = kngu(t) = —0 <x> |

[\ ||

It is seen from (4.1) that Q is a homogeneous function of degree 0. Further € satisfies
the Lipschitz condition on the unit sphere S; that is, if |z| = |y| = 1, then

1Q(x) — Qy)| = Mz —yl.

LEMMA 4.1. Q has the cancellation property :

(4.2) /S O(2)dS(z) =
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Proor. For a multi-index u, we observe

I () ()

n+ |pl
2

(4.3) /S 2dS(z) =

r

N———

If |A\| = ¢+n=|u| =1, then

A x)\—lt x)\-‘r#
D"k (x) (M) |x|e _é‘x|£+2’

H( j) when \ 2 p,

u )=

where

0 otherwise.

Here we wrote A 2 p when A\; = 1, for all j. Hence, in this case, we have by (4.3)

(4.4) /S e p(2)dS(z) = 0.

Next assume that (4.4) holds for m = |A\| — £ +n = |u|. Our aim is to show that (4.4)
holds for m+1 = |N|—¢'4+n = |/|. Write ¢/ = p+ v with |u| = m and |v| = 1. Then

, .TX A\ .Z’)\/_V ) x/\’-‘rl/
(i) = ()7 (5 ) - oo (i)
Since | N —v| =0 +n=mif N 2vand |N +v|— (¢ +2)+n=m, it follows from

assumption on induction that

Al

/S Dr GZE';) dS(z) = 0

and

so that

/S D <|95V’) dS(z) = 0.

Thus Lemma 4.1 is proved by induction.

Now Theorem 3.4 gives readily the following result.
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THEOREM 4.1. If f € LP(R"), 1 < p < 0, then

Tuf (@)= [, (D)= )T ()dy
converges to
T/ () = pv. [ (D"R)(w = y)f (y)dy
in L(R") ase — 0.

In particular,

Rif(e) =pven [ 5 f)dy, =12,

y’nJrl

are called Riesz transforms, where

~T((n+1)/2)

n q(n+1)/2

THEOREM 4.2. For f € L*(R"),

FRNW) = =i i W), Rola) = enr

PROOF. In view of Lemma 3.5,
my(y) = By(y) = en || @;l(—i/2)sen(y - x))dS(e).
Here it suffices to note the identity
L(h) = Cn(ﬂ'/2)/s x-hsgn(y-z)dS(x) = L;
in fact, L is linear, |L(h)| < |h| and L(y) = |y|-.

Now consider the functions

o)
K,E(x) = /ﬂ?)\7g75(l') = m
and
(DFk.)(x) when |z| > e,
K u(x) =
0 when |z| S e

for ¢ > 0, multi-indices A\, 1 and a positive integer ¢. Let f be a function in LP(R™)
such that

(45) | @+l 1 w)ldy < oo
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and set
A

wf@) = [ s =y = [ U pay,

|z —y|*

kef () = [ helo = y)f(y)dy.
Then (4.5) implies that x| f| is locally integrable on R™.

LEMMA 4.2. If |u| = m and |A| — {+n = m, then D*(k.f) converges in LP(R"™) as
e — 0, and

1D* (ke N)llp = Allf [l

Proor. We write
D(k.f)(w) = Tepf (@) =& [ 0,0 (@ = y))F(y)dy,

where 0,(z) = D'k1 — xmrn—po,)D"x. Note that 0,(x) = O(|z|™ ") as |z| — oo,
which implies that 6, € L'(R"). Hence it follows that

1D ke f(x) = Tpf (@) = Aufllp =0 ase—0
with A4, = / 6,(z)dx, and Lemma 4.2 is proved with the aid of Theorem 4.1.
THEOREM 4.3. If |u] = m and |\| — £ +n = m, then D*(kf) € LP(R™) and
(4.6) DM(rf)=T,f+ A.f.

PROOF. First note that x.f converges to xf in L},.(R™). Consequently we have
for ¢ € C°(R™) and |u| = m,

[ (sp)prpde =iy [ (5. f)D g

Lemma 4.2 implies that

[ xep) D | <MD )l < M

Hence it follows that
D" (5 )llp = M| fl,-

Moreover, in view of Theorem 4.1 and the proof of Lemma 4.2, we see that
DMkf)=T.f + A.f,

as required.
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COROLLARY 4.1. If [\l =m and { < m —n/p < {+ 1, then

| D*(kxe)llp < M fll, for any multi-index p with length m.

In fact, it suffices to see that DH(ky,f) = DH(kyf) for any multi-index p with
length m.

REMARK 4.1. Consider k(x) = |z|'™™ for n = 2. Then we have for f € LP(R")
(0/0x;)Urf = [(1 = n)/ca] R; f
because A; = / 0;(x)dx = 0 with 0;(z) = (0/0z;)k1(x) — Xmrr—B(0,1)(2)(0/0x;)k(x).
REMARK 4.2. Consider x(z) = |z[*™™ for n = 3. If f € L*(R"™), then
(0/02)*Uaf = Tuf —n~ ' (n — 2)wn f
for D* = (9/0x;)?; thus, AUsf = —(n — 2)w,, f.

6.5 Partial differentiability

In this section we discuss pointwise differentiability for Beppo Levi functions. In view
of the integral representation, we are concerned with the functions of the form

Bnaf (@) = [ kel ) F(y)dy
where [A\|=m, { <m —n/p<{+1and f € LP(R"). Corollary 4.1 implies that
kxef € BLy(LP(R™)).
Note further that for any ball B,
w (z) = /B ke, y) f(y)dy = /B kx(z — y) f(y)dy + a polynomial

and

us(@) = [ ke ) o)y

is infinitely differentiable inside B. Hence

[ orelw, )l 1£(w)ldy < oo

if and only if

(5.1) Ly 7=l )y < oo
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LEMMA 5.1. Set
E={o: [ ool 1£@)ldy = o0}
for |pl =m, L <m —n/p <l+1and f € LP(R"). Then C,,,(E) = 0.

LEMMA 5.2. For each positive integer j, define

() — (z —y)* _
50 =y ot g O

set

o) = [ g,

B |z —yl

Then wv; is infinitely differentiable on R™ and v;(z) — v(x) as j — oo for every
reB—-F.

In fact, vj(x) — v () for every x € B such that (5.2) holds.

Denote by E* the projection of E to the hyperplane H. Then, in view of Theorem
5.1 in Chapter 5,

(5.2) Conp(E*) = 0.

This implies that E* has Hausdorff dimension at most n —mp on account of Corollary
2.1 in Chapter 5; in particular,

(5.3) H,_1(E*) = 0.

A function u is called ACL if u is absolutely continuous along almost every lines
parallel to the coordinate axes.

LEMMA 5.3. Let u be a Borel function on a cube C' with sides parallel to the
coordinate axes. If u is ACL on C, then the first partial derivatives are finite a.e. on
C' and measurable on C.

PROOF. For each positive integer j, consider the function
u(zy + (1/4),2') — u(wy, 2')
(1/5) ’
which is Borel measurable on C'. If we set the right upper Dini derivative with respect
to

EJFU(ZIH x') = limsup u(zy + (1/4), ") — u(xy, 2')
1 ) j—o0 (1/j) 9
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then it is Borel measurable on C. Since u is ACL on C, we see that Dy u(z) is equal to
the first partial derivative of u with respect to x; for a.e. x € C. Thus the first partial
derivatives of u are all measurable on C'.

COROLLARY 5.1. Let u be a measurable function on an open set GG. If u is ACL
on GG, then the first partial derivatives are finite a.e. on G and measurable on G.

LEMMA 5.4. Let |A| = 1. Then vy is ACL on R™.

PROOF. By Theorem 4.1, || D*(v; — vso)|l, — 0 as j — oo for |u| = 1. Hence there
exists a sequence {j(i)} such that

(5.4) lim . | D*(vj() — Voo) (1, 2")|Pday = 0

for almost every ' € R"™!. Further, if (0,2') € E*, then
(5.5) lim () (21, 2") = voo(21, 2) for every z; € R.
Hence if both (5.4) and (5.5) hold for 2’ € R""!, then we see that

Voo (b, &) = voo(a, ) = lim {v;)(b, 2') — vj(iy(a, 2) }

= lim b[(@/@xl)vj(i)](t,x’)dt

— [ (@/amyonlit et

for every a, b € R, which implies that v (-, 2’) is absolutely continuous on R. Noting
(5.3), we see that v, is ACL on R™.

THEOREM 5.1. Let u € BL(LP(R"™)). If 1 < p < oo, then u is equal almost
everywhere to an ACL function on R".

For a locally integrable function f, we recall the definition of maximal function

M) =sp s [ 1wl

r>0

and that
M fll, < Allfll

with a positive constant A independent of f, when 1 < p < o0.

LEMMA 5.5. Let |\| > 1. Then

Drosla) = | Du<¢”—y>
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for any pu, |p| =1, and any € R™ — A with C,,_1 ,(A) = 0.

PROOF. Consider the maximal function

f(z) = sup / (y1 + ¢, )| dt.
heRhzo B

Then f € LP(R™). Define the set

_ . o m—1-n7¢ —
Al-{x. I oo}.

Then Cy,—1,(A1) = 0. If © & Ay, then we have by Lebesgue’s dominated convergence
theorem

lim %(:c —y) (% /Oh [y +t, y’)dt> dy = /B g—z(:c —y)f(y)dy.

h—0 JB axl

Moreover, setting fg = fxp, we have
Ok 1 rh ,
—(r — — t,y)dt | d
9z, y)<h/0 fey +t.y) ) Y

ok yith
= o) e ([ satsanyis) ay

1

s Ok / /
B h/< /s hoO /1\ —y)dy1> IB(s,y")dsdy
= E/ {kx(z1+h—s,2" — o) — kx(z1 — s, 2" — o) } fB(s,y )dsdy'.

Thus we see that v, is partially differentiable at x with respect to x;.

COROLLARY 5.2. Let m = |\| > 1. Then the first order partial derivatives of K ;f
exist (m — 1,p)-q.e. on R"™ and are ACL on R™.

THEOREM 5.2. Let uw € BL,,(L*(R"™)). If 1 < p < oo, then u is equal almost
everywhere to a function which, together with the partial derivatives of order at most
m — 1, is ACL on R".

6.6 Beppo Levi spaces
Let us begin with the following result.

LEMMA 6.1. Let I = [ay,b1] X -+ X [ay, b,] be a cube in R™. If u; € C'(I) satisfies

Diu]' = Djui
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on I for any i and j, 1 <, j < n, then there exists u € C?(I) such that
Dju = U,j
for all j, where D; = 0/0x;.

In fact, the function
1
w(Ty, ey ) = / uy(ty, ag, ..., a,)dt;

a
)

+/ ug (21, ta, ag, ..., an)dts
a2

+/ ' un(xlux%‘"7xn717tn>dtn-

satisfies
Dju = Uy.
COROLLARY 6.1. Let G be a domain in R™. If u; € C'(G) satisfies
Diu]‘ = Djui
on I for any i and j, 1 <, j < n, then there exists u € C*(G) such that

Dju = u; for all j.

LEMMA 6.2. Let G be a domain in R™. If uy, € C™(G) satisfies
(61) DMU)\ = DM,UA/

on G, for any multi-indices p, p', A and N such that |u| = |¢/| =1, |[A\| = |N| = m and
p+ A=/ + N, then there exists u € C™(G) such that

(6.2) DM = uy,
on G, for any multi-index A with length m.

PrROOF. We show this lemma by induction on m. First note from Corollary 6.1
that the present lemma is true for m = 1. Suppose this is true for m. For each \ with
|A| = m, we can find v, such that

D¥vy = upiy for any |v| =1,

on account of Corollary 6.1. Next, by assumption on induction, we can find u such
that
DM = vy, for any || = m.
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It is easy to see that u satisfies (6.2) for m + 1.

LEMMA 6.3. Let G be a bounded open set in R" and f € C*(G). Then a solution
Au = f in G belongs to the class C*™(G).

ProOOF. Consider the function
W) = u(@) = e [ N = y)f(y)dy.
where ¢, = —(a,w,) ! is chosen so that
Ah = Au— flg

in the sense of distributions. Thus A is harmonic in G. For z € G, take ¢ € C§°(G)
which equals 1 on a neighborhood of xy. Then note that

/G Nz —y)[(1 = () f(y)]dy

is harmonic in a neighborhood of zy and
DM ([ Nw =)o) f@)dy) = [ N - ) D () (w))dy

for |\| = k, which shows that the potential of f is in C**1(G).

We say that a function h € C*°(G) is polyharmonic of order m in G if A™h =0 on
G.

THEOREM 6.1. Let G be a domain in R™. Ifuy € LP(G) satisfies (6.1) on G in the
sense of distributions, for any multi-indices p, §/, A and N such that |u| = |p/| = 1,
Al = |N|=m and p+ X\ =/ + X, then there exists u € BL,,(L?(G)) which satisfies
(6.2) on G in the sense of distributions, for any multi-index \ with length m.

PRroor. Consider the function

o) = 3 b [ Fasley)u)dy.

IA=m G
where £ £ m —n/p < {+ 1. We show below that
(6.3) A™(D"v —uy,) =0 on G.

To show this, taking ¢ € C§°(G) and |u| = m, we have as in the proof of Theorem 2.2

/v(x)D“(Am@/z(x))dx = Z b,\/G (/ /;:Avg(x,y)AmD“zb(x)dx) ux(y)dy

|Al=m
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((=1)™b,,' D DM (y) ) ux(y)dy

_ ZbA/

A=m ¢
= (=)™ X mN [ DD ()un(y)dy
IA|=m

= (=1 3 mUN [ DNDM)u(y)dy

[A|l=m
= (0" [ ) A ey,

which shows that (6.3) holds. Let h, = u, — D"v, which is a polyharmonic function of
order m on G by Lemma 6.3. In view of Lemma 6.2, there exists a function h € C™(G)
such that D*h = h, on G for any multi-index p with length m. Now we see that

Z b>\/ k))\g T y)’LL)\( )dy—i—h(x)

|Al=m

is the required function.

COROLLARY 6.2. If u € BL,,(L?(G)), then

(6.4) = 3 b [ Fale D uly)dy + hix)

[A|=m

for h polyharmonic of order m in G.

REMARK 6.1. This corollary gives an extension of Riesz decomposition theorem
to Beppo Levi functions, given for superharmonic functions on G (see Theorem 2.3 in
Chapter 3).

Let G be an open set in R". We write u € BL,,(L}, .(G)) if u € BL,,(L?(G")) for

any open set G’ with compact closure in G. The following is a consequence of Sobolev’s
theorem (Theorem 2.1 in Chapter 4).

COROLLARY 6.3. If u € BL,,(L}, (G)), then D*u € L}, (G) for any multi-index
with |\| < m.

If DMy € LP(G) for any multi-index A\ with |A| < m, then we write u € W™P(G),
and say that W™P(G) is a Sobolev space on G.

In view of Corollary 6.3, we have the following result.

COROLLARY 6.4. If u € BL,,(L},

loc

(G)), then Yu € W™P(G) for all p € C§°(G).
By Theorem 5.2 and (6.4), we have the following result.

THEOREM 6.2. Let u € BL,,(L} (G)). If 1 < p < oo, then u is equal almost
everywhere to a function which, together with the partial derivatives of order at most

m — 1, is ACL on G.
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To consider the quasi-norm in Lj (G), let {G;} be a sequence of relatively compact
open subsets of G such that G; € G; € Gj41 and | JG; = G. Define
J

Aw =3 2 Ml

j=1 I+ HUHL”(GJ')'

Denote by F' = BL,,(L*(G)) with the quasi-norm

B = Atw) + ([ 19" uty)ray)

LEMMA 6.4. Let F'* be the quotient space of F' by the space of polynomials of
degree at most m — 1. Then BL,,(LP(G))* is a Banach space and F* is a Fréchet
space. Moreover, the mapping u® — u® from BL,,(L?(G))® to F'** is an isomorphism.

PROOF. Let {u,} be a sequence such that D*u; — uy in LP(G) for all A with

length m. Since
DFuy = DY,y

whenever |A| = [¢/] = m and u+ A = N + 1/, by Theorem 6.1 there exists u €
BL,(LP(G)) for which

D u = uy for any multi-index A with length m.

Thus BL,,(L?(G))* is a Banach space. Similarly, F'® is a Fréchet space.
The second assertion follows from closed graph theorem.

For v € BL,,(L*(QG)), define a seminorm

1/p
(Ul = (Z HDAUIIZ) ;

|Al=m

for u € W™P(G), define a norm

1/p
[wllm,p = (Z ||DAUI|§) :

[Al=m

THEOREM 6.3. Let G be a domain in R". If {u;} is a Cauchy sequence in
BL,,(L?(G)), then there exist u € BL,,(LP(G)) and a sequence {F;} of polynomi-

als of degree at most m — 1 for which u; + P; — w in L}, (G) and

}H?o |u; — Ulpm,p = 0.
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THEOREM 6.4. If u € BL,,(LP(G)), then there exists a sequence {¢;} in C*(G)
for which

m  [h; — tfmp = 0.

00
PROOF. Let {a;} be a partition of unity in G, and set
u; = a;u.
Note here that u; € W™(R") and u = Y u;. By considering a mollifier, we can find

J

Y € C5°(G) such that
%15 = wjllmp < 171277

Further we may assume that for any 4, Sy, ;, the support of 1 ;, intersects with the

other ones at most N times. Now v; = Z 1; ; is the required one.
J

COROLLARY 6.5. If u € W™P((G), then there exists a sequence {1;} in C*(G) for
which

i 1~y =0
LEMMA 6.5. Ifu € BL,,(L?(R")), 1 < p < oo, then

lim |V (ux g — w),” = 0
j—00

for a sequence {1;} of mollifiers.
This is easy if one notes that

V™uxp; —u) = (V") *¢p; — V™.

In view of Theorem 1.3 in Chapter 6, u € BL,,(LP(R")) is represented as

u@) = 3 ax [ kaelay)[Duly)ldy + P
[A|J=m

for some polynomial P, where £ = m —n/p < {+ 1.
Corollary 4.1 in Chapter 6 proves the following.

LEMMA 6.6. Ifu € BL,,(L?(R")), 1 < p < oo, then

= a T ’\u
i) = 3 o Loy Frea D u(w)ldy
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converges to u in BL,,(LP(R")) as N — 0.

LEMMA 6.7. Let ¢ be a function in C§°(R™) which equals 1 on a neighborhood of
the origin. If we set

wn(e)= 30 ax [ k(e =)D u(y)ldy

[A|l=m
then (7 x)wy(z) — wy(x) in BL,,(LP(R™)) as j — co.
PrOOF. Noting that |[V™ ky(x)| £ M|z|™ "™~ for 2|z| > |y|, we have
IV (i~ w)wn(z) — wx (@), = MZ]“"”/ (V') (™ ) [Pde
i=1

FM [ () = PV ey (@) P

A

My M [ 6 e) = 119 oy (2) Pl

— 0 as j — oo.

Here note that
vy (z) = wy(x) + P

with a polynomial P, of degree at most ¢. In view of Lemmas 6.6 and 6.7, any function
in BL,,(LP(R"™)) can be approximated by functions in BL,,(L?(R")) with compact
support. Now, by Lemma 6.5, we have the following result.

THEOREM 6.5. For uw € BL,,(L?(R")), there exists a sequence {¢;} in C3°(R")
which converges to u in BL,,(L?(R")).

6.7 Continuity properties of BLD functions

We say that a function u is (m, p)-quasicontinuous on a bounded open set G if for any
e > 0 and any open set G’ with compact closure in G, there exists an open set w such
that C, ,(w, G) < € and u|g—,, is continuous.

LEMMA 7.1. If u is (m,p)-quasicontinuous on G, then for any ¢ > 0 there exists
an open set w such that Cy, ,(w, G) < ¢ and u|g—,, Is continuous.

For this purpose it suffices to consider an exhaustion of G.
We show that Riesz potentials of functions in LP are quasicontinuous.

THEOREM 7.1. Let r(x) = 2*/|x|* for a multi-index X\ with length m + ¢ —n = 0.
If f € LP(R") and U,,|f| # oo, then U, f is (m, p)-quasicontinuous on R".
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Proor. For R > 0, write

Uef(e) = [l =)@y [ sy f)dy
= w(x) + uz(z).

It is easy to see that ugy is continuous on B(0, R). For N > 0, define

wnle) = [ (e =) )y,

where fy = max(min(f, N), —N). Consider

Bhw = {x e =y ) vy > 2*} .
B(0,R)
Then it follows that

Cong B, BOR) <277 [ | f(y) = fu(y)Pdy,

B(0,R)
so that, for N = N(k),
Conp(Ex.ny, B0, R)) < 27
Now, letting
wi=J Eenw
k=j

we see that
Cm7p<wj, B(O, R)) § Z Cm,p(Ek,N(k)v B(O’ R)) < Z 9—Fkp
k=j k=j

and uy vk converges to u; uniformly on B(0, R) —w;. Consequently, since u; y is con-
tinuous on R™, u; is continuous as a function on B(0, R) —w,. Thus U, f is continuous
as a function on B(0, R) — w;, and the present theorem is obtained.

As applications of integral representations and Theorem 7.1, we have the following
result.

THEOREM 7.2. For any u € BL,,(L}

loc
function on G which equals u a.e. on G.

(@)), there exists an (m, p)-quasicontinuous

A function u € BL,,(L} .(G)) is called BLD if it is (m, p)-quasicontinuous on G.

Theorems 7.1 and 7.2 in Chapter 5 give the following result.

THEOREM 7.3. Let u be a BLD function in BL,,(L} .(G)). For k < m, u is k times
(m, p)-finely differentiable (m — k, p)-q.e. on G. Further, u is m times (m, p)-semifinely

differentiable a.e. on G.
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Theorems 8.2 and 8.3 in Chapter 5 give the following result.

THEOREM 7.4. Let u be a BLD function in BL,,(L] .(G)). If mp > n, then u is

continuous on G. Moreover, for k < m, u is k times differentiable (m — k, p)-q.e. on G
and u is m times differentiable a.e. on G.

For a function u and h € R", set

pu(x) = u(z + h) — u(z)
and define Au(x) = AL(AT'u)(z) inductively. Note that

AMu(z gj ( T ) u(z + jh).

THEOREM 7.5. Let u be a BLD function in BL,, (L}

loc

(@)). If mp > n, then

(7.1) AR (@) = M|h|mp7"/ Vimu(z)|Pdz
B(z,m|h|)

whenever B(z,mlh|) € G.

Proor. We show (7.1) only in case m = 1. For B(z,|z — y|) & G, writing
r = |x — y|, we have

1
T d S / d
U(y) |Bl’7”|/mruz 7= | (z,r) )‘ :

ol o, (=21 [ |wz+t< —z>>|dt)dz

| CIZ T‘

A

A

x, T)| B(z,r)

1 1/p 1
) D 1 — —n/p
’ (rB<x,r>| Joo |70 dw) =i

1/p
M <rp"/ \Vu(w)|pdw) )
B(z,r)

which proves (7.1).

2 [ 1 (ﬁ V(s + ty — z))|pdz> o

A

A

6.8 Dirichlet space

In this section we consider the family of BLD functions with gradient in LP. We know
that L? spaces is separable for 1 < p < oo, that is, any L?(G) has a countable dense
subset. Hence we have the following result by taking a diagonal sequence.
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LEMMA 8.1. Let {f;} be a sequence of functions in LP(G), 1 < p < oo, which

is bounded. Then there exists a subfamily {fj)} which is weakly convergent to a
function f € LP(G), that is,

lim /G fiygde = /G fgdx for all g € L*'(G);

k—o0

in addition,
timinf [ £yl = 11l
By an application of Clarkson’s inequality, we have the following result.

LEMMA 8.2. Let {f;} be a sequence of functions in L”(G), 1 < p < oo, which s
weakly convergent to a function f € LP(G). If

tim 15l = 11
then {f;} is convergent to f in LP(G).
THEOREM 8.1. Let u € BL,(L*(G)). Then :
(1) For any number N, u A N € BL,(L*(G)); in particular, v € BL(L*(QG)),
u~ € BLy(LP(G)) and |u| € BL,(LP(G)). Moreover, the mapping : u — u A N

is continuous in BL{(LP(G)).

(2) The mapping u — u A v is continuous in BL,(LP(G)) for fixed v € BL,(L*(QG)).

PrOOF. If v is ACL on G, then so is u A N for any number N and

Vu a.e. on {zr € G :u(zr) < N},
V(uAN) =
0 a.e. on {x € G:u(x) 2 N},
so that
(8.1) IV(uAN)lp = [IVull.

Hence u A N € BLi(LP(G)). Further note that
ut = (—u) N0 € BL(L*(G)),

u” =—(uN0) e BL(LP(Q))
and
lu| = ut +u~ € BLi(L*(Q)).
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Let {u;} be a sequence of functions in BL;(LP(G)) which converges to u with

respect to the seminorm | - |1,. Since |V|v|| = |Vv| for any v € BL,(L*(G)), we see
that

lim [ V]u; [, = [[V]ulllp,

Jj—00
so that

lim ([ ¥eg| ~ 9lull, = 0.

Since u AN = [(u+ N) —|u— N|]/2, the mapping v — uA N is continuous with respect
to the seminorm | - |1 .
Finally, if we note that u A v =u — (u —v)™, then (2) follows.

We sometimes say that a function v € BL;(LP(G)) is p-precise if it is (1,p)-
quasicontinuous on G. We say that a property holds p-a.e. on G if it holds for every
x € G except those in a set with C) ,-capacity zero.

The following is an easy consequence of Theorem 6.3.

PROPOSITION 8.1. Let {u;} be a sequence of p-precise functions which converges
to u in BL,(LP(G)). Then there exist a subsequence {u;x)} and a sequence {cy} of
numbers such that w;y) + ¢, converges p-a.e. on G to a p-precise function w* which is
equal to u a.e. on G.

PROPOSITION 8.2. For u € BL{(L”(G)), there exists a p-precise function which is
equal to u almost everywhere on GG. Further, if u and v are p-precise functions on G
such that u = v a.e. on GG, then u = v p-a.e. on G.

PROPOSITION 8.3. Let u be a p-precise function on R"™. If u = 0 p-a.e. outside a

bounded open set G, then there exists a sequence {u;} in C§°(G) which converges to
w in BL;(LP(R™)).

PrROOF. We may assume that u is bounded, and hence, from the beginning, we
may assume that
0SusM on R".

Since G is bounded, take a bounded open set D for which G € D. For any ¢ > 0, we
can find an open set w such that C; ,(w, D) < ¢ and u|p_,, is continuous. Further we
can find an open set w’ such that C ,(w', D) < e and u =0 on D — (GUW'). Take a
nonnegative function f. € LP(D) such that v, = Uy f. 2 1 on w Uw' and || f-||, < 2e.
Since u = 0 on 0G — (w U w'), we see that

u. = max(0,u —e — Mv) =0
on a neighborhood of dG. On the other hand, if ¢ — 0, then u. — max(0,u) = u in

BL,(L?(R"™)). Hence, considering a sequence {t;} of mollifiers, we infer that u. x; €
C(G) for large j and u. * 1p; — u. in BL,(L?(R"™)) as j — oc.
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We consider the capacity
Cy(E;G) = inf |Vul,’,
where the infimum is taken over all nonnegative p-precise functions v on R" such that
u =1 p-a.e. on F and u =0 p-a.e. on R" — G.
THEOREM 8.2. (1) C,(+,G) is countably subadditive and nondecreasing.

(2) C,(E;G) =inf ||Vu||,”, where the infimum is taken over all nonnegative p-precise
functions u on R™ such that u =1 p-a.e. on E and u = 0 p-a.e. on R" — G.

(3) If K is a compact set in a bounded open set GG, then
M7'Cy(E;G) £ C1,(E;G) £ MC,(E;G) whenever E € K.

PROOF. Since (1) and (2) are easy, we show (3) only. By Sobolev’s integral repre-
sentation, if u is p-precise on R"™ and u = 0 outside GG, then

u(@) £ lel [ o=yl IVuly)ldy
for all x € R". Hence
Cip(E;G) = |c|PCH(E; Q).
To show the converse, let f be a nonnegative measurable function in LP(G) such that

Ui f 2 1on E. By considering x € C§°(G) which equals 1 on a neighborhood of K, we
have by Theorem 4.3 together with Sobolev’s theorem,

Co(E;G) = [[VIXWN))IE = MV = M,

so that
Co(E;G) £ MC,(E;G).

PROPOSITION 8.4. (1) If p 2 n, then C,(E;R™) =0 for any set E.
(2) If p 2 n and C,(E; G) = 0 for some bounded open set G, then C ,(E) = 0.

(3) If p > n and G is a bounded open set, then C,(E;G) > 0 for any nonempty set
E.
(4) In case 1 < p <n, C,(E;R™) =0 if and only if C; ,(E) = 0.

PRrROOF. We show only (1). For this purpose, by countable subadditivity we may
assume that F is bounded. Take N > 0 so that £ € B(0, N). In case p = n, consider
the function

1 on B(0,N),
log(N?

u(z) = %}ox') on B(0, N?) — B(0, N),
0 on R" — B(0, N?).
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Then we have
Cy(B:R") £ Cy(B(0,N;;R") £ | Vul,” £ M(log N)'~,

which implies that C,(E

;R™) = O pr > n, then we take u € C§°(R™) such that u = 1
on B and consider uy(x) =

u(N~'z). Then
Cp(E;R") = ||[Vun|,” = MN™7,
which implies that C,(E; R"™) = 0.
We further define the capacity
Cp(E) =inf |lul[1,",

where the infimum is taken over all nonnegative p-precise functions © on R" for which
u =1 p-a.e. on E.

PROPOSITION 8.5. Let {u;} be a sequence of p-precise functions on G which
converges to a p-precise function u in W'?(G). Then there exists a subsequence {w;)}
which converges to u for every v € G — E with C;(E) = 0.

PROPOSITION 8.6. (1) Cy is countably subadditive and nondecreasing.

(2) C,(E;G) =inf ||ul|1,”, where the infimum is taken over all nonnegative p-precise
functions uw on R™ such that w =1 p-a.e. on E.

(3) If K is a compact set in a bounded open set G, then

M™'Cy(E;G) £ Ci(E) £ MCy(E;G)  whenever E C K.

(4) Cx(E) =0 if and only if Cy ,(E) = 0.
Since C} is an outer capacity, we have the following.

PROPOSITION 8.7. Let K be a compact subset of an open set G. Then C(K) =0
if and only if there exists a sequence {1;} in C5°(G) such that ¢; = 1 on a neighborhood
of K and ||¢;|1, — 0 as j — oo.

PROPOSITION 8.8. Let K be a compact subset of an open set G. Then C(K) =0
if and only if C§°(G — K) is dense in C3°(G) with respect to the norm || - |1 .

Proor. If C;(K) = 0, then by Proposition 8.7 there exists a sequence {1;} in
C°(G) such that ¢; = 1 on a neighborhood of K and |[¢;|l1, — 0 as j — oo. If
¢ € C3°(G), then (1 — ;)¢ € C3°(G — K) and

[5ellie = M) 1951l
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which tends to 0 as j — oo. Conversely, if C5°(G — K) is dense in C§°(G) with respect
to the norm || -1, then any function v € C§°(G) such that u = 1 on a neighborhood of
K can be approximated by functions in Cg°(G — K), so that it follows that Cj;(K) = 0.

THEOREM 8.3. Let G be a bounded open set in R". If E € G and C,(E; G) < oo,
then there exists a p-precise function u on GG such that

(i) w2 0 p-a.e. on R™.
(ii) uw = 0 p-a.e. outside G.
(ili) u =1 p-a.e. on E.

(iv) Cp(E; G) = [[Vull,".

(v) / (|VulP=2Vu) - (V)dx = 0 for every ¢ € C°(G) such that ¢ = 0 on a neigh-
e
borhood of E.

PROOF. Take a sequence {u;} of nonnegative p-precise functions on G such that
uj 2 1 p-ae. on E, u; =0 p-a.e. outside G and

lim [|Vu|," = Cp(E; G).
j—00

Since G is bounded, we may assume that u; and D;u; converge weakly to v and f;
in LP(R"™), respectively. Since D;u = f; in the sense of distributions, it follows that
u € WHP(R™); let u be p-precise on R™. Moreover,

Cy(B:G) < lmninf [V (u; +ui) /2,7 < Gyl ),
JR—00

so that Clarkson’s inequality shows that Vu; — Vu in LP(R™) and
Cp(E G) = [[Vull,"

Clearly, u satisfies (i), (ii) and (iii). If ¢ € C§°(G) is nonnegative on a neighborhood
of E and t > 0, we have
Co(E:G) = [V (u+to)ll,"

so that

<y [Vt )l = [Vul,?
= t—0 t

= [ (Vul=2Vu) - (Vi)da:

in particular, if ¢ = 0 on a neighborhood of E, then
/ |Vu[P~2Vu - Vodr = 0,
G

which shows (v).
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We say that
Ayu = —div(|Vul[P~2Vu)

is the nonlinear Laplace operator of order p, or p-Laplacian.
As an application of Propositions 8.7 and 8.8, we discuss the removable singularities.

THEOREM 8.4. Let K be a compact set in an open set G and 1 < p < oco. Then
C1,(K) = 0 if and only if any solution v € BL,(LP(G — K)), for which Ayu = 0 on
G — K in the sense of distributions, can be extended to a solution on G.

PRrROOF. First suppose C; ,(K) = 0, and take a p-precise function v on G — K for
which A,u =0 on G — K in the sense of distributions. Consider any function @ which
equals u on G — K. Since the projection of K to any coordinate plane has Hausdorff
dimension at most n — p, @ is ACL on G and

/G (IVaP-2va) - (Ve)de = /G (IVuP"2Va) - (Ve)dz = 0
-K
for every ¢ € C5°(G) such that ¢ = 0 on a neighborhood of K. In view of Proposition
8.8, we see that Ayu =0 on G.
The converse follows from Theorem 8.3 readily.

THEOREM 8.5. Let K be a compact set in an open set G and 1 < p < co. Then
C1,(K) = 0 if and only if any harmonic function u in BL,(L¥ (G~ K)) can be extended
to a harmonic function on G.

PRrROOF. First, suppose C ,(K) > 0 and G is a bounded open set which includes
K. In view of Theorem 8.3, there exists u € C§°(G) (in WP(R™)) such that

/ (|VulP~2Vu) - (Ve)dr = 0
for every ¢ € C§°(G) which vanishes on a neighborhood of K. Consider
U) = [ V(e ~y)-f(y)dy,

where f = |Vu|P"2Vu € [L¥ (G)]" and f = 0 outside G. For any ¢ € C°(G — K), we
have

/ UApdr = /(/ VUz(x—y)Ago(x)dx> f(y)dy
= [ (Vo) - £y = o.

which implies that U is harmonic in G — K. If U is harmonic in G in the sense of
distributions, then the above considerations imply that

/ UApdr = C/ Vo(y) - 1(y)dy =0,
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for any ¢ € C§°(G). Thus we see that f = 0, so that C,(K) = 0, from which a
contradiction follows.

Conversely, suppose C,(K) = 0, and let u € BL,(L” (G — K)) be harmonic in
G — K. Consider any function 4 which equals u on G — K. Then, as in the proof of
Theorem 8.4, we see that @ € BL;(L” (G)). Take a sequence {¢;} as in Proposition
8.7. Then, for p € C5°(G),

/ﬂA(pdx = —hm/ V- V((1—1;)e)de
J—00
— dim [ Ve V(1 - b))
j—oo Ja-K
— dim [ wA((1 = b)pde = 0.
j—oo Ja-K

Thus @ equals a harmonic function h on G almost everywhere, so that h is the required
harmonic extension of w.

In general, we can show that C,,,(K) = 0 if and only if there exists a sequence
{¢;} in C§°(G) such that ¢; =1 on a neighborhood of K and ||V™y;||, tends to zero.
Using this fact, we can treat several types of removable singularities for polyharmonic
functions.

An application of Theorem 6.3 in Chapter 5 shows the following.

THEOREM 8.6. Let 1 < p <n. Ifu is a BLD function in BL,(LP(R")), then there
exists a number ¢ such that
lim wu(zy,2') =c¢
Tr1—00
for every 2’ € R*' — E' with C;,({0} x E") = 0.
Finally we investigate Sobolev’s inequalities for Beppo Levi functions.

THEOREM 8.7 (Gagliardo-Nirenberg-Sobolev inequality). If 1 < p < n, then for
any uw € BL1(L?(R"™)), there exists a constant A for which

Ju—Allg = M|[Vull,
when 1/qg=1/p —1/n.

PROOF. The case 1 < p < n follows from Sobolev’s inequality, so that we treat the
case p = 1. Then u is represented as

u(w) = e [ (s = )l — oI Dyuly)dy + A

Since

u(z) —A:/_J Dju(zy, ..., yj, ..., Tn)dy;,
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we have

here we may assume that w is ACL, so that the inequality holds for almost every
(1, ..., Tj—1,Tj41, ..., Tn). Hence, since ¢ =n/(n — 1),

|u(x |7 < H </ |Vu(xy, ...,yj,...,xn)]dyj>

1/(n—1)

Integrating both sides with respect to x;, we have

oo 00 1/(n=1) roo 1 £ 1/(n-1)
/ lu(x) — Aldz; = (/ ]Vu|dy1> / 11 (/ |Vu|dyj> dxq
—00 — 00 —0oQ ]:2 —0o0
00 1/(n-1) n 0o oo 1/(n—-1)
< (/ yvuydy1> 11 </ / |Vu|dyjdm1> .
—00 j=2 —o0 J—o0

Next, integrating both sides with respect to zo, we find
oo oo 1/(n—1)
/ / — Al%dzydzy < (/ / ]Vu|d:v1dy2>
oo oo 1/(n—1)
X (/ / |Vu|dy1dx2>
n 00 oo o0 1/(n—1)
x ] (/ / / |Vu|dyjdx1dx2> :
j=3 \/ =00 J—0c0J—0o0

Repeating these processes, we finally obtain the required inequality for p = 1.

THEOREM 8.8 (Poincaré’s inequality on balls). If u € W'?(B) and 1 < p < n,

then
1 1/q
g, oo = usleae) <t (1 [ vuta)
(!B| /B |B|
when 1/q =1/p — 1/n, where B = B(0,r) and

i
up = — [ u
M

PROOF. As in the proof of Theorem 7.5, we have

s (g, |u<x>—uBrpdm)l/p<Mr(|;| J, Ivatras)

For the case of Sobolev’s exponent, we may assume that »r = 1 and extend any v €
WP(B) to a function v € W!'P(R™) so that

1/p

1/p

[olhp = Mllvllwem);
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for example, consider
v(x) when |z| < 1,
v(z/|x]?) when |z| > 1
for ¢ € C3°(B(0,3)) such that ¢ = 1 on B(0,2). Now, applying Sobolev’s inequality,

we find
17lly = M|V, = Ml[v|lwirm);

then consider v = u — ug and apply (8.2).
Finally we show the following characterization for the Sobolev space W1?(R™).
THEOREM 8.9. A function u € LP(R™) belongs to W'?(R™) if and only if

(8.3) lu(- 4+ h) —u(-)||, £ M|h| for every h € R™.

PrOOF. If (8.3) holds, then Fatou’s theorem implies that
Vull, = M.

Conversely, suppose u € W (R™). By considering approximation, we may assume
that u € C3(R™). Then we have

1
|u(z + h) —u(z)| = |h / |Vu(x + th)|dt.
0
Hence, Minkowski’s inequality for integral gives
1
Ju(- +h) —u()]lp = IhI/O IVu(-+ th)[pdt = |hl[|Vullp,

which yields (8.3).



Chapter 7

Bessel potentials

This chapter concerns with the relationships between Bessel potential spaces and Lip-
schitz spaces. The Bessel kernels are given in the integral form and their Fourier
transforms will be computed. The Bessel kernels behave like a-kernels near the origin,
but decrease faster at infinity so that they are integrable on the whole space.

7.1 Bessel kernel

We first introduce the Bessel kernel g, whose Fourier transform is given by

9a(&) = Fgal&) = (1 +4m>|¢[*) 7/,

We show below that the function

1 0 2 do
_ —mlz|?/§ ,—6/4m s(a—n)/2 Y
(1.1) 9a () (47m)2/2T (o /2) /o ‘ ‘ g )

has the required property.
THEOREM 1.1. (1)  For every a > 0, g, € L*(R™).
(2)  Gal&) = (L +4m2lgP) .

ProOF. Noting that
/ 6—7r\a:|2/5 dr = 571/27

we have by Fubini’s theorem,

. 1 o —6/4m a/2d_6 _
/ ga(w) do = (47r)a/2r(a/2)/o R

which proves (1). According to Remark 2.1 in Chapter 2, note that

F (e—w\wIQ/é) (&) = e ™I §n/2,

245
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Hence Fubini’s theorem gives

o0 2 do o0 2 do
—7|x|?/d ,—0/4m s(a—n) /2 _ —7o|€|* —0/4m s /2
F (/O e e J 5 > (€) /0 e e ) 5

On the other hand, since

1 o0 do
1.2 t_a/2 — / —t550¢/2_
(12) T(@/2) Jo © 5

we have by letting ¢ = (1 + 472|¢]?) /4,
(1+4m°(€*) 7 = ga(9),
as required.

For 0 < o < n, by (1.2) we find

|z|em 1 00 ays oo dd 72207 (o /2)
/O emlalsglamm2@0 oy T2 2102

v(@) — (4m)lT(a)2) 5 T T((n-a)/2)

Noting that e=%/4" = 1 + o(e™%/4") as § — 0, we establish

|w|* "
v(a)

On the other hand, for 0 < e < 1 and |z| = 1,

(1.3) ga(x) = + o(|z|*™™) as |z| — 0.

/°° e—n|x2/5e—5/4n5(a—n)/26? < Vel /°° e—(1—£)§/47r5(oz—n)/2d65
1 1

and

/ b ele/ =i lammy/2 @ o a2 / b 1/sgla—my2 40
0 ) 0 )
Thus we see that for 0 < ¢ < 1/2,

(1.4) galx) = Oe~cl) as |z| — oc.

THEOREM 1.2. {g,} has the semigroup property, that is, for « > 0 and 3 > 0,

9a * 98 = Ja+3-
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7.2 Bessel potentials

For a function f, we define the Bessel potential

9 (@) = go % f(@) = [ galx—9)f() dy.
In view of Theorem 1.1 and Young’s inequality, we have the following.
THEOREM 2.1. Fora >0 and 1 < p < o0, ||gafllp < |1 fllp-
For o > 0 and p = 1, we write
LE(RY) = go(LP(R")) = {gaf : f € LP(R")}

and
lull = I1fllpy w=gal
In view of Theorems 1.2 and 2.1, if « > ( > 0, then

(2.1) LZ(R") € LY(R") C L'(R"),

THEOREM 2.2. If m is a positive integer and 1 < p < 0o, then

[P (R") = W™ (R").

To prove this, we need several lemmas.

LEMMA 2.1. For o > 0, there exists a finite signed measure p,, on R"™ for which

(2rle))”
(T ey

ﬂa(g) =

ProOOF. For this purpose, note that

(1—1)? =1+ > ajat! for |t| < 1;
=1
here > |aja| < oo. If we take ¢t = 1/(1 + 47?|¢|?), then
J
(2m|¢])” -

= o1+ 4r?
(14 472[¢|?)or/? Z aja(1 +4m*|E[*)

Now define

=20+ a4l
j=1
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where dy denotes the Dirac measure at the origin. In view of Theorem 2.1, we see that
M(Rn) = 1 + Z aj7a7
J

which is finite.
LEMMA 2.2. For o > 0, there exists a finite signed measure )\, on R" for which

(1+4m°1€[)*% = Aa[1+ (27€))°].

PROOF. As above, note that

(1) = gu(0) + " aagy(a) € L'(RY).

Jj=1

Further,
: (2m|€])™ + 1
) 1= >0
1(5) + (1 + 47T2|§|2)a/2
for every x. Hence we apply the n-dimensional version of Wiener’s theorem, which will
be shown later, and obtain ®, € L'(R") such that

(14 472|[)*7 = [(2m]€)™ + 1][@s(€) + 1].
Now, A\, = dg + L™ is the required one.
LEMMA 2.3. Ifu =g, * f witha 2 1 and f € LP(R"),

ou
(22) %:ga—l*Fj» Fy = =R (1 = f),
J

where R; is the Riesz transform whose Fourier transform is just —i&;/|].

In fact, if f € S, then (2.2) holds by taking the Fourier transforms of both sides.
In the general case, approximate f € LP(R™) by functions in S.

For a multi-index j = (j1, ..., jn), define
RJ = lel % - .ok ann
jl ]n

—_——

which is also characterized by

. J
FRI « f) = (-H’) 7l
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LEMMA 2.4. Ifu € W™P(R™), then u = g,, x f with f € LP(R") satisfying

r. .
f=Anx|ut X RI« DIy
— 4l
Gl=m

PROOF OF THEOREM 2.2. First let u = g, f with f € LP(R"). Then Lemma 2.3
implies that Ou/dz; are all in LP,_,(R™) and

IVullp = M| fl,.
Hence it follows by induction that v € W™P(R") and
[wllmp = Mlul| g

Conversely, assume that uw € W™P(R"™). Then we see from Lemma 2.4 that

U = gmf
for some f € LP(R"), so that
ue LP(R").
Here note that
1f1lp = Mlwllmp-

What remains is to show Wiener’s theorem mentioned above.

THEOREM 2.3 (Wiener’s theorem). If &, € LY(R") and () + 1 # 0 everywhere,
then there exists ®o € L'(R") such that

A

[@1(z) + 1] = Bo(z) + 1 for all x.

PROOF. First, for any € > 0 we find a function gy € L'(R") such that

(2.3) go =1 on a neighborhood of 0
and
(2.4) [®1(z) — P1(0)]go(z)| < & for all .

For this purpose, take 1) € S(R™) for which ) = 1 on a neighborhood of 0. If we set

M, f(x) = p" f(px)
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for f € LY(R™) and p > 0. Setting a = /f(a;)da;, we have

(02,0 0 =avl = | [MNE =)~ v
— |/ @ty - o2 - v

< [UI ([ -2 - v)dy) =

which tends to zero as p — 0o, by Lebesgue’s dominated convergence theorem. Since

[(M,f) * b = addlly = |[f * (Myyp00) — aMypid1,
if p is large enough, then gy = M; /1) satisfies

(2.5) [F () = F(0)]go(@)] < [If * g0 — agollr < e.
On the other hand, note that

1

F (M) (@) = v (pa),

so that go satisfies (2.3) and (2.4) by letting f = ®;.
For any o € R", if ®(y) and go(y) are replaced by e 2%, (y) = f(y) and
2720V g0 (y) = guo(y), respectively, then

Gz () = go(x —x0) =1 on a neighborhood of x

and (2.5) implies that

A A

[@1(x) = P1(20)]deo ()] = |[f (x — 20) — F(0)]go(w — w0)| < e.

Consider A(z) = (z+1)"' — 1. Since ®; + 1 # 0 and ®, vanishes at infinity, A is
holomorphic in a neighborhood of the closure of ®;(R"™). By the above considerations,
there exists go € S such that gy € C5°(R"), go = 1 on a neighborhood of 0 and

||<I>1 — ® % go||1 < E.
Since A(z) = (—z) + (—2)? + - - - near the origin, we can find hy € L'(R"™) such that
=>_ [-01(2)(1 = Go(@))F,
7=1

so that R
ho = A(Pq) outside a compact set K.

For xg € K, write zy = <i>1(m0) and

A(z) 20) + Y (L+29) 7 (20 — 2).
7j=1
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If € is chosen sufficiently small, then
S (1 20) 77 = (D1(x) — D1 (w0)) Gy ()]
7j=1

converges in absolute value, so that there exists h,, € L'(R") for which

A

() = A(z0)dan () + i al = (@1 () — B2 (20)) e (2]

in particular, X K
hao () = A(P1(2)) on a neighborhood of .

Since K is compact, we can choose x; € K and h; = h,, € L'R"), j =1,2,...,N,
such that R R
hi(z) = A(®(x)) on a neighborhood U; of z;

and

Ilﬂ

ke o

For the convenience sake, let Uy = R" — K, and take {e;} such that é; € C>(U;), €,
vanishes on a neighborhood of R" — U; and

N
Z éj =1 on R".
=0

Now consider

Then ®, € L*(R") and

7.3 Bessel capacity
Let 1 < p < oo and o > 0. We define the Bessel capacity B, , by setting
Bap(E) =inf [|f]l,",

where the infimum is taken over all nonnegative measurable functions f for which
gof = 1 on E. Here «a, p and (a,p) are called the order, the weight and the index of
B, p, respectively.
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It is easy to see that B, ,(E) = 0 if and only if there exists a nonnegative function
f € LP(R") such that

9o f(T) = ga * f(x) = 00 forall x € E.

THEOREM 3.1. The Bessel capacity B,, of order (a,p) is countably subadditive,
nondecreasing and outer.

THEOREM 3.2. For0 < a <nand E £ R", C,,(E) =0 if and only if B, ,(E) = 0.

PRrROOF. First suppose C, ,(F) = 0. This means that C, ,(E N D; D) = 0 for any
bounded open set D. If C,,(E N D;D) = 0 for a bounded open set D, then we can
find a nonnegative function f € LP(R") such that f = 0 outside D and

Unf(x) =00 for all z € F.
We see from (1.3) that
M™gof(z) S Uaf(2) S Mgaf(z)

for any = € D, so that it follows that B, ,(£) = 0. The converse is similarly proved
with the aid of (1.4).

Theorem 1.4 in Chapter 5 gives the following result.

THEOREM 3.3. If {E;} is a nondecreasing sequence of sets, then

lim Ba,p(Ej) = Ba,p(U E])
J

Jj—00

We need another capacity b, ,, which is defined by setting

ba,p(E) =sup u(E),

where the supremum is taken over all nonnegative measures p for which the support
of p is contained in E and ||gaull, < 1.
Theorems 1.5 and 1.6 in Chapter 5 give the following results.

THEOREM 3.4. If K is a compact set in R", then
Ba,p(K> = [ba,p(K)]p‘

THEOREM 3.5. Let A be a Suslin set in R™ for which 0 < B, ,(A) < co. Then
there exist f € LP(R") and u € M(A) such that
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) flIB = Bay(A);
) gaf 21 (a,p)-q.e. on A;
) 1(A) = bap(A);
(V) N gapill @y = 15
) u{z: gaf(2) #1}) =0;
) Gati(y) = [Bap(A PP
) gallgap]VP7V) < [bay(A)] 7 on S,

Weak maximum principle (see Theorem 4.1 in Chapter 5) implies that

9a([gap] /P V) < Mbop(A)]™Y on R™

7.4 Poisson kernel in the half space

Denote by R the upper half space of R"*! whose point will be written for example
as (x,t) with x € R™ and ¢t > 0, that is,

R = {(z,t) : z € R",t > 0}.
We define the Poisson kernel for Rﬁ“ by

enl T((n+1)/2)

Pla,t) = Rle) = (|z|? + t2)(nt1)/27 T T 2

PrROPOSITION 4.1. For any t > 0,

/n Py(x)dz = 1.

PROPOSITION 4.2. For any t > 0, the Fourier transform of P, is given by

A

Py(y) = e 0,

PRrROOF. We need the following two identities :

/ e—?m‘x‘ye—wﬁypdy — 5—n/2€—7r|x\2/5’ 5>0
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and
1 0 g8

RGN

To show the latter, we note that

1 oo e
- _ C
€ 7T/ool+82 5

1 joo . © 2

= —/ e’ (/ e~ (+s )“du> ds
T J—0 0
1 0o co 2

_ _/ ¢ u(/ ¢ie S“ds)du,
™ Jo —00

which gives the required identity. Now we have

. 1 0 g~ 2,42(,(2 ;
—2mix-y —27rt|y|d _ / —m2t2 ]y /sd —27rza:.yd

e e — —€ sle .
/ . Y= /7 Jrn ( 0 /5 Y

Here, applying the first identity with § = 7t?/s, we have
1

—2miz-y ,—27t|y| _ < s —|z|?s/t? ;—n (n—1)/2
/n e Ye Yidy = 7T(”+1)/2/o e ‘e t™"s ds

t [oe]

_ —u (n—l)/Zd

= [ u,
T e

e’ 7 _72/4sd5, v > 0.

which yields the required assertion.

PROPOSITION 4.3. {P,;} has the semigroup property, that is,

P;x P, = P,y for any s > 0 and t > 0.

We define the Poisson integral of functions f € LP(R™) by

Pif(e) = P () = [ Pilw = y)f(y)dy.

R

ProposITION 4.4. If f € LP(R"), 1 < p < oo, then

1PNl = 11l

In case 1 £ p < oo, Pof — fin L?(R") ast — 40. If f is continuous and vanishes at
infinity, then P,f — f uniformly ast — +0.

As in the proof of Theorem 3.1 of Chapter 3, we can prove the following.
THEOREM 4.1. If f € L»(R™), 1 < p < oo, then u(z,t) = P,f(x) is harmonic in
R and
+

sup |Pif(2)] = M f(x).

t>0
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Further,
(4.1) %ir% P f(z) = f(z) for almost every x;
in particular, (4.1) holds for x at which f is continuous.

PRrROOF. By Proposition 4.1, we have the first assertion and

ute,t) ~ f@)| = | [ P.0lf@—y) - f@ldy
| Pl =)~ f@)ldy
L,y P@OI =) = F@)dy

A

A

+ Py, t)|f(x —y) — f(zx)|dy = I, + L.

R"—B(0,r)

For r > 0, set

e(r) = sup @ —y) — f@)ldy.

0<s<r |B(O7 3)| B(0,s)
If 0 <t < r, then we have

LS er [ i =y~ f@)ldy

[ ([, 1600 = Sl /(s 074 < b

On the other hand,

I

A

Sy PRI =)y
N [ po,y FO0
< T @, Py,
which tends to zero as t — 40 for fixed r > 0. Thus
lim Ju(z,t) = f(z)| =0

at every Lebesgue point x, that is,

1
42 lim ——— / —y) — f(x)|dy = 0:
(42) li 7] oy 16 0) = F@dy

in particular, (4.2) holds when f is continuous at .

255
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If feAy(R") and 0 < a < 1, then recall that
(4.3) |f(z+h)— f(z)| < Alp|*  forall he R™
Hence we see that

Pi@) ~ f@) £ |[ RO -y - F@)dy

< [y
= C”At/ (lyl2 + 2 (n+1)/2

dy = M¢t®,

so that f can be extended to a continuous function on R"*.

LEMMA 4.1. Let 0 < a < 1 and u(z,t) = P.f for f € L>*°(R"). Then

ou(z,t) _

4.4 < Mt
(14) i)l <

holds if and only if

(4.5) |Vu(x,t)| £ Mt* 1,

where V = (0/0x1, ...,0/0x,,).
PROOF. For t =t; + 19, t1 > 0, ty > 0, we see that

u(z,t) = Py, xu(z,ts),

so that
32u(x,t1 + t2> _ aPt1 * au(x7t2>
al’jatg B 393j 8t2 )
Note here that

(4.6)

'apt(x) < M(ja| + 1)

8[Ej

Hence (4.4) implies that

O*u(x,ty + t)

< Mto‘_l/ 1)~ dy.

If we take t; = to = t/2, then

0*u(z,t)

(47) 0xj8t

< M2,

On the other hand,
[Vu(z, )] < [(VE) * fI S VB[l flloe = M7 flloos
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so that
|\Vu(x,t)| — 0 as t — oo.

Thus we can write

ou(x,t) _/00 0?u(z, s) ds
or; St Oxi0s

which gives (4.5) with the aid of (4.7).
Conversely, if (4.5) holds, then, by the above considerations, we find

(V2u(x,t)] < Mt 2.
Since u is harmonic in R, we have

02u(z

Pund) |- Zue

<Mta 2

The above integration argument shows (4.4).

THEOREM 4.2. Let 0 < o < 1 and u(z,t) = P.f(x) for f € L*(R"). Then
f € AL (R") if and only if (4.4) holds.

PROOF. Suppose (4.3) holds. Since /Pt(y)dy =1,

(4.8) / 31;?;) dy =0,
s0 that e -
@0 _ [ D0 gy~ pwlay.
Since
9 229 < Al + 0!
we find

<M [ (gl + )7 yledy = Mo,

1

Conversely, suppose (4.4) holds. Then (4.5) also holds by Lemma 4.1. We write

8uth

fla+y) = fl@) =uw@+y.t) —ulz, )] + [f(z +y) —ule+y,0)] = [f(z) —ulz,1)].
Then by taking t = |y|, we obtain

u(z +y, 1) —u(z,t)] < [y| sup |Vu(z+0y,t)| = My|*.
0<o<1
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Moreover,

t du(xr +y, s)

d
s °

t
lf(z+y) —ulz+y,t)] = ‘—/ §M/ s tds < Mt°.
0 0

Similarly,
| f(x) — u(x, )] < Mt™.

Thus (4.3) holds.

The proof of Lemma 4.1 shows the following result.

LEMMA 4.2. Let o > 0 and u(x,t) = P, x f(z) for f € L*(R"). If k and { are
integers greater than o, then

L%ﬁ’ﬂ‘ < M™% and % < Mt
are equivalent.
THEOREM 4.3. Let 0 < a < 2 and f € L>*(R"™). Then
(4.10) [f(x+h) = 2f(z) + f(z = h)| = Al
if and only if
(4.11) % < Mt
PrROOF. Noting that )
S
we have 5P,y
Pulnd) 1 [ TP 40 4y 1 fla - ) — 2@y

Hence (4.10) implies that

OPu(x,t 9l 1 o
%FM/(\?JIH) lyl*dy < Mt

which shows (4.11).
Next suppose (4.11) holds. Note that

Pu(z,t)| _
ot?

0°P,
or?

1 flloe = ME2[| ],
1



7.4 Poisson kernel in the half space 259

so that
0*u(z,t)

ot?
for 0 < f < min{e, 1}. Hence Lemma 4.2 yields

< M2

ou(z,t)

< MtPT
ot =

Hence Theorem 4.2 shows that f € Ag, so that

|u(z,t) = f(2)]|oc — O ast — 0

and
t‘@u(m,t)” —0 ast—0.
ot |
Now we see that
B ot QPulz,s) Ou(x,t)
(4.12) f(x) =u(x,0) —/0 ST a2 ds —t 5 + u(x,t).

As in the proof of Lemma 4.1, (4.11) shows
IV2u(z,t)] < Mt

and

[(0/0t)V?u(z, t)| < Mt*2.
Hence it follows from (4.12) that

t
[fle+y)+ flz—y) = 2f(2)] £ M/O s ds + Mt|y[*t27% + Myt
If we take t = |y|, then (4.10) follows.

COROLLARY 4.1. Let 0 < a < 1 and f € L>(R"). Then (4.3) holds if and only if

|f(x+h) —2f(x)+ f(x —h)| S Alp|®  for all h € R™.

REMARK 4.1. Consider the function
f(z) = zlog || for x # 0;

set f(0) = 0. Then f is continuous on R. Clearly, f fails to satisfy (4.3) with o = 1,
but it satisfies

[f(z+y) —2f(x) + [z —y)| = Alyl.



260 Bessel potentials

In fact, if x > 0 and y > 0, then we write

flx+y)=2f(z)+ f(x—y) = —(z—y)llog|z+y|—log|z -yl
+2zx[log |z + y| — log | z|]

and note that
log(1+1¢) <Mt  fort>0.
For a > 0, take the nonnegative integer k such that
E<a<k+1.
Let f € L(R™) N C*(R"). Then recall that f € A,(R") if

(4.13) |VEf(x+h) —2VFf(x) + V¥ f(z — h)| £ A|p|*7" for all h € R™.

Theorem 4.4 can be generalized as follows.
THEOREM 4.5. For a > 0, f € A,(R"™) if and only if

Ou(z,t)

Tow | =M

(4.14)

for some integer { > «.

7.5 The Lipschitz spaces AP

ForO0<a<1l,1Sp<ooand 1= g < oo, we denote by A7 = AP9(R™) the space of
all functions f € LP(R™) such that

_ q 1/q
1fllaze = I1£ ]l + (/R If (x +9) = f(@)]l, dy> -

[y|+e

THEOREM 5.1. Let f € LP(R") and 0 < a < 1. Then f € AP? if and only if

(5.1 ([ e=t@soute. ol @) < oo,

where u(z,t) = P, f(z) is the Poisson integral of f in R"™'. Moreover

1/q

£z ~ W0 ([ 101/ 00)u(, o)l )7 det)
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PROOF. By (4.8), we see that

(0/00)u(,t) = [ [(@/NPWLI G +1) dy = [ [0/00Pi))lf &+ ) — F)dy.

Note by (4.9) that
|(9/0t) Pi(y)] = Mt~

and
(8/0t)Py(y)| < My ™.

Hence we have

l@/otyute, ), < M [t y) = F)l dy

+M 1f(z+y) = f(@)|ply] " dy.
R"—B(0,t)

We write y = r§ with r = |y| and || = 1. Set

wp(y) = [If(x+y) = f(@)llp

and

Q(r) = [ wplré) dS(E).

Then
i o0
@/0tyute, t)l, < ME~ [ ) dr 4 M [T Q)
0 t

We now apply Hardy’s inequality to obtain

1/q

P @/0t)ute 0,10 dege) < ([T 0y drfr
(/0 ) [

Since [Q,(r)]? £ M / H(r€)? dS(§) by Holder’s inequality, we establish

(/ooo [ (r)r e dr/r)l/q < M ([ [T trere as@ar /T)uq

_ M(/n||f(x+y) f@l,* dy>“"_

[y|rrea

To show the converse, we need the following result.

LEMMA 5.1. Let f € LP(R") and 0 < a < 1. Then (5.1) holds if and only if

([7 -1@/0z)uta, v, ) dt/t)”q <00, i=12..n
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ProOOF. For t = t; + to, t1 > O, ty > 0, we find

0*u 0P,  Ou(x,ty)

If we take t; = to = t/2, then

ou

(5.2) =

’

d%u

<)
p
so that
[es) 1/‘1 0 1/f1
([T @ otomyul) drje) < o1 ([~ -el@/ot)al, ) dije)
0 0
On the other hand,

(O/0m)ula, )] = |[ (©/0m)Pia — ) )dy)

= [[(0/0z) Pl |l fll
< MtEMR|f|lL, — 0 as t — oo.

Hence we find

(0/0z;)u(z,t) = —/too (0%/0s0x;)u(x, s) ds.

It follows from Minkowski’s inequality for integral that
10/ 0z )ulz, )|, é/t 107 /0s0z;)u(w, )|, ds.

Therefore we have by Hardy’s inequality,

) .
(0 () s ol oo e o) 21
< M(/Om (#1070t 160 dt/t> v
_ M(/Om (12|62 )0t )1 dt/t>
< M</OOO [ |9/ 0t dt/t>

As in (5.2), note next that

M
10°/07)ully, = —[1(9/0wi)ully,
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which gives

([T @ poayul, o age) ™ < o (7 0-oopomul, e aest)

Since u is harmonic,

n

> (0%/0x?)u

=1

1(0°/0t*)ull, =

= Z 1(0% /027 )ull,
p
so that

([ ooy ae)™ < ars (7 e-el@omal, ae)

As above we finally obtain

([ e )™ < ([T i@ o a)
< s (7 weoson ) arr)

We are now ready to show the if part of Theorem 5.1. For this purpose, note that
£(e) = u(e,0) = — [ (@/0s)utz, 5)ds +u(a, ),
so that
fla+y) - f) = - [ " 1(0/0s)u(z + y, ) — (0/0s)ulz, $)|ds + [u(x + 3, ) — u(z, 1)].

1
Since |u(z +y,t) —u(x,t)| < |y|/ |Vu(x + sy, t)|ds, we have
0

lu(z +y,1) —uz, )|, = [yl [[Vulz, D).
Letting t = |y|, we obtain

< lu(e +y, 1) — u(z, 1), d)“ < M( [ e o) tnldt>”q

|y|n+ocq {ntag

= w ([ v ol )

q 1/q
)

and, by Hardy’s inequality,

</ H [(0/0s)ulz +y, 5) = (0/Ds)ulw, s)lds|

2{ [ ([ 10/syute )lyas) 1o~}

= M {/Ooo (/ot H(a/as)u(ﬂ?, S)||pds)qtath/t}1/q
w{ [ oo /oty ) defe)

A

A
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REMARK 5.1. Let f € LP(R") and 0 < o < 1. If k is a positive integer such that
k > «a, then

([ =15t ute ol ae) ™
< ([ el@ntute ol ag)
< M ([T oot ol )

For o > 0, taking the smallest integer ¢ such that ¢ > a, we define

apt={f e @Y s [T ©0/00 ula, )7 di/t < oo
0
and
> k—a k q 14
£ aze = 1o+ ([ = 1@/00) uo ) J1at e
LEMMA 5.2. If 0 < a < 3 < oo, then AF? S AR

PRrOOF. If § > a and k is a positive integer greater than 3, then

1 1
| e l@/on ut ol e/t < [ 18 @/00 u(w nll) /< oo,
0 0
where u = P, f with f € AF? On the other hand, we see that

1(0/0t)*Pofllp < 10/0)" Pl fllp < Mt £,

so that .
/1 (5210 /0t) ulw, ) ||,)dt /t < oc.

Hence it follows that
| =l @/on ute, ol 1t < oo,
which implies that f € AP? in view of Remark 5.1.
THEOREM 5.2. Let f € LP(R") and 0 < a < 2. Then f € AP if and only if

/ 1f(x+y) —2f(x) + flz —y)

’y|n+aq

||qu
y < 00

and

— _ q 1/q
||f||AZ,qN||f||p+<[Rn If (@ +y) = 2f (@) + fz = )], dy> |

‘y’n+aq
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PrRoOOF. The proof can be carried out along the same lines as in the proof of
Theorem 5.1. Since / (0%/0t*) P,(y) dy = 0, we find

@ /0w, 1) = 5 [ (@0 PII G +9) — 2 () + (o — )]dy.

Hence we have

02 /0t u(x. ||, < Mt "2 / 5 (W) dy + M Sy,
10"/ u(e, 1), < [ iy 0 [ Sy,

where @,(y) = [|f(z +y) — 2f(x) + f(z — y)|- Setting
Qy(r) = [ Gy(ré) dS ),
we obtain
t [o <IN
1(82/02)u(z, 1), < Mt~ /0 Q, () tdr + M / 0, (r)r2dr.

We now apply Hardy’s inequality to obtain
1/ 1/q

(L e-ewaroonr ) <4 (I iy o)
< M (/ [/ +y) = 2/(z) + fl@ = y)ll," dy)l/q.

|y|rea

For y € R" and F € C?, set
2
AJF(z) = F(z +y) —2F(x) + F(r —y).
Then note that

8iF@) = [ ([ @0 rar) s,y =y/ll

so that
IAZE |, < P V2E,.

Since t|(0/0t)u(x,t)] — 0 as t — 40, we see that
f(z) =u(z,0) = — /Ot s[(0%/0s*)u(x, s)]ds — t[(0/Ot)u(w, t)] + u(x,t).
Consequently, we have
1AGfl = /Ot s||AL((0%/0s u(w, 9))llpds + t Ay ((9/t)u(z, 1)),
+H A (u(z, 1)),
4 [ S 105" uta, ) s + Mt Y (@ 0r0 0t )

1,

A

MY 00 e )

Z‘?j
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Letting t = |y|, we establish

20 4 |—n— 1/a 00 ) o . 1/q
(f 12z, i mesay) ™ < e { [T ([ sli@/ostyulds) e ootae)

) 1/
M ( |7 #01@ f0t0w 0, ||p]’1t_”_°‘qt"_1dt> !
0

i,J

S 1/q
+MZ (/O [2]/(92 )00, yull, )70 1dt>

A

M (/OOO 0@ osul )
+M; (/OOO [t~ (9% JOtOx 0z )ul| ) dt/t)l/q

+M%: ( /0 Y (80, Yul )¢ dt/t)l/q

174

([ ol i)

THEOREM 5.3. Fora > 1, f € AP9 ifand only if f € LP(R") and (0/0z;)f € AL?;

a—1>
moreover,

£ llaze ~ W fllp + D 1(0/0:) fllara, -
i=1
PROOF. We give a proof only in the case 1 < a < 2. Suppose f € AP?. Since

(8% /0t0w:)ulw, 1) = — / ¥ (0% )9520w)ulw, 5) ds,
t
we find by Holder’s inequality

@0ty nll, < [ 10 /0520 uta, )], ds

A

o) 1/q
M ( |7 @ 050w utz, ), ) ds/s)

t
< MA* 2,

oo 1/q

where A = (/ [s*7)(0%/9s*)u(x, s)|,,)? ds/s) . Hence it follows that for 0 < #; <
0

ty < 1,

I(0/0zulz,tz) — (00w )utet)ll, < [ 110 /050 )u(z, s}, ds

t
MA[7 2 ds < MA(t, — 1),

t1

[IA
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which implies that {(0/0z;)u(z,t)} is a Cauchy net in LP(R") as t — 0. Consequently,
we see that (0/0z;)f € LP(R"™) and

( /Ooo (=D (D/0t) (P, * (Of 02,))|,)0 dt /t> 1/q
= ([ ey ae)

The converse can be proved similarly.

COROLLARY 5.1. Let f € LP(R™). For a > 0, take the nonnegative integer such
that
E<a<k+1.

Then f € AP if and only if f € W*P(R") and

</ [V f( + y) = 2955 (@) + VA f( — ), dy) P

|y|n+(a—k)q

LEMMA 5.3. For a > 0, g, € AL™.

PROOF. We first consider the case 0 < o < 1. Note that
(8/0:)ga ()| £ Mlz|* ™,

so that
9a(z +y) — gal2)] £ My| 2] whenever [z] > 2]y|.

Hence it follows that
Jo(x +v) — go(z)|dx < M|y|“.
/n, 0203 |9a( ) ()] [yl

On the other hand,

gaa:+y—gaxdx§2/ Jo(x)|dx < Mly|®.
Lromyy 190F+9) ~gal@lde €2 [ ga(a)ldr < My

0,3y|

Now we obtain
/ 9o +Y) = gal)|dz = M|y|*,

which proves the case 0 < a < 1.
To show the general case, we write o = k{3, where k is a positive integer and
0 < B < 1. Since g, = gg* g * - * ga,

Ptga = (Ptlg/6> koee ok (Ptkgﬁ)

fort =1t; +--- 41, t; > 0, so that
(0% /0t)* Puga = [(0/0t1)(Prygp)] * - - -+ [(9/0ti) (Pry.95)]-
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If we take t; = t/k, then it follows that
10" /0t*) Pugallv < 11(0/0t1)(Pags)lly -+ - (8/0t) (Prgs)ll < Mt~
which implies that g, € AL>.

THEOREM 5.4. For a« > 0 and § 2 0, g gives an isomorphism from AP? onto

p.q
ARD

PRrROOF. For f € AP set u(z,t) = Pif(z) and U(z,t) = ggx(Pif)(z) = Pi(gsf)(x).
If k£ and ¢ are positive integers such that k — 1 < o < k and 3 < ¢, then

11(0/0t)" (Pr,g9)] * [(8/0t2)" (P )]
10/0t1) (P gs) Il 110/0t2)" (P ),

for t = t; + t5. By Lemma 5.3, we have for t; =ty =1/2,

I(o/ot U,

A I

1(0/0t)* U, < ME=([(9/0t2) u(w, t2) .

so that
P 0/, S MO (0/01) u(z )

Thus it follows that gsf € A2 .
Next suppose f € Ab{,. By Lemma 5.2, f € AP and by Theorem 5.3, Af € A9,
so that
(I —A)f e AbA.

Noting that
f=gx[(I-A)f],

we see that go maps A%? homeomorphically onto ALY, Let 0 < <2 and f € AYY,.
Then we find g € AP such that

G2%9=g2p*f €N,
Since go * g = ga_p * [gg * g], we see that
f=9sxg,
which implies that gg(AR?) = A%Y 5.
The semigroup property of Bessel kernels proves the general case.

THEOREM 5.5. (1) If 0 < a; < ap < oo, then AB% © AP® for any p, q1, g2 2= 1.

(2) Ifl1=q < g = o0, then AP C AP% for any o > 0 and p = 1.
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PROOF. First note that |(9/0t)*u(x,t)||, is nonincreasing for any nonnegative
integer k, because

1(0/0t) u(w, tr + 1), 17, [(9/0) u(z, )],

< [[Palhlli0/00) u(, O)ll, = [(0/06) u(z, L),

for any ¢; > 0 and ¢ > 0. Suppose f € A?? and k is a positive integer greater than a.

Set
1/q

A= ([T 1= 1@/00 ul, o ate)

Then we have

Al

v

[, @05 ) s/

> ([@/00"ule, Ol )7 [ [ dss,

t/2
so that
(5.3) 1(0/0t) u(w, t)l|, < AME>*,
which implies that
AP9C APee,

Moreover, in case ¢ < go < 00, we have
| e l@/on ) deje < Ay [T e @/00 ) de/t < oo,
0 0

so that
A£7q g A§7q2’

which implies (2).
To show (1), we note from (5.3) that

1(0/0t) u(z, )], < Mto>=F < pe~*
for 0 <t =<1, whenever f € AL and ay > oy > 0. For ¢ > 1, we have
10/0t) u(w, ), < M| fll, < M| |t "

Hence it follows that
AL € AT,

If 4 < oo and f € AP then

fe'e) 1
| @on uly dee [ Mt e
0 0

+ / [tF o MEPR) T dt /< oo,
1
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which shows that
AL C AL
Thus
MBS C AZS® C AR

ap )

as required.

7.6 The relationships between L and AP?

For f € LP(R"), we set

a(w = ([ \(8/0t)u(x,t)|2tdt>l/ ’
and
o@ = ([ 19vuoprar) ",
where V' = (801, ..., 80w, 8/0t) and u(z,t) = P, % f(z).
LEMMA 6.1. If f € L*(R"), then
lo(Hlle = 2721 £1l

and

lgr(F)ll2 = 27211 £

Proor. By Plancherel’s formula, we have

lol* = [ ([ IVute.)Pde ) v
0 R"
= [T ([ e lP1f ) Pe oy ) et
0 R”
= [ se P ([ ettt dy
R” 0
— 271/ £ 2d
[ 1i)Pdy
— 271/ 2d )
[ 7@y
The remaining case can be treated similarly.

LEMMA 6.2. If u; are Poisson integrals of f; € L*(R"), respectively, then

/ ) /0 " (0/0t)us (1) (O] ua(w, 1) tdtdr — i / Fi(2) fo(@)de.

n
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PROOF. First we write

lox(i+ 1) A“(
(

|(0/0t)(u1 + uz)| dm) tdt

o0

\;U\

|(0/0t)u| d:z:) tdt

0

R”

—l—/o (/n (0/0t)us| dx) tdt

4 °°( [ (@/onu, (9/(9t)u2dx) e
0

+ m( (0/00)u 3/8t)u2dx> dt.
0 R”

Hence, in view of Lemma 6.1, we have

[T+ Tt = [ ( [10/000 (0700 + 000)ur (0 0t)ualdr ),
which proves the required equality.
THEOREM 6.1. If f € LP(R"), then

M f 1l = lg(Hllp = MU £,

PROOF. For € > 0 and an integer j with 0 < j < n, consider

Ke(x) = ((0/0t) Prie(), (0 0a1) Piye(x), ..., (0 0n) Prye ().

Denote by H, the family of all functions g for which

/Oo lg(t)|*tdt < oo
0

and set Hy"™' = Hy x -+ X Hy. Then note that

(6.1) K. € H,"

and

(6.2) (0/0a;)K.(x)] < Mla| ™.
If we set

/K x —y)f(y)dy,
then

!nf@ﬂz(émvant+dﬁwﬂw2§gUXM-
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Further note that

’[A(E(y”? — /0 [|(8/at)6727r(t+6)|y"2+‘(27Ty1)6727r(t+6)\y|’2+
+|(27my,)e —2m( t+€)|y\‘2]tdt
8Wﬂylt/ An(t+olulyqr < 971

A

or
(6.3) Ko(y)| £ 2712
Thus, applying the Hilbert space version of singular integral operator theory, we find
ITefllp = Apll fllp, 1 <p<oo,
which gives, by letting ¢ — 0,
lg(F)llp = Apll fl,-

Conversely, if u; are Poisson integrals of f;, respectively, then Lemma 6.2 gives

/ ) /0 ~(0)0t)un (x, ) (0] Yua(x, D) tdtd = i /R fi(@) fal)da

which proves

A

[ A@) @)

1] a(f)@a(h) @)

g (FOllpllgr (F2)llpr
[4Ap || fallp]llg2 ()l

A A

Hence it follows that
/1l = 4Ap (g1 (f2)lp-
THEOREM 6.2. Let o > 0 and 1 < p < oo. Then :
(1) I5CApifp22.
(2) I5CARifp<a.
(3) AP CLnifp<o.

(4) A2CLpifpz2.
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PROOF. Since g3 gives isomorphisms of L2 as well as A2¢, we have only to deal the
case o = 1. Let f € L} and denote by u the Poisson integral of f. Note that

2

[9((8/1;)f Z / axj Groulw0)| tdt =1,
so that .
/ IV 2u(, t) Pt =3 [0((0/0r)f )
0 :
, 0?u " 0%
Since 2 = —JZ:I 02 and
sup t iu(x t)| < AM f(z)
t>g) aIE] - ’
we have .
| 1@/002 a0 £ A [9((0/02;) ) (@)
k=1
and
62 n
sup t|=—u(z,t)| S A> M((8/0x;)f)(x).
>0 |Ot? =

Hence, if p = 2, then

|, @jan “'pdt/t<f4<i (0/0;) f w)) M|V ]2

so that Holder’s inequality gives

(/OOO [t||(a/3t)2U||p]pdt/t>1/p < A|V £,

Similarly, if p < 2, then Minkowski’s inequality for integral gives
00 00 /2 2/p
| i@/l < A { J([7 t@oryupa) dw}
0 0
n p/2
< A{ [ (32 w@rner) dx}

2/p

k=1
< AV

Thus (1) and (2) follow.
Conversely, if p 2 2, then Minkowski’s inequality for integral also gives

{ / ( /0 oo[t|(8/3t)2uu2dt/t>p/2dx}Q/p§ /0 " E1(@/0t)%ul, 2t ¢,
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which together with Theorem 6.1 yields
1fllig S Allfllype. £ € LE

In case 1 < p £ 2, from the first considerations and Theorem 6.1, we obtain
2 P 1/p
00 dt
U5 o
0 t
p 1/2 1-p/2
00 dt "
() 5 L)
0 P t J=1 P

0o 1/p
< a([7 tl@onPulae) " < Alflgr.

0%u

A -
ot?

af
ox;

Jllp

n
2
j=1

0%u

Ou of
or

&xj

A

so that

n

D

Jj=1

af

Ox; ,

If f e AP, then u(x,e) € LY for every € > 0 and
Ju(z, e)l[re = Allu(z, )l[are = Al f[laze.
Since u(x,e) — f in LP as ¢ — 0, we see that f € L] and
1fllze = Allfllaz=,

as required.

7.7 Restriction and extension of Bessel potentials
First we show the restriction property of Bessel potentials.

THEOREM 7.1. Let « > 0 and1 < p S oo. If f=a—1/p > 0, then Ru €
AFP(R"1) for u € LE(R™) and

HRuHAg’p(Rnfl) < Mullpz@mn)-

In this section, we write a point x € R" as
= (s,8), seRY ¢ = (29, ...,2,) € R
To show Theorem 7.1, we first prepare the following result.

LeEMMA 7.1. If g{V) denotes the Bessel kernel of order o in R}, then

[ auls, € = Ag(s)
Rn
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In fact, note that

/ ga(S,g)dg = A / (/ (s> +€[%) /5d§> —5/4#5(a—n)/2d6/6
Rn—l R»— 1
— Aa/ 677r52/55 "71)/2)676/4”5(a*")/2d6/5:A’g((ll)(s).
0

LEMMA 7.2. Let ap > 1. Then
1/p
([, lsas.0Pde) " < MIfl,

PROOF. Set |
Kl(sa 57 77) = ga(saf - 77)[9&1)(8)]1’ /P

and

Jals,€ = 1)

KQ(S,&”) = g&”(S)

Then note by Lemma 7.1 that
., Eals & mds = A
and, since (o« — 1)p' +1 > 0,

/l;tl/Rn 1 577den_A/ )]p,d8=B<oo.

Since ga(sag - 7]) = [Kl(saganﬂl/p [KQ(Safan)]l/pa for Y € Lp’(Rn—l) we have by
Holder’s inequality and Lemma 7.1

[ 0,050

= /R,H (/Rl /RH ga(s,§ =) f (s, n)dsdn) o(€)dé
= L (s &mI o©) (1Kol € m] 2 (5, m)) dsnd
= (/R /Rn_1 /Rn_l Kl(&é,n)[so(é)]p'dsdndé)l/p/

1/p
. (/Rl /Rn_l o 25,6 )L (s, n)]pdsdnd§>
< [BY|elly)[AY7II£1l,),

which shows that

([ lasw.epae)” < avrpvs g,
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LEMMA 7.3. If 0 < a < 2, then

/RH 190(5, € + 1) = ga(s, §)|dE = M[Jnl/|s|]*|s|*""

whenever 2|n| > |s|, where ¢ =0 when a < 1,0 < e <1 when a = 1 and € = 1 when
I<a<?2.

PRrROOF. If o < 1, then Lemma 7.1 gives
oo 190056+ 1) = gals. §)ldg £ 2490(s) < M]s| ™"

By mean value theorem, we have

/{5:|s>2n|}| of8,€+1) = gals, §)|dE

A

My s
{&:1¢1>2[n|}

Mn|*=t = Mljnl/|s[]*|s|*"

A

when 2|n| > |s| and € > 0; M may depend on . On the other hand, we find

/{§:§|<2|77|} 9a(8,€ 1) = gals, )l ? /{€1|§<377|} 9als: £)dE
= Mlnl/Is[]F]s|*".

A

LEMMA 7.4. Let 0 < aw < 2. If 2|n| < |s|, then

Loy 19005 €5 m) = 200(5,€) + gals, € = I < Minf?[s|*~

PROOF. Since 2|n| < |s|, we have for [¢| < 1,

(s, & +tn)| 2 |(s, ) = [(0,m)] 2 [(s,€)]/2.

Hence, by mean value theorem, we find that
190 (5,€ + 1) = 29a(5,) + gals, € = )| = Mnl*|(s, )",
so that
o 19,6 1) = 20a(5,€) + gas: € — )l
< Ml [ I(s. 97 < Minfs|e
PrROOF OF THEOREM 7.1. First consider the case 0 < o < 2. Let u = g, f with

f € LP(R"), and write

ul€) = [ gals€ = n)f(smdn
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and

u€) = u(0,6) = [ u(&)ds.

Rl
Note that

[u(€ +n) = 2u(&) +ul€ —n)ll,p

A

[, € +m) = 200() + (€ = m)llpds
-/ s (€ + 1) = 2u5(€) + (€ — ) s
{s:ls|<2[nl}
+ (€ + 1) — 2u,(€) + (& = ) ds
{s:ls[>2[nl}
= Li(n) + L(n).
If 2|¢] > |s|, then Lemma 7.1 shows that
/R o 9a(s €4 1) = 29a(5,6) + gals. € — )[d€ < 3g{(s) < M]s|*,
so that Minkowski’s inequality for integral gives

Lin) =M 11271 £ (s, )lpds.

{s:ls[<2nl}

Similarly, Lemma 7.4 gives

Ly(n) = M|n|* SN f (s, ) llpds.

{s:ls|>2[nl}

Applying Hardy’s inequality we obtain

M (/OOO sTPIsY f (s, .)||p]pds>1/p
= ([T Nas) = wi

1/p

A

A

Similarly, we have

(o s ) U ([T [ s ) o)
M (/OOO 3_ap+2p[3a—2||f(87 ')||p]pds>1/p
= ([T 15t ras) " = Mg

A

A

Thus we find

( [ M) = 2u(0) + ule =l ¥ dn)”” < M|
Rr-1 |n‘n71+ﬁp = pr
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Theorem 5.2 together with Lemma 7.2 now proves the case when 0 < a < 2.
If m < a < m+ 1, then, noting that

Vmu = (Vmga) * f7

we apply the above considerations with g, replaced by the partial derivatives of g, of
order m.

THEOREM 7.2. Let « > 0 and 1 < p < oo. If f = a—1/p > 0, then for each
f € AGP(R™1) there exists an extension Ef in L% (R") of f to R™ such that

IEfllemny) = M‘UHA%’”(R”*)-

PROOF. Let f € AZ"(R"'). Take a nonnegative function 1) € C§°(R"') such
that / P(€)dE =1 and ¥(§) = 0 for || > 1. Further take a nonnegative function
A € C°(R1Y) such that A(¢) = 1 for |¢] < 1. Now consider

ult,€) = M) [ FE = [tnyendn

Rn—1

= AR (€~ m)/ .

Rn—1

First we have by Minkowski’s inequality for integral

1/p
ot O, = [ ([ AOFE - ltnrded ) oln)dn
= [l fl, < oo.

Further we see that
lim [lu(t, )~ /()] = 0.
We first treat the case 0 < a < 1. In this case, we show that

U=g_o*uc W2R").

Note that
(0/0gu(t.©) = MO [ F)©/06) (€ —n)/lt)]dn
= MO [ (€= m) = F©1@/95) o/ 1t
so that
0/ u(t 1S MY [ 7€ =)~ F(©)ldn

We infer that

(7.1) Uj = g1-a * |(0u)/(9E;)| € LP(R").
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In fact we have

Ui(s, O = M ST et

' </{nl<|s 1} FE=C—m - (S—C)Idn> dtdg.

=([ , 15e—n-repae)”

_l-a—n
Qr)y=r /{nl<r} w(n)dn.

Set

and

Then we see that

[0 Qpdc <M [ (6P s — o]
R R»
1/p
x { J oy (i€ com = pe - orac) dn} e
= M [ Qs s — g
— M/Rl 1705 — t]°71Q(|s — ¢])dt
If we set K(s,t) = [t|%|s — t|*7!, then
[ K@t < o,
R

so that Lemma 2.1 in Chapter 4 gives

Lo s orac) " as < [ agyar

Further, noting that

Qr) = rlmom /T (/ w(r@)d@) "2 dr
0 S(n=1)

T 1/p
rl’a’"/ (/ w(r@)%@) r"2dr,

0 S(n—1)
we have by Hardy’s inequality

/Oo Q(r)Pdr < M/ p(l—a=n) (/( )w(r@)%@) PP =2)+P gy

0 Sn—l

= M [ Py
R”L

S B U S B GIR K

Rn—1

A
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On the other hand, note that

@/otu(t,€) = NOW™ [ (€ = mywn/It)dn

Rn—1

A=l (sent) [ FE—n)n/It)dn
FA [ €= mUTE) /1) - (/)] (—sgn D,

Rn—1

Since /nj((‘??,b/anj)dn = —1, we find that

(0/00u(t,€) = NORT [ FE—mvn/lthdy

n—1

FA@) (1 = n)[t[ " (sgn t) /Rn_l [f (& =n) = F(©)](n/[t])dn

+A@)[] " (sgn t) /R [F(€=n) = FEONNVY)(n/]t]) - (n/]t])]dn
= L+ L+

It suffices to note that

iy < [ (] worse - pad) " v

= Xl < o0

and

Ll 1Bl S M0 [ 1§ =) = F©)ldn,

{m:lml<[t]}
which can be evaluated as before.
In case a = 1, we have by Minkowski’s inequality for integral and Hardy’s inequality

p

/HQW”AWWﬁ}U@—nw<ﬂ®uQ dtdg
= M (!ﬂn/{n:ndl}w(n)dn)pdt
= ML |t|_p"{ /0|t (/Snlw(@)d@) T"‘er}pdt
< [ rp”{(/snlw(r@)d@> rnl}pdr

£~ )~ F@I

= M Rn—1 || (n=D)+5p

The general case will be left to the reader as an exercise.



Chapter 8

Boundary limits

In this chapter we study various boundary limits for functions on the half space H. In
fact, fine limits, perpendicular limits, radial limits and curvilinear limits are considered
for Green potentials and Beppo Levi functions. The existence of tangential limits is
discussed for polyharmonic functions together with monotone functions.

8.1 Boundary limits for Green potentials

We recall (Theorem 4.3 in Chapter 3) that a nonnegative superharmonic function s on
the half space H = {x = (x4, ..., z,) : 21 > 0} is represented as

= ar +/ (x,y)du(y +/ (x,y)dv(y),
where a is a nonnegative constant and u, v are measures on H, 0H, respectively. To

obtain general results, we consider Green’s function G, of order o, which is given by

|l —yl* ™™ =T —y|*" when0<a<n,
Ga(z,y) =
log(|z —yl/lx —yl) ~ when a=n,

where T = (—x1, 29, ..., x,) for © = (21,29, ..., ).

LeEmMMA 1.1. For x = (21, ...,2,) € Hand y = (y1,...,yn) € H, in case a < n,

T1Y1
|z —y|"oT — y|*

11

M—l
|z —y|"|T — g

2 é G()t(x7y) é M

in case a = n,
T1Y1

1 T1l
M1 < Gplz,y) <M :
7 S Gnlmy) £ |z —yl?

PROOF. Set t = [T—y|/|z—y| > 1 for z = (21, ...,2,) € Hand y = (y1, ..., yn) € H.

In case a < n,
Golz,y) =T —y[* """ = 1).

281
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Hence it suffices to note that

n—a _

Mfltnfafl § t

- S Mtnfozfl
t—1 —

and

2 —1  Ann|T -y
t+1 o —yl+[z—yl
The case & = n can be treated similarly.

t—1=

COROLLARY 1.1. For a measure 1 on H, G,u # oo if and only if

(1) [ Iy 2 duly) < oo.

Another application of Lemma 1.1 shows that

ka(z,y) = 27y ' Gal(z,y)

is extended to be a continuous function on H x H in the extended sense; in fact, if =
and y are in OH, then

2(n —a) when a <mn,

y|a7n72

ka(xvy) :aoz|x_ s Qo =

2 when o = n.

THEOREM 1.1. If s is nonnegative and superharmonic in H, then there exist a > 0
and a measure A on OH such that

s(x) = axy + 11 /_ ko(x,y)dA(y) for x € H.
H

We know that z1kq(z,y) is the Poisson kernel for H, and the Poisson integral

Po(@' V) =1 [ k(e y)dA)

has a nontangential limit at almost every boundary point (see Theorem 3.1 in Chapter
3). Thus we are concerned with the boundary limits of Green potentials

Gapla) = | Galay)dn(y) =1 [ hale.5)dNw),

where dA(y) = y1du(y).
We first consider perpendicular limits of Green potentials G,u. For this purpose,
let e = (1,0, ...,0).

THEOREM 1.2. Let u be a measure on H such that

(12) [ wlduly) < o

for 0 < 3 < 1. Then, for 0 < v < 1, there exists a set E S 0H such that
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(i) if¢ € 0H — E, then
lir% r 7Gop(€ +re) =0 when v < 1,
lim 7! Gapa(€ +7¢) = [ Kal€ y)ndp(y) when 5 = 1;
(ii) Hy—aip44(E) = 0.
To show this, we prepare the following results; recall that

L& a)=Az = (z1,....,x,) : |z — &| < axy}.

LEMMA 1.2. Let v < 1 and pu be a measure on H such that G,u # oco. Then, for
& € OH, the following are equivalent.

(i) lim ) /
z—¢,z€l(§,a) H-B(z,21/2)

() i € ) () = 0;

r—0

Geol(z,y)du(y) = 0 for any a > 0;

(iii)  lim roen! / yidp(y) = 0,
B+(§7r)

r—0
where B, (&§,r) =HN B(, 7).
PROOF. First note that
Mo < |z —¢&| < Mxy whenever z € I'(§, a).
Hence we have by Lemma 1.1,
M~y a4 1€ = y) 7 Py £ 0 Gala,y) S Mayg™ a4 €= y)* " P

whenever y € H — B(z,x;/2). Consequently, we see that (i) is equivalent to (ii).
Clearly, (ii) implies (iii).
For r > 0, set

p(r) = = ydu(y).
B (&)
If (iii) holds, then liH(l) p(r) =0. For 0 < r < 4, find
e =y P du(y)
B+(§76)

P [ duly)
+\S»

+r /05 (/B%t) yldu(y)> d(—(r +1)*"?)

p(8) + (@) [T 4 1)) < M),

A
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This shows that (iii) implies (ii).

LEMMA 1.3. Let ¢ = 0 and u be a finite measure on H. If we set

A= {f € OH : limsup r“u(By(&,7)) > O} ,

r—0

then Hg(Ag) = 0.

PROOF. For each j > 0, we show that H,(E;) = 0, where

E; = {f c 0HN B(0,7) : limsup r‘u(B4(&,7)) > 1/j}.

r—0

If § > 0 and £ € Ej, then there exists r = r(§) such that 0 < r < § and

r (B (€, 7)) > 1/j.

By a covering lemma (see Theorem 10.1 in Chapter 1), there exists a mutually disjoint
family {B;} such that B; = B(&;,7(&;)) and | J5B; 2 E;. Then we have

HE(Ey) £ 3 [5r(&))" £ 5% 3 w(H N By) < 5'ju(Ey).

where Fs = {vr € H : x; < 0}. This shows by letting 6 — 0 that H,(E;) = 0, as
required.

PROOF OF THEOREM 1.2. Write
up () =/ Golz,y)dpu(y)
B(x,z1/2)

and
wle)= [ Galwu)dnty),

First we see by using Lebesgue’s dominated convergence theorem that

lim 7 ug (1) :/H ko (2, y)y1dp(y);

z—¢,z€l(§,a)

if the right-hand side is not finite, then Fatou’s lemma gives the equality. In case v < 1,
we see from Lemma 1.2 that

lim 21 Tug () =0
vt el (Ea) | 2()

holds for every £ € OH — A,,_ 443, since

ro / yidp(y) < ro"F / yrdu(y).
B+(£7T) B+(§7r)
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Furthel" note that
u\xr S / xr — « nd,u .
1( ) B(z,x1/2) ’ y’ <y)

For a sequence {a;} of positive numbers, consider the sets

EBj={zreH:27 Su <27 2w (z) > aj '}

E:m( E)
k=1 \j=k

where A* denotes the projection of A to the hyperplane OH. If o < n and § € EJ,
then there exists € E; for which

and

o' < e w@) < [ e -yt ()
B(z,z1/2)

—-n— - @1/2 a—n
< 270 u(Blan/2) + ey [ (Bl r)d(—r),
so that there exists r = r(x) such that 0 < r < x1/2 and

u(B(x,r)) >27[(n —a)/v + 1]71a]717“"*°‘+7.

The case @ = n can be treated similarly. By a covering lemma (see Theorem 10.1 in
Chapter 1), we can choose a family {B;} such that B; = B(z;,(z;)) and | J5B; 2 E;.

Then we have

(5:279) (o
Hn—oa-‘rﬁ-‘rw(Ej )

> _[or(g))n et

)

Ma; 2773 " u(B)

Ma;2 9 u(Ay),

A

A

where A; = {z: 27971 <2y < 277"?}. Now we choose {a;} so that lim a; = oo and
j—o00

> aj/A yrdu(y) < oc.
j J

Then it follows that
Hn,a+ﬁ+7(E) - O

and
limsup r~uy (€ +re) < limsup a; ' =0

r—0 Jj—o0

whenever £ € OH — E. Thus Theorem 1.2 is obtained.
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Next we treat the case v < 0. In the logarithmic case o = n, we had better consider
the capacity :
C,(E) =inf A(H), E C H,

where the infimum is taken over all measures A on H such that

/ Golz,y)dNy) =1 for all z € E.
H

THEOREM 1.3. Let pu be a measure on H satistying (1.2) for 3 < 1. If - = v £ 0,
then there exists a set E & OH such that C,_g_(E) = 0 and

lin& r 7Gou(E+re) =0 for every £ € OH — E.

PRrROOF. Write G,u(x) = ui(x) +us(z) as above. Then uy has a nontangential limit
at every £ € OH — A,_ 1 54~. Since H,_ o1 4+(An—atpty) = 0, we have

Ca*ﬁfv(AnfoHrﬁJrv) =0
in view of Theorem 7.5 in Chapter 2. To deal with u;, consider
Ej={zreH:277 S a; < 277" 277w (z) > aj_l}
and .
F- () (U Ej) |
k=1 \j=k
In case a < n, noting that

—1 -y -y a—n
a.; < x wmx)<x Xr — d
J 1 1( ) 1 /(1,11/2) | y| :u(y>

277 / |z — y|* Pyl du(y)
Aj

A

for x € E;, we have
Co-p—(Ej) S 2_7%/A yidp(y).
i

The case @ = n can be treated similarly. Hence it follows that

Oa—ﬁ—v(UE;> = Z Ca—ﬂ—v(E;)
j=k j=k

Z Ca—ﬁ—’y<Ej)
j=k

A

A

> 27 [ ylduty).
=k A
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Now we choose {a;} so that lim a; = oo and
j—o0

> aj/ yrdp(y) < oo.
i A
Then we find
Ca—p—~(E) =0
and

limsup 7 uy(§ + re) < limsup aj_l =0

r—0 j—o00
whenever £ € OH — E. Thus Theorem 1.3 is obtained.

Here we discuss the existence of global fine limits.

THEOREM 1.4. Let pu be a measure on H satisfying (1.2) fora —n—1< = 1.
Then there exists a set E € H such that

lim PG () =0

r1—0,0€eH-F
and
(1.3) 3 21O (E)) < oo,
j=1

where E; = {z € F: 279 S oy < 277%1},
PROOF. Write Gopu(z) = ui(x) 4+ uz(z) as above. Since 27 *PG,(x,y) < My

for y € H — B(x,21/2), we see that us(x) tends to zero as ;7 — 0, with the aid of
Lebesgue’s dominated convergence theorem. Consider

Ej={xeH:277 <gy <279 277 Py (z) > a;'}
as before. Here we show only the case a = n. Since
0t <afu(e) <M [ los((F ~yl/lx ~sl)uiduly)
T,x1

for x € F;, we find
Cu(E;) £ Ma; /A ydu(y).

Now we may choose {a;} so that lim a; = co and
j—o0

> aj/A yrdu(y) < oo.
j J
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PROPOSITION 1.1. Let a =n and E € H. Then (1.3) holds if and only if
(1.4) Cn(F) < 0.

PROOF. Since C,, is countably subadditive, (1.3) implies (1.4). Conversely, suppose
C,(F) < oo and take a nonnegative finite measure A such that

GoA(z) 21 whenever x € E.

Write G\ (z) = ui(x) + us(z) as before. Since G (z,y) < Mzyyi|r —y[™ = M
whenever y € H — B(x,z,/2) and \(H) < oo, we see that

lim wuy(z) = 0.

11—
This implies that if j is large enough, then
uy(z) = 1/2 whenever z € Ej,

so that
Cu(E)) = 2M(4)).

Noting that Y A(A4;) < 3A(H) < oo, we insist that (1.4) implies (1.3).

J

PROPOSITION 1.2. Letn—1<a <=nand C, C ={C(r):0 < r < 1}, be a curve
in H tending to a boundary point. If u is a measure on H satisfying (1.1), then

lim inf [Cy (r)]"~* " Gap(C(r)) =0,
where C(r) = (Cy(r), ..., Cp(1)).

PROOF. Letting ‘ A
Lj = {(1'1,0) 2277 é T < 2_]+1},

we note that 4
Ca(Lj) - 27J(nia)0a(L0)

and
Co(Lo) >0  whenn—1<a<n.

This implies that the line segment (0, 1] x {0} fails to satisfy (1.3) whenn—1 < a < n.
To show the second assertion, we have only to consider the potential

u(w)= [ Gal(t,0),p)i.

Since u is bounded on H when o > n — 1, letting u < M on H, we find

p(H) 2 07 [ uly)u(y) = M7 [ Gapl(,0))de 2 217
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for all measures p on H such that Gou(z) =2 1 on Lg. This shows that Cy(Lg) 2
M~! > 0. For x € H, denote the projection of x to the z;-axis. For a measure u on
H, define a measure p* on zj-axis by setting

WH(A7) = plf (21,0) € A7),

Then we infer that
Co(E") = Co(E),

which follows from the fact that
Gapl@) £ [ Gala®,y")dp(y) < Gopr*(a”),
where z* = (z1,0) for z = (z1,2’). Consequently,
Col(Lj) = Co(C)) with C; ={z € C: 277 <z < 27911},
Now the required assertion follows from Theorem 1.4.

We show the radial limit result for Green potentials.

THEOREM 1.5. Let pu be a measure on H satisfying (1.2) for f < 1. Then, for
a— (3 —n <y <1, there exists a set E € H such that

(i) if ¢ € OH — E, then llir(l) 7 "Gou(§ +1¢) =0 for every ( € HN S — E¢ with
Co(E¢) = 0.

(ii) Hp—atpsr(E) = 0.

To show this, we need the following result.

LEMMA 1.4. Let n —a+ 4+~ 2 0. For a measure u on H satisfying (1.2), set

Fg = {5 € O0H: / € — ylo 1y du(y) = OO} ,
B4 (€,1)

If ' > (3, then
Hy i (Fy) = 0.

PROOF. Suppose H,_o1p1+(Fp) > 0. Then, in view of Frostman’s theorem, we
can find a measure v on R™ such that S, is a compact subset of Fjz, v(R™) > 0 and

v(B(z,r)) <"t for all B(x,r).
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Letting S, € B(0,a), we note that

00 = /(/&@1 Iﬁ—yla‘”‘ﬂ"”yf/du(y)) dv(§)

= [ o ([t () o duty)
B+ 0a+1)
Lo ([T a4y o072 ) o )
Bi(0,a+1) \Jo
< M yldply) < oo,

By (0,a+1)

A

which is a contradiction.

PrROOF OF THEOREM 1.5. Write Gou(x) = wui(z) + uz(x) as in the proof of
Theorem 1.2. First we see that

(@) EM [ eyl du)
(z,21

and

lim x; Tus(z) =0
z—&,2€l(€,a) ! 2< )

for every £ € OH — A,,_4++3, on account of Lemma 1.2. If { € 0H — Fj, then

£ —y|* "y Tdp(y) < oo
/r(ﬁ,amB(s,l) | [y duy)

for every a > 0. Hence, in view of the radial limit theorem for Riesz potentials (see
Theorem 8.1 in Chapter 2), we can find a set Ex & HN S such that C,(E¢) = 0 and

lim 7 uy (§ +7¢) = 0

for every ( € HN'S — E¢. Thus, since Hy—qt4y+8(An—a+y1p U Fgr) = 0, Theorem 1.5 is
established.

PROPOSITION 1.3. Let s be a nonnegative superharmonic function on H. Then,
for 1 —n < v £ 1, there exists a set E S OH with the following properties:

(i) if ¢ € OH — E, then there exists s¢ such that lin% r7s(§ +1r() = s¢ for every
C eHNS — Eg with CQ(E&') =0.

(ii) Hn71+’y(E) = 0.
We say that a set £/ in H is minimally a-semithin at the origin if

lim r* " 2C, (EN B(0,r)) = 0.

r—0
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Note that E is minimally a-semithin at the origin if and only if

(1.5) lim 2792y (E;) =0,

Jj—00

where E; = {z € E:277 < |z| <277t} In fact, it suffices to note that

2—j(a—n—2)0ka (E N B(O, 2—j+1)) g 2—j(a—n—2) Z Cka (Ez)

i=J

é 2—j(a—n—2) Z [ani(oc—n—Q)]
1=y

= a;/[1-2"7"77,

where a; = sup {27420, (E;) :i = j}.
We also say that a function v on H has minimally a-semifine limit zero at the origin
if there exists a set £ € H such that F is minimally a-semithin at 0 and

lim u(z) = 0.
z—0,ceH-F

PROPOSITION 1.4. If E is minimally a-semithin at 0, then ENI(0, a) is a-semithin
at 0, that is,
lim r* "Co(ENT(0,a) N B(0,2r) — B(0,r)) =0.

r—0

REMARK 1.1. In case oo < n, E is a-semithin at 0 if and only if

(1.6) lim 7 "Co(ENB(0,7)) =0.

r—0

PROOF OF PROPOSITION 1.4. For z € H and a measure A on H, write

Fal,2) = /B(x,:m/Z) Fa(, Y)dA(y)
i /ﬁB(aﬁ,m/?) R, y)dMy) = w(x) + ua(2).

Note first that if x € I'(0, a), then
uy(z) £ Moy " 2A\H) £ M|z|* "2 \(H).

Hence, if 279(@=2C, (E;) < ¢ < (2M)~}, then we can find A such that A\(H) <
21(@==2¢ and k,(z,A) = 1 for all € E;. In this case, uy(r) < 27! for all v € Ej, so
that uy(z) > 27! for all z € Ej;. Since

wi(e) £ Mai? [ o=yl dA(y),

J
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where B; = {z : 277971 < |z| < 27772} it follows that
Cu(E; 0T(0, @) < M2IA(B,) < M2,

so that '
2= (E;NT(0,a)) £ Me.

This shows that £ NT'(0,a) is a-semithin at 0 if £ is minimally a-semithin at 0.

THEOREM 1.6. Let p be a measure on H satisfying (1.1), and —1 < v < 1. Then
the following are equivalent.

(i) f1<p<n/(n—a+~vy+1), then

lim 7" / 21|21 Gopt(z)]Pda = 0.
B+(07T)

r—0

(ii) There exists a sequence {z9)} tending to 0 such that {x"} C T'(0,a) for some
a >0, |29 < b|lzU*tY| for some b > 1 and

J]—00

(iii) 27'2|'*""Gapu(x) has minimally a-semifine limit zero at 0.

r—0

(iv) lim 7"0‘_'7_1_”/ y1du(y) = 0.
B4(0r)

ProoF. If (i) holds, then, setting A(r) = B(0,2r) — B(0,r), we have

1
li _I_WGOC Pdx = 0.
I A A 10, )] Jagnrn Elel Ganl@)de

Hence (ii) holds for 1) € A(277) NT(0,1) such that

; A , 1
27| Gap(a D)) <

G ()P de.
~ |A(r)NI(0,1)] A(r)mr(o,l)[x1|$| pt(@)|Pda

For z € I'(0, a), note from Lemma 1.1 that

2| "Gop(z) 2 M\:E]ﬂ/ [z [T — y[* 7" dpy)
B1(0,]z()
> Mg e [ ydu(y)
B (0,]z])

If (i) holds for {z¥)}, then

lim [z |t / ~ydp(y) = 0;
j—oo By (0,Jz0)))
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since (0, |zV]] € U (b~ HaW|, [z9)], (iv) is satisfied.

For r > 0, erte

Gop(x) = /B+(0,2r)Ga(x’y)du(y)

N /I‘IB(O,2r) Gal(z,y)duly) = ur(2) + vr(2).

By Minkowski’s inequality for integral we have

1/p
(7‘_"/ [m1|x|_1_7uT(x)]pdx>
B+(07T’)
1/p
R G A L e N ) )
B4(0,2r) B4 (0,r)

1/p
M (T” / |z — y!”(a"“”dfc> yidp(y)
B4 (0,2r) B(0,r)

< Mt [ ydu(y)

B+ (072T)

[IA

A

If (iv) holds, then
1

lim —— 1y, (2)Pde = 0.
P TBo0, )] S, o 1T

On the other hand, note for x € B, (0,r)

wilal () S MP [yl 2ydp(y).
H-B(0,2r)

For § > 0, set

0<r<d

e(d) = sup r“’”’l’"/ y1du(y).
BJr(O’T)

Then it follows that

lim sup '~ / ly|* " yiduly)
H-B(0,2r)

r—0
— Jimsup 7 [ 1" 2y dp(y)
r—0 B+(0,6)—B(0,2r)
1)
< (6)limsup 7 / gratrHling(_gamn=2y < Nre(s).
r—0 2r

Hence, if (iv) holds, then

1
lim ———— x|z 0, (2)Pde = 0.
P B0, Ja, o HHT )
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Thus (iv) implies (i); then (i), (ii), (iv) are equivalent.
Next we show that (iv) implies (iii). For this purpose, write Gou(x) = up(x) +
vjz) () as above. Then we see that

o el T (o) £ Maf'

a—n—2
dp(y),
sz YT dny)

which tends to zero, as noted above. For a sequence {a;} of positive numbers, consider
the sets

Ej={r e H:27 < |a| <27 oy o] Tup(z) Z a;'}.

Noting that

o) g (2) S mﬁf/ ko (@, y)y1du(y)
B4(0,2]z|)
< M2 / ko (2, y)y1dp(y),
B4 (0,2]z])
we have
C. (E< M 42*1‘(1*7)/ d ,
ko (E05) = Ma, B (0.2-42) y1du(y)
so that
9j(n—a+2) EN< M ,2j(nfa+1+7)/ .
Cr.(E;) = Ma, B (02-+) yidp(y)

Now choose {a;} such that lim a; = oo and
j—oo

lim a-2j(”_a+1+7)/ d = 0.
lim a; Ty 1(y)

J]—00

Then, setting &/ = U E;, we see that E' is minimally o-semithin at 0 and
J
; =1 11—y _
ol o 21 |2 g (@) = 0.
Hence (iv) implies (iii).
If (iii) holds, then
li G, =0
mﬂ&$é&ha}4§|m| U($)

for a set F which is minimally a-semithin at 0. In view of Proposition 1.4,

1y CalENT(0,a) N B(0,2r) — B(0,r)) _
0 CL(T(0,a) N B(0,2r) — B(0,7))

so that we can find {z¥} such that 29 € I'(0,a) N [B(0,277*!) — B(0,2779)] — E for
each j. Then (ii) holds for this sequence {x()}, and hence (iii) implies (ii). Thus (i) -
(iv) are all equivalent.
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For 0 S 8< 1,2z € H and y € H, define
Fag(,y) = 27y "Galz,y);
as above, k,1 = k.. We consider the capacity C’ka’ 5 defined by
Ch, ;(E) = inf AH), E CH,
where the supremum is taken over all measures A such that

kap(x,A) = /ﬁ kap(x,y)d\(y) 21 for every x € E.

Finally we study the fine limits at infinity for Green potentials in H.

THEOREM 1.7. Let u be a measure on H such that

(1.7) L) dpy) < o
forv < 1. If 0 £ B £ 1, then there exists a set E € H such that

lim .8 |2|P G () = 0

|x|—o00,0€eH-FE

and

(1.8) > 27t G, (B < oo

J=1

REMARK 1.2. If (1.8) holds for a = 2, then E is called (-rarefied at oo; if (1.8)
holds for § =1, then F is called minimally a-thin at oco.

PRrROOF OF THEOREM 1.7. For x € H, write

Gaop(z) = / Gaolr,y)du(y)
By (x,|z]/2)
Ga ) d = .
ooy Gl 0)dily) = () £ uo()
If e Hand y € H— B(x,|x|/2), then
o |2 Gl y) £ May ™l — yo Py < M(J2| + Jy) "
Hence we apply Lebesgue’s dominated convergence theorem to find

lim  2,%|z|" Tus(z) = 0.
|z|—o0,zeH



296 Boundary limits

By assumption (1.7) there exists a sequence {a;} of positive numbers such that lim a; =

J—00

oo and

o0

(1.9) > a2t [ ydu(y) < oo

s nB_,
recall that B_; = {x : 277! < |z| < 2772}, Consider the sets

Ei={zeH:2 <|z| < 2% 2%z uy (z) 2 a;'}.
Noting that

2y )" () £ Ja) /HmB kap(z, y)ydu(y),
—J

we have

Cr, ,(E)) =M -2j(ﬁ*7)/ dp(y).
ko (E) = Ma, _— yrdu(y)
This together with (1.9) yields (1.8).

COROLLARY 1.2. Let u be a measure on H satistying (1.7) fory < 1. If 0 £ f = 1,
then there exists a set E < HN'S such that Co(F) = 0 and

lim 7 7Gau(re) =0 for every r €e HNS — E.

r—00

To show this, it suffices to note that

M™'Cy,, ,(Ey) £ 2000 (E;) £ MCy,, ,(E;)  whenever E CT(0,a).

8.2 Boundary limits for BLD functions

In this section we are concerned with various boundary limits of BLD functions u on
H satisfying

(2.1) / |V u(x) [Pz, Pdr < oo for any bounded open set G £ H.
G

First we show the following.

LEMMA 2.1. For B > —1,let v =3 —p when > p—1 and —1 < v < (8 when
B <p-—1. Ifue BL(L} (H)) satisfies

loc

(2.2) /G \Vu(z)|Paide < oo for any bounded open set G € H,
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then

(2.3) / |u(x)|Pz]dr < oo for any bounded open set G € H.
€

PrROOF. For a > 0, find b > a > 0 such that
/ |u(b, 2')|Pdx’ < oo,
{z':|z'|<a}

where x = (21, x9, ..., x,) = (x1,2’). Note that

b
u(z) = — / (0u) (@) (t,2")dt + u(b,)

for almost every 2’ € R" . Lettinge = -y —1when <p—1landp—-1<e<f3
when (> p — 1, we have by Holder’s inequality

pl
lu(z)] < (/ Vu(t,z') |pt€dt> </ / pE/pdt) + Ju(b, 2).

Hence it follows from Fubini’s theorem that
b b
[l 2y Patdey £ M [ [Vu(t, ) Pede+ Mlu(b, 2P,
0 0
which together with (2.2) gives

/ lu(x)Pa]dx < oo;
B+(01a)
recall that B, (0,a) = HN B(0,a). Thus (2.3) follows.

COROLLARY 2.1. Let —1 < 8 < mp — 1, ¢ be a nonnegative integer such that
lp—1=8<({l+1)p—1, and u € BL,, (L}, (H)) satisfy (2.1). If {p — 1 < 3, then

loc

(2.4) / IV lu(z) P2l Pde < oo for any bounded open set G & H;
@

iflp—1=p(and -1 <~y <p—1, then

2.5 V() [Pa)de < oo for any bounded open set G € H.
1 y
G

THEOREM 2.1. If u € BL,,(LY .(H)) satisfies (2.1) for —1 < 3 < p — 1, then there

exists an extension Eu to the whole space R" satisfying

(2.1) /G V™ Bu(x)|P|2z,|Pdr < oo for any bounded open set G £ R".
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ProOOF. Let Ay,...,\; 1 be a unique solution of the linear system :

Ao+ Ao 4+ o+ At = 1,
(—1) )\1 + (—2) )\2 + s + (—m — 1) )\m—i—l = 1,

For functions v on H, we define

u(z) if x1 >0,
Eu(z) = m+1

> Nu(—ja,2) if x1 <0

=1

and for each multi-index p = (1, ..., fin),

U(.CE) if T > 07
Eu(z) =1{ mn

Z (=) Nju(—jry, 2') if v < 0.

j=1

If w is ACL on H, then Fu is defined to be ACL on R™ and
D*(Eu) = E,(D"u) for |u| = 1.

Thus, if u is a BLD function on H satisfying (2.1), then Theorem 5.2 in Chapter 6
implies that Eu is defined to be BLD on R" satisfying (2.1") and

D*(Eu) = E,(D"u) for |u] < m.

Recall that ky(z) = z*/|z|™ and
k(z —y) if ly| <1,
k’,\,g(l‘,y) = .
ka(r —y) = > (1/uha"(D"ks)(—y) if [y| > 1.

e

In view of Theorem 1.3 in Chapter 6, we have the following representation of u.

THEOREM 2.2. Let v € BL,,(L},.(H)) satisfy (2.1) for —1 < 3 <p—1, and ¢ be
the integer such that { < m — (n+ [3)/p < £+ 1. Then there exists a polynomial P of

degree at most m — 1 such that

u(e) = 3 ax [ kasle,y)D*Euly)dy + Ple)
[A|l=m
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for almost every x € H.

Theorem 2.2 can be proved for Fu in the same manner as Theorem 1.3 in Chapter
6, if one notes that ky,(z,y) £ M|z|“|y|™ "¢ for |y| > max{2|z|,1} and

1/p
[ gD Buldy < ([ (1 ) gy

1/p
([ 1D Euy)llnldy) < o

when <p—1land m—(n+03)/p<{+1.
Note here that for R > 0,
/ ke(z,y)D* Bu(y)dy = /B om B2 y)D*Eu(y)dy

+ a continuous function on B(0, R).

Hence, when we want to study the existence of boundary limits for the functions v on
H, we have only to deal with the functions of the form :
A

Uxf(x) :/ oy

d
P f(y)dy,

where |A| = m, and f is a function on R™ which vanishes outside a compact set and
satisfies

(26) L @ lnldy < oo.

THEOREM 2.3. Let [A\|=mand -1 < 8<p—1. Ford <m—(n+0)/p<l+1
and a function f satisfying (2.6), set

Uref(z / kxe(z,y) f(y)dy.

Then
L 1V U @) P < 0 [ 5Pl dy.

PRrROOF. For € > 0, set
K.(x) = 2|z + &)~/
and
K. (v —y) if |y| = 1,
Ka,é(xvy) = .
K(z—y)— > (1/ph)a"(D"K.)(—y) if |y > 1.

ul<e
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Consider the function

/ K o(z,y) f ()| *Pdy.

Then F,, is infinitely differentiable for x € R". Since V" K., = V™K., with the aid
of singular integral theory, we see that

| IV Ee@)Pde £ 0 [ |F @)l dy.
Rn
Note also that K., * f is infinitely differentiable on R" and

Hﬂfl\ﬁ/p _ |y1‘6/p‘
Z =yl |f(y)|dy

— M/ K(z1,y1)9(x1, 2", y1)dy,

[la1| P D (Ko % f)(2) = D*Fep(x)] < M

where |u| = m,
1= (2l/[ya])""]

K
(z1,91) = P—

and
|1 — 1|

/ — BIv gy,
o) = [ el W)l Py

By a property of Poisson integral, we find

L lgnal gl S0r [ )Pl dy

Applying Lemma 2.1 in Chapter 4, we derive

o0 P
/n (/_ K(Ilayl)g(x1,$'7y1)dy1> dx
o0 o0 1/p p
/_ {/_ K(w1,1) (/Rnlg(gchx’wl)?”dx’) dy1} dzq
ee o0 1/p p
M/_ {/_ K(xl’yl) (/Rnl |f(y1,y’)|p|y1|f3dy’) d?h} dxq

< MAK”/Rn [ sy )Pl Py dys,

[IA

[IA

where Ak :/ K(1,11)|y1|~YPdy, < oco. We thus obtain

(/Rn ||x1|ﬁ/pDu<Ks,z * f)(:z;)|pdx> L/p

1/p
< D el + Mk ([ ISPy )

w ([ 1relay)

[IA
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Now, letting € — 0, we have

(L D @en) @l lafde ) RESY (/.1 f@)myﬂﬂdy)vp

LEMMA 2.2. Let £ € OH. If

/ 1€ —y|™" V™ u(y)|dy < oo for every a > 0,
['(§,a)NB(¢,1)

then

/F({,a)ﬂB(f,l

PRroOOF. It suffices to show that

k—n
— U dy < 0o
/F(&amB(g’l) € —y[" " uly)|dy

whenever k = 1, under the assumption that

/ € =y Vu(y)ldy < oo,
[(§,a)nB(E,1)

Note that for [©] =1 and 0 <r < 1,

301

1€ — y[F"| VFu(y)|dy < oo for every a >0 and k=1,...,m — 1.
)

1 1
u(r0) — u(©)| = / (d/dt)u(t@)dt’ < / Vu(tO)]dt.
For simplicity, set U, (r) = / V" u(r©)|dO for m = 0,1. Then we have
I'(&,a)n0B(¢,1)

1
o |k—n d :/ k*lU d
/F(E,a)ﬁB(g,l) € —yI" " uly)ldy = | " Uo(r)dr

Up(1) /01 rE=tdr + /01 rk=1 (/Tl Ul(t)dt) dr

_ k—lUO(1)+/01 UL (1) (/Otrk_ldr> dt

A

= kK 'Uo(1) + k7 ) € —y[* T Vu(y)|dy < oo

I'(§,a)NB(,1

LEMMA 2.3. For —1 < 3 < p—1 and a nonnegative function f satisfying (2.6), set

B(f) = {x COM: [ eyl )y = oo} .

Then Cy,—g/pp(E(f)) = 0.
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Proor. Consider

u() =/ |z —y[™" f(y)dy

for a function f which satisfies (2.6) and vanishes outside a compact set. Then we see
from Theorem 2.3 that
/ V()P | Pd < oo
Rn

Set
B{as [l )l Py = .
Then it follows readily from the definition of C,_g/),, that
Cm—p/pp(E) = 0.
If € OH — F, then
S ey () dy < oo,
I'(z,a)

Lemma 2.2 implies that
[ la= gl )y < oo.
I'(z,a)

By a polar coordinate, note that

/s<a) </o1 |Vl +T5)|dr> dS(§) < oo

with S(a) = I'(0,a) N'S. This shows that lin% u(x 4 r€) exists and is finite for almost

every £ € S(a), so that it follows that u(z) < oo. Consequently, F(f) & E and hence
Crm—p/pp(E) = 0.

We show the existence of perpendicular limits for BLD functions on H, with the
aid of integral representations.

THEOREM 2.4. Let u be a BLD function in BL,, (L} (H)) satisfying (2.1) for

0 < 3 < p—1. Then there exists a set £ & OH such that C,,_g/,,(E) = 0 and
lim u(zy,2') exists for every ' € R"™! such that (0,2') ¢ E.

xr1—0

PROOF. As noted above, it suffices to treat

Upf(z) = / k(2. y) f(y)dy

B(0,R)

for a nonnegative function f satisfying (2.6) and R > 0. Write
U@ = [ k) )dy
B(z,z1/2)

+/ Ex(x,y) f(y)dy = ui(x) + ua(z).
B(0,R)—B(z,x1/2)
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If ¢ =(0,2") € OH — E(f), then uy has a nontangential limit u(£) at £, so that
lim ua(t, ') = u(S).
For a sequence {a;} of positive numbers, set
E; = {x 270 Sy < 279 () > aj_l/p}.
Noting that
(@) < [ 2=y f(y)dy
B(O,R)ﬂHj

with H; ={y: 27771 <y; < 27972} we have

Con-spo By BO.R)) £ a Fy)ryidy.

B(0,R)NH,

By (2.6), take {a;} such that lim a; = oo and
j—o0

PR / fly)Pyidy < oo.
i B(0,R)NH;

)

Denote by F™* the projection of a set F' to the hyperplane OH, and consider

E/:m( E)
k=1 \j=F

Then, in view of Theorem 5.1 in Chapter 5, we obtain
Conp/pp(E's B0, R)) £ 3 Crpypp(E]; B0, R)) £ Y Crvpypp(Ej; B(0, R))
j=k j=k

for any k, which proves
Con s (E's B(O, R)) = 0.
It is easy to see that
%ir% u(t, ") =0

for every (0,2') € OH — E’. Thus E = E(f) U E’ is the required exceptional set.

REMARK 2.1. Suppose E & 0H and C,,,(E) = 0. Then C,,,(E;) = 0, where
E; ={¢+27e: ¢ € E}. Hence we can find a nonnegative function f; such that f; =0
outside H;, U, f; = oo on E; and

/ f(y)Pdy < 299279,

J
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Then, setting f = sup f;, we see that U, f(z) = oo for all z € | E; and
J j

l/ F@) | dy < oo.
If -1 < <0, then U, [ satisfies (2.1) by Theorem 2.3 and moreover

limsup U, f(§ +te) = 00 for all € € E.

t—0

With the aid of Corollary 2.1, we can prove the following result.

COROLLARY 2.2. Let u be a BLD function in BL,, (L} (H)) satisfying (2.1) for

—1 < 8 <mp—1. Let ¢ be the nonnegative integer such that {p—1 < 5 < ({+1)p—1.

(i) Iftp = B < ((+1)p—1, then there exists a set E' S OH such that Cy,_g/p,(E) =0
and lim w(xy,2") exists for every ' € R"! such that (0,2') € E.

xr1—0

(ii) If B < {p, then there exists a set E & OH such that Cy,_s,(E) = 0 and

lim0 u(zy,2') exists for every ' € R"™! such that (0,2') ¢ E.

r1—

We next study the existence of limits along curves tangential to the hyperplane 0H.
Let 1 be a positive nondecreasing function on (0, co) satisfying the doubling condition

1 (2r) £ My (r) for r > 0.

Assume further that r~'¢;(r) is nondecreasing on (0,00). Let ¢;, j = 2,...,n — 1, be
functions on [0, c0) such that ;(0) = 0 and

[9;(s) —;(t)| = Mls —t| whenever 0 < s < t < oc.
Setting ¥, (r) = r, we define
U(r) = (u(r), ... ¥n(r))

and
£(r) =&+ 9(r)
for £ € OH.

THEOREM 2.5. Let 0 < 8 <p—1,n—mp+ B 20 and h(r) = [y (r)]""™*5. Ifu
is a BLD function in BL,,(L} .(H)) satisfying (2.1), then there exist sets Ey, E; € 0H

loc

such that Cy,_g/pp(E1) = 0, Hy(E2) = 0 and

lim u(é(r)) exists for every £ € OH — (E, U Ey).

r—0
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REMARK 2.2. If ¢1(r) = ¥ with v > 1 and n — mp + 3 > 0, then H,(E;) =0
by Theorem 2.3 in Chapter 5; if ¢;(r) = r, then Cy_g/pp(E2) = 0 by Theorem 2.2 in
Chapter 5.

PrROOF OF THEOREM 2.5. We are only concerned with the function

Urf(a) = [ (e y)f )y

for a nonnegative function f satisfying (2.6) and vanishing outside B(0, R). For a =
1071, write

Unf@) = [ k) )y

+/ b, 9) (4)dy
B(&2[¢—|)—-B(x,az1)

+/ Fale, dy = + ug(x) + us(x).
B(0,R)—B(¢,2|1¢6—x]|) )\(LE y)f(y) Y =u (;C) UQ( ) 3( )

If ¢ € OH — E(f), then ug has a limit u({) at by Lebesgue’s dominated convergence
theorem, so that

lim uz(§(r)) = u(f)-

r—0

By Holder’s inequality we have

up(x)| < / 2 —y" " F () dy
| 2( )| - B(£72|£7x|)*B(x,ax1) | | | ( )|
/ , 1/p’
= </ |$—y|P (m—n)|y1|—P/3/pdy>
B(&.2/¢~x|)~B(z,az1)
1/p
8 / f Yy py ﬁdy)
( B(&,2|€—z])—B(z,ax1) | ( )l | 1|
=

1/p
Mag =i ([ PP
B(&,2[—=|)

Define
E = {5 € OH : limsup h(r)_l/( | ()Pl |Pdy > 0} :
B(,r

r—0

Then Hy(E') = 0. Further, if £ € OH — E’, then

lim wuy(&(r)) = 0.

r—0

By (2.6), take a sequence {a;} of positive numbers such that lim a; = oo and

J—00

>, aj/H fly)Pyrdy < oo.
i=1 j
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As in the previous proof, consider the sets
X;={r:277 <oy <277 wy(z) > aj_l/p}.

If x € X;, then

*1/p / m—n
a; < T — d
; oo =y )l

= (axy)" "F(z,ax1) + /Ow1 F(x,r)d(—r™""),

where F'(z,r) = /( : |f(y)|dy. By Holder’s inequality we have
B(x,r

1/p
Pl S B ([ rwra)
so that we can find r = r(x) such that 0 < r < ax; and
—1,_.—08, n—mp+p
[ )Py = Moty e

Since {B(z,r(x)) : * € X,} covers X, by a covering lemma (see Theorem 10.1 in
Chapter 1), we can choose a disjoint famlly {Bj¢}, Bjx = B(zje,7(z;e)), for which
{5B;} covers X;. For x € H, let & be the point on 0H such that x = #(r) for some
r > 0, and denote by X the set of all # for € X. Now consider the set

e=f(0%)

Find ¢, with ¢y (t;¢) = r(z;e). Thenr(z;e) < [1/¢1(D)]tje. Ky = ((s) € B(zje,7(xj0))
with ( € OH and z;, = ;¢(s;,), then

rlsje = sl) = Wn(sj0) = u ()] = laje =yl < r(j0) = Da(t0),

so that

Z50 — €| S Nwje — yl + D [05(s50) — wils)| S raje) + Mlsje — s| £ Mtj,.

1=2

This implies that B(Z;,, Mt;¢) 2 B;,. On the other hand we have
> el S Moz [ty

L
< Mo [, Pl

J
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Since h(Mt; ) < Mr(zj )" "8 we find
HPD(B") < MZ a]/ Pyldy,

where 0, = sup{Mt;,: j = k}. Thus it follows that
H,(E") = 0.
If ¢ € OH — E”| then
lim 11 (¢(r)) = 0.
Now E; = E(f) and Ey = E' U E” have all the required properties.

By Lemma 1.4, we have

LEMMA 2.4. Let n — mp + (3 2 0. For a nonnegative function f satisfying (2.6),
set

Fy = {5 COH: [ Je— g™ ply) Iy dy = OO} '
B(£1)
Ifﬁ, > ﬁ, then Hn,merﬁ(F/g/) = 0.

THEOREM 2.6. Let —1 < 3 <p—1andn—mp+ [ = 0. Ifu is a BLD function in
BL,,(L},.(H)) satisfying (2.1), then there exists a set E & OH such that Cy,_g/,,(E) =

loc

0 and for any £ € OH — E, lin% uw(€ + r¢) exists for every ¢ € HN'S — E(), where
Cmp(E(£)) = 0.

The proof is similar to that of Theorem 1.5, by Lemma 2.4 together with Theorem
6.1 in Chapter 5, because Cy,—g/pp(Fp) = 0 and if £ € OH — F/, then

/ € —y™ " f(y)’dy < oo  for any a >0,
I(€a)NB(ED)

which plays the same role as (4.4) in Chapter 5.

COROLLARY 2.3. Let u be a BLD function in BL,,(L} .(H)) satisfying (2.1) for

—1 = 3 <mp—1. Let { be the nonnegative integer such that (p—1 < < ({+1)p—1.

(i) If p — 1 < (3, then there exists a set E & H such that C,,_g/,,(E) = 0 and
for every € € H — E, hm u(€ +1¢) exists for every ( € HN'S — E(§), where

Cmp(E(£)) = 0.

(i) If B = €p—1, then there exists a set E € H such that F has Hausdorff dimension
at most n — mp + 3 and for every £ € H — F, lir% u(§ + () exists for every

e HNS — E(), where Cy,, ,(E(£)) = 0.
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Finally we discuss the existence of L%-mean limits of BLD functions at the boundary

points. Let us say that a function v has an L9%-mean limit ¢ if
1
lim ——— u(x) — 0%z = 0,
=0 |By(&§,7)] JBaien fute) =4

where By (§,r) = HN B(&,r) as before.

LEMMA 2.5. Let 0 S vy < 1, v/p' < a < n and

For a nonnegative function f € LP(R"), set

F(a) = [ Jo=yl*" f (o)l 7 dy.

Then
[Fllg < M| f]],-

In case v = 0, this is just Sobolev’s inequality. For the general case, the proof is
left to the reader.

Define
m
n

1 1( ﬂ)
———(m-=].
N A p

THEOREM 2.7. Let —1 < < p—1. If u is a BLD function in BL,,(L} .(H))
satisfying (2.1), then there exists a set 2 & OH such that C,,_g/,,(E) = 0 and u has
an L9-mean limit at £ € OH — E, where q is given as follows :

and

(i) ¢g=p* when 6 2 0 and mp — 3 < n;
(i) 1<g<oo when 20 andmp— [ =n;
(i) ¢=o0 when 2 0 and mp — 3 > n;
(iv) q=7p" when 8 < 0 and mp < n;
(v) 1<g<oo when <0 andmp=mn;
(vi) g=o0 when § < 0 and mp > n.

REMARK 2.3. In case mp — 8 > n, if Cp_g/p,(E) = 0, then E is empty and, in
fact, we show soon that w is continuous in case (iii) and (vi).

ProoOF Or THEOREM 2.7. We may suppose that u is of the form

u(@) = Unf() = [ k(o) )l dy
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for [A\| = m and a nonnegative function f € LP(R") vanishing outside a compact set.
Write

uw) = [ k@@l

+ (e, ) )l /7y = s (2) + ()
R"—B(¢,2[—=|)

Define
— . — | —B/P) dy —
Bi={ecoms [ el lrinl iy = oo

and

Es = {f € OH : lim sup rmp_"_ﬂ/ |f(y)[Pdy > 0} .
r—0 B(évr)

Then C,—g/pp(£1) = 0 by Lemma 2.3. On the other hand, H,,_,,+3(E2) = 0, which

proves Cp,—g/pp(E2) = 0 with the aid of Theorem 2.2 in Chapter 5. If { € 0H — E,

then uy has a limit u() at & by Lebesgue’s dominated convergence theorem, so that

1
lim ——— us(y) — u(&)|dxr =0
r=0 |By(&1)| JBiten fualy) =)

for any ¢ > 1. Thus it suffices to show that
1
lim ———— up|?dx =0
r=0 |By(§7)| JBiten o

whenever ¢ € OH — Fj,, for g described as in the theorem.
Case 1: 320 and mp — 3 < n. In this case we have by Lemma 2.5

* ok

1 wox —-n m—n - g
Ty (/ 2 — "1 @) ) ﬁ/pdy) i
B(§,2r)

‘BJr (57 T)l By (&r)

|uy

P /p
< M(rmp_ﬁ_”/ |f(y)|pdy> —0 asr —0.
B(&,2r)
Case2: 32 0and mp— 3 =mn. Forany q, 1 < q < oo, let € = png™!. If ¢ is so
large that 0+ ¢ < p — 1, then we have by Lemma 2.5

1
‘B‘i’(g?r)’ B+(£,7’)

|uy

. a/p
vae < ot ([Pl

a/p
gM(/ |f<y)|pdy> —0  asr—0,
B(&,2r)

Case 3 : # <0 and mp < n. As in Case 1, we have by Lemma 2.5

1
’B+(€> 71)‘ By (&)

|uy

p*/p
vae < o (1Pl a)

A

p*/p
Mo [ i) 0
B(&,2r)
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asr — 0.
Case4: < 0and mp=mn. Forp < q<oo,let 1/¢g=1/p—¢e/n with e > 0. Then
we have by Lemma 2.5

1

q
D e N ullde < MT’_n/ rm_‘f/ x—ylEm _ﬁ/pd ) A
B €] o 1= ( ey [ Ul Py

qa/p
< M(rmp_ﬁ_”/ |f(y)|pdy> —0 as r — 0.
B(&,2r)
In case mp > n and mp — 3 > n, we have

/ |z — y[™ " f ()| || PPy
B(z,r)

/ ) 1/p 1/p
V([ e ) ()
B(z,r) B(&,2r)

< Ml g,

A

whenever 0 < |x1| < r. This implies that u is continuous on R™.

We discuss the existence of L9-mean differentiability of BLD functions at the bound-
ary points. We say that a function « is ¢ times L%-mean differentiable at ¢ if

r—0

limr’”’é/ u(z) — Py(z)|%dx =0
[, lu@) = P(a)

for some polynomial P, of degree at most /.
In view of the proofs of Theorem 2.7 and Theorem 7.1 in Chapter 5, we can prove
the following result.

THEOREM 2.8. Let —1 < < p— 1. If u is a BLD function in BL,,(L} .(H))
satisfying (2.1), then there exists a set E & OH such that Cy,_¢_g/p,(E) = 0 and u is
¢ times Li-mean differentiable at £ € OH — E, where q is given as follows :

(i) g=p* when 8 2 0 and mp — 3 < n;
(i) 1<g<oo when 320 andmp— [ =n;
(iii)) ¢= o0 when 6 2 0 and mp — 3 > n;
(iv) ¢=rp* when 3 < 0 and mp < n;
(v) 1<g<oo whenf <0 andmp=n;
(vi) ¢g=o0 when 8 < 0 and mp > n.

REMARK 2.4. In case (iii) and (vi), u is shown to be ¢ times differentiable at
€ 0H - E.
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8.3 Nontangential and tangential limits

If we BL, (L} (H)) and mp > n, then u is equal to a continuous function almost

everywhere on H, and hence it may be expected that u has better boundary limits
than those in the previous section.
To obtain general results, we consider the function of the form

Uif () = [ k(x—y) /)y,
where k(z) is a function on R™ which is continuous on R™ except at the origin and
(3.1) |k(x)| < M|z|*™, 0<a<n.

In this section, assume that

(3:2) L @1f @l Py < o
and
(3.3) | L e (1)) YD1t < oo,

where ¢ is a function as in Chapter 5 and ®,(r) = r?¢(r). Then it is seen (Theorem 3.1
in Chapter 5) that the potential Uy f is continuous outside the hyperplane 0H. Define
the capacity

Cotpa(B5 G) = int [~ @,(g(y) s dy,

where the infimum is taken over all nonnegative measurable functions g for which U,g =
1 on E and g = 0 outside G. As before, we write Co ¢, s(E) = 0if Cp 0, 3(ENG; G) =0
for all bounded open set G.

The following can be proved in the same way as Theorem 2.1 in Chapter 5.

LEMMA 3.1. Suppose —1 < f<p—1andn—ap+ 3 =0. Set

R 1-p
h(r) = h(r; R) = (/ [t”_aerﬁcp(t_l)]_1/(p_1)t_1dt>
for 0 <r < R/2. If B(xz,r) € B(0,R/2), then

M7'h(r) £ Cos,5(B(z,7); B0, R)) < Mh(r).

In view of Theorem 2.2 in Chapter 5, we have the following.

COROLLARY 3.1. If Hy(E) < oo, then Co,.(E) = 0.
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LEMMA 3.2. Let =1 < # < p—landn—ap+3 2 0. If E € OH and C, 0, 3(E) = 0,
then E has Hausdorff dimension at most n — ap + (3.

PROOF. Let ¢ > 0, f <y <p—1land 0 = [nlp—1)— (y+¢)]/p(n — «). Since
Ca,0,,3(E) = 0, we can find a nonnegative measurable function f satisfying (3.2) such
that U, f # oo but U, f = oo on E. Then we have by Holder’s inequality

1/p'
[ eyl iy £ ( Y e dy)

1/p
X < / |z — y|PU- O (y)p|y1|”dy>
B(z,1)
1/p
< M </ l — y|—(n—ap+”/+€)f(y)29|y1|7dy> ’
B(z,1)

since p'[0(a — n) —v/p] +n = p'e/p > 0. Thus, in view of Lemma 1.4, we see that
H,—op+pte(E) = 0, which implies that £ has Hausdorff dimension at most n —ap + .

In case « is a positive integer m, we can prove the following result.

LEMMA 3.3. Suppose —1 < 3 < p—1. If E € OH and Cy,3(E) = 0, then
Cr—g/pa,(E) = 0.

ProoOF. If Cy, 9, 3(E) = 0, then we can find a nonnegative measurable function f
satisfying (3.2) such that U,, f # oo but U,,f = 0o on E. We may assume further that
f has compact support and then

/ D, (f(y)|n|?P)dy < oc.

For v = 3/p, we have by Theorem 2.3

[ 197U f @)1 < 0 [ 1)l 1y
whenever ¢ > 1 and —1 <vg<q¢g—1. Nowlet 1 < ¢ <p <@, —1/q2 <y <1/¢],

f() when f(y)ly|” 2 a,
fl,a(y) =

0 otherwise,

and fo, = f — fi,, for a > 0. Then

/q)p(IVmUmf(ﬂf)II%I”)dﬂf = /I{ivrIVmUmf(x)llfCll”>a}|d<1’p(a)

fQlnl”
M@l ([ o ddy(e) ) dy
0

A
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[ Bl ([ i) a
< M/QD Yy [")dy < oo.

This implies that
L @1V nlnf@))lar[#dr < o0

for every bounded open set G in R™. As in the proof of Lemma 2.3, we see that E is
included in

E' = {93 : /B(I 5 |z — y[™ PP £ (y)| [y ]y = OO} ;

which satisfies C,_g/p.0,(£') = 0.

We also define a nondecreasing function 7 by setting

7(r) = inf ﬁ/ [t" Py —1/(p=Dy=1 g4
r<s<1
for 0 < s <1/2; set 7(r) = 7(1/2) for r > 1/2.
Let 9 be a continuous nondecreasing function on [0, 00) such that ¢ (r) > 0 and
r~1(r) is nondecreasing for r > 0. For £ € OH, set

Ty(& a)={reH: ¢Y(z —¢|) < azr}.

In case ¥(r) = r, the set is nothing but a cone with vertex at . We say that u has a
Ty-limit ¢ at § if

lim u(z) =¢  forall a>0;
z—€,x€Ty(€,a)

in case ¢ (r) = r7 for v 2 1, T-limit is called T’,-limit. Note that 77-limits are nothing
but nontangential limits. We also say that u has a Ti-limit at & if it has a 7’,-limit at
¢ for any v > 1.

THEOREM 3.1. Let f satisfy (3.2) for —1 < § < p — 1 and U,|f| # oo. Set
ho(r) = 7(r7) for v 2 1.

(i) Ifn—ap+F > 0and~y > 1, then there exists a set E S OH such that H;, (E) =0
and Uy f has a T',-limit at any £ € OH — E.

(ii) Ifn —ap+ >0, then there exists a set £ & OH such that Cy e, 3(£) = 0 and
Upf has a nontangential limit at any £ € OH — F.

(iii) Ifn —ap+ B =0, then there exists a set 2 & OH such that Cy 5, 3(E) = 0 and
Upf has a T, -limit at any £ € OH — E.

(iv) Ifn—ap+ 3 <0orB=ap—n=0, then U,f has a finite limit at any £ € OH.
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Proor. Consider the sets

Ep:%u/' |x—M“ﬂﬂwuy:«}
B(z,1)
and

r—0

B = {otimsuo B [ @15y > o]

with A as in Lemma 3.1. Here note that Cye,3(£1) = 0 and Hy(E;) = 0. With
the aid of Lemmas 3.1 and 3.2, it suffices to show that Uy f has a Tj-limit at every
¢ € O0H — (Ey U Ey). As before, write

Uef(e) = [ k=) )y

+ k(x —y) f(y)dy = ui(x) + ua(z).
R B(¢2lo—¢))

Then, in view of Lebesgue’s dominated convergence theorem, we see that u, has a
finite limit at £ € OH — F;. On the other hand, the proof of Theorem 3.1 in Chapter
5 shows that

1/p
ol S (oGl [ RS a) e - e

B(£72|1‘7§

for 0 < 0 < a. Hence u; has limit zero at £ € OH — Ej.

THEOREM 3.2. Let —1 < 3 < p—1, and u be a BLD function on H satisfying
(3.4) /G ®,(|Vuu(z)|)|z1|°de < oo for any bounded open set G S H.

Let ¢ be the nonnegative integer such that {p —1 = f < ({ + 1)p — 1, and h,(r) =
yY(n—mp+p)

(i) Ifn—mp+ 3 >0,¢p—1<f and v > 1, then there exists a set E S OH such
that Hy, (E) = 0 and u has a T',-limit at any { € OH — E.

(ii) If n—mp+ (8 > 0 and ¢p — 1 < 3, then there exists a set E S OH such that
Crm—p/p®,(E) = 0 and u has a nontangential limit at any { € OH — E.

(iii) Ifn—mp+ ( 2 0 and = {p — 1, then there exists a set E € OH such that
E has Hausdorff dimension at most y(n —mp + () and u has a T,-limit at any
€ 0dH - E.

(iv) Ifmp—n = 3 > {p—1, then there exists a set . & OH such that Cy,_g/p5,(E) =0
and u has a T,.-limit at any ¢ € OH — E.

(iv) Ifn—mp+ [ <0 or 8 =mp—n=0, then u has a finite limit at any £ € OH.
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For Green potentials, we have the following.

THEOREM 3.3. Let f satisfy (3.2) for —1 < § < 2p — 1 and h(r) = 7(¢(r)).
Suppose further G, f # oo on H.

(i) Ifn—ap—+ [ >0, then there exists a set E & OH such that Hy,(FE) = 0 and G, f
has Ty-limit zero at any £ € OH — E.

(ii) Ifn—ap+ B =0, then G, f has limit zero at any £ € OH.

8.4 Polyharmonic functions

In this chapter we are concerned with polyharmonic functions on the half space H. First
we prepare the fundamental properties for polyharmonic functions; the main purpose
is to give mean-value inequality. Recall that an infinitely differentiable function u on
an open set G is called polyharmonic of order m in G if

A"y =0 on G.

LEMMA 4.1. If u is polyharmonic of order m in G, then |r — xq|*u(z) is polyhar-
monic of order m + k on G for any fixed xy.

Proor. If kK =1, then
A(lz = zo*u(z)) = 2nu(z) + 4 (v; — o) Dju(z),

where D; = (0/0x;). Note that

j=1 j=1

A™ (i(%‘ - $0j)DjU(l’)) = 2mA™u + En:(xj — x0;) A™(Dju)(x).

Hence it follows that |z — z|?u is polyharmonic of order m + 1 on G whenever u is
polyharmonic of order m on GG, and the case k = 1 is shown. Now apply induction on
k. In fact, assume that v(z) = |z — x¢|**u(z) is polyharmonic of order m + k; then the
above considerations prove that |z — zo[***YDu(z) = |2 — 2¢[*v(x) is polyharmonic of
order (m + k) + 1.

LEMMA 4.2 (finite Almansi expansion). Let G be a star domain with center at 0,
that is, tx € G whenever x € G and 0 <t < 1. If u is polyharmonic of order m in G,
then there exist harmonic functions hq,hs,..., h,, such that

u(z) = > |z|* 2 hy(z) forz € G.
k=1
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PrROOF. We show this lemma by induction on m. First note that the case m =1 is
trivially true. Hence assume that the assertion is true for m, and let u be polyharmonic
of order m+1 in G. Since Aw is polyharmonic of order m, by assumption on induction
we can find harmonic functions hy,...,h,, for which

Au(z) = Iﬁ: |z 2 hy ().

m+1
If u(z) = |z|?*~2vy,(x) for harmonic functions vy,...,Um,Um+1, then we should have
k=1
m m+1
Au(z) = > |z Ph(z) =Y A <|x|2k_2vk(x)>
k=1 k=1
Y (4k(k — 14+ n/2)vgp(z) + 4k ijjka(a:)) :
k=1 Jj=1
so that
(4.1) hi(x) = 4k(k — 14 n/2)vgy (@) + 4k 25D 041 ().

J=1

In fact, this is true for

1
Vg1 () = @/0 rk=24n/2p, (ra)dr.

Here note that vyy; is harmonic in G and satisfies (4.1). Finally we have only to
m—+1

consider vy (z) = u(x) — >_ |2[** ?v(z), which is harmonic in G.
k=2

By an application of Almansi’s theorem, we can show the following representation
for polyharmonic functions on the balls; in the harmonic case, this is nothing but
Poisson integral formula.

THEOREM 4.1. Let u be polyharmonic of order m in B(0, R). If 0 < |x| <7 < R,

" u(z) = %(ﬁ ~lePym [ (%)ml @@@)%) )

PrOOF. We show only the case m = 2. In this case, we can write u(z) = hy(x) +
|z|>hy(x) for harmonic functions h; and hy on B(0, R). If |z| < r; <r < ry, then
n—2

2 2,2 2 &)
T ||* 1 Ed riu(r )d@

72 —1ry2 Wy, s |r—mr0
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mZ— |z — |22 [ 2 (rz@)d@
m?—r? Wy, |x — Tg@]”
_ I —|1‘|27’1 —|$’ / 9
B 112 — 192 |z — 7’1@| [71(r1©) +117h2(r1©)]dO
2 2 2 n—2
ol e [ 2
hi(r,© ha(190)]dO
+7”12—7”22 Wn s ]x—r2@|”[ 1(r20) + 72°ha(r20)]
et — x|? 2 —|z|?
= 22 ’ | [hl( ) 2h2(l’)] + 12—H[h1( )+T22h2($)] = u(:L‘)7
1?2 —1ro? 1% — 192

from which the required formula follows.

LEMMA 4.3. If v is harmonic in B(0,r) and a > —n, then

1 n

L ay(y)dy = 0)r°.
B0.7)] Jeon yl*o()dy = v(0)r

In fact, applying polar coordinates, we have

1 a . 1 T a -
W/B(O,r) yl“v(y)dy = anrn/o r (/S’U(r@)d@>r dr

= (@) [

opr™ 0
= nv(0)(a+n) r®

For a function v and r > 0, set

1
M= [ g
) = B0 S O
and, inductively, . )
() = — [* A e

LEMMA 4.4. If u is polyharmonic of order m in B(0,ry), then there exist constants
c¢; such that

m
=Y ¢Ai(u,r) whenever 0 < r < ry.

PROOF. Suppose u is polyharmonic of order m in B(0, ), and write by Lemma 4.2

= |2 Phi()
k=1
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for harmonic functions hy,...,h,, on B(0,7). Lemma 4.3 gives

Ai(u,r) =n>" apr®?hg(0)
k=1
with a = 1/(n + 2k — 2). Hence we find
Aj(u,r) =n " by 7?20y (0)
k=1

with by ; = aj - Qg1 - - - Qpyj—1. Since u(0) = ho(0), we now have

A1(U, 7’) b2,1 T bm,1

_ 1 Ag(u,r) bao - bpo

u(0>_nA

Am(ua 7") b2,m e bm,m

with

51,1 52,1 ce bm,l
e R,
bl,m b2,m T bm,m

For this purpose, we should check A # 0; in fact, note that

1 1 |
A = aay---an, as a3 T Aml
a2 “ e am 013 ) a/m+1 ) a/m+1 o« s . a/m+m71
= aqaz---anp
1 0 e 0
o | @ (—2)agas o (=2)amam
ag - am (=2(m—1))ag - ams1 -+ (=2(m—=1))am - - Gnsm_1
= (araz- - an)(=2)(—4) -+ (=2(m — 1)) (a2a5” - - - @ a1
1 1 e
% Qay as T Gmy2
Ag:- " Qmy1 A5 Amy2 " Gmt2 " Qmtm—1

= (@102 an)(=2) () (-20m = 1) (@205 - @ apns1)
X(=2) (=)™ (=20 = 1))ar ™ ™

= (=2)" (=) (=2(m — 1))aras® - - " U™ A1 # 0.
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COROLLARY 4.1. If u is polyharmonic of order m in B(x,rq), then

lu(z)| = M A (|u],r) whenever 0 < r < ry.

LEMMA 4.5. If u is polyharmonic of order m in B(x,1¢), then

(4.2) Viu(z)| £ Mr—"F /( ) lu(y)|dy whenever 0 < r < 1,
B(x,r

where M is a positive constant independent of x and r.

PROOF. Suppose u is polyharmonic of order m in B(0,ry). Letting D; = 0/0x;,
we see from lemma 4.4 that

DﬂL(O) = Z CjAj(DiU, 7")
j=1
for 0 < r < rg. Note that
1 Ti — Vi
ADiu,r:7/ uly dS(y),
() = 1565 ] s W=y ®W

so that

[u(y)ldS(y) +r [

B(0,r)

|Diu(0)] = M (r‘” [S o \u(y)|dy> .

’r)

Multiplying both sides by 7"! and integrating them with respect to r, we obtain

D) £ M=t [ Ju(y)ldy.
B(0,r)

By considering translation, we see that

Diu(@) £ Myt [ u(y)ldy
B(z,r)
whenever u is polyharmonic of order m in B(z,r), where M is independent of x and
r; in fact, M depends only on m. Thus it follows that

Dau(y)ldy < Mr~" [ Ju(y)ld
L., 1Dauwldy 30t [ u(y)ldy

whenever u is polyharmonic of order m in B(x,2r). Now, repeating this, we finally
establish

[ Vnuy)ldy < M [ )|y
B(z,r) B(

,2™7r)

whenever u is polyharmonic of order m in B(x,2™r). This together with Corollary 4.1
gives (4.2).



320 Boundary limits

If w is polyharmonic of order m in B(z,r) & H, then

ju(z) —u(z)] = [r—2 sup [Vu(y)|
yeB(a.[z—z)

< Mz —=z2 1’”/ Vu(y)|d
< Mle—aP [Vl
for z € B(x,r/2). Hence, if in addition B(x,r) € I'(£, a) for some £ € OH, then
ule) —u() S M [ |Tuly)lyf "y

for z € B(x,r/2). This can be generalized as follows :

LEMMA 4.6. For x € H, ¢ € OH and e = (1,0,...,0), let 2* = £ + |x — £le,
X(t) =2+ t(z* — x) and set

U B(X(t), Xi(t)/2).

0<t<1

If w is polyharmonic of order m in H, then

(43) ule) —u(e ) EM [ Vulw)ltdy

PROOF. By mean value theorem we have

u(e) ~ua) £ o] [ Vu(X (1)l

1
< M|x—x*|/
0

where B; = B(X(t), X1(t)/2). Then note that x; < X;(t) < |z — £ and
ly — x| < tle — |+ X1(t)/2 < 2t|z — & + X1(t)/2 < (5/2) X1 (t) < by

for y € By. Moreover, (2/3)y; < Xi(t) = z1 + t(z] — x1) < 2y, so that the length of
such ¢ is at most max{1, (4/3)y;/(z} — z1)}. Then

|z — x| max{1, (4/3)y, /(] — x1)} < My,
so that Fubini’s theorem gives

ule) —u() EM [ Vuly)ll "y

as required.
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We say that a function w is polyharmonic in H if it is polyharmonic of order m in
H for some positive integer m.

THEOREM 4.2. Let —1 < 8 < p—1, and u be a polyharmonic function on H which
satisfies

(4.4) / O, (|Vu(z)|)z)dr < co for any bounded open set G € H.
e

Define

1-p

1
K(r) = < / [t”‘p+ﬁgo(t‘1)]‘1/(p‘1)t‘1dt)
for 0 <r = 1/2; set k(r) = k(1/2) for r > 1/2. For v 2 1, define h.(r) = x(r7).

(i) Ifn—p+(3>0and~y > 1, then there exists a set £ & OH such that H, (E) =0
and v has a T,-limit at any £ € OH — E.

(ii) Ifn—p+ B3 >0, then there exists a set 'S OH such that Cy_g/p,(£) = 0 and
u has a nontangential limit at any £ € OH — F.

(iii) Ifn—p+ B =0, then there exists a set /' € OH such that C,_g/,0,(E) = 0 and
u has a T-limit at any £ € OH — F.

(iv) Ifn—p+ B <0, then u has a limit at any £ € OH.

PRroor. Consider the sets
B - { coH: [ fe—yl T fl)dy = oo}
B+(x71)
and

r—0

Ey = {x € OH : limsup h,(r)™! /B . O, (f(y))yldy > 0} ,
+(x,r

where f(y) = |Vu(y)|. Here note that Cy_g/, ¢,(E1) = 0 by Lemma 3.3 and H), (E;) =
0. With the aid of Lemmas 3.1 and 3.2, it suffices to show that u has a finite 7’,-limit
at every £ € OH — (E, U Ej).

Let x € T,(§,a) and zp = £ + roe. Then we have by (4.3)

u(@) = ulwo)] £ M [ gyt
E(z,z0)
= M / Fy)y"dy
E(xrxo)fB(é.:Q'x*g')
—l—M/ 17y = up () + u(w).
o T = 0 (0) + us(o)
Since y; > M (z1 + |z — y|) for y € E(x, ), we find

u(z) <M fW)€ —yl' "dy.
By (&,2r0)
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Moreover, by Holder’s inequality we have
up(z) = M L f@y Ty
{yeE(z,z0)NB(§,2|lz—¢)):f (y) >y °}

+M / L @y
[YEB(,20)NB(E 2z —€D: 1 (v) <uy )

1/p
< M (/ (21 + |z — y]) " Pp((2 + |2 — y[)™5) PP dy>
B(x,3o—])
5 1/p
X / o d LM z — y|l e
( o »(f (W) y) B(a,mz—a)' Y| y
5 1/p

< Mek(zx / 0)) d) + Mlx — &
< eGe) ([, W) rle

for 0 < e < 1. If ¢ € OH—(E;UE;), then we see that u is bounded on 77, (€, a)NB(&, 1),
so that we can find X; = £ + rje tending to & for which u(X;) has a finite limit ¢ as
Jj — oo. We replace xy by X; and infer that

lim ( sup lu(z) — u<xj)|> ~0.

J=00 \zeTy (€,a)NB(£.r))

Thus it follows that u(z) has a finite limit £ as x — & along the sets 7, (£, a), and hence
the proof is completed.

LEMMA 4.7. Let £ € OH and u be polyharmonic in H. If

/ € = g7V u(y)ldy < o
['(§,a)NB(¢,1)

for all a > 0, then
li — ¢[F|v* =0
L |z — &7V u()]

for all a > 0.

In fact, by Lemma 4.5, we have only to find that

x — FIVFRu(x)] < Mz — k’"/ VEu(y)|d
o— TR S M-t [ 9ty

< M 1§ =y [V uly) dy
B(z,|z—¢£|/2)

whenever z € T'(§, a).

Lemma 4.6 can be generalized as follows.
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LEMMA 4.8. For x € H, let 2* = £ + |x — {le and X (t) = o* + t(x — 2*). Ifu is
polyharmonic in H and U(t) = u(X (t)), then
_ U0 u*(0)

1 (k=1

|U(1) — U(0)

< M/ [V u(y)|yr " dy.
E(z,z*)

THEOREM 4.2". Let —1 < [ < p — 1, and u be a polyharmonic function on H
which satisfies

(4.5) / O, (|VFu(z)|)zlde < oo for any bounded open set G € H.
e
(i) Ifn—Fkp+3 > 0and~y > 1, then there exists a set E < OH such that H;, (E) =0
and u has a T,-limit at any ¢ € OH— E, where h.,(r) ~ r?®= 8 p(t71) asr — 0.

(ii) Ifn —kp+ 3 > 0, then there exists a set & 0H such that Cy_g/pe,(E) =0
and u has a nontangential limit at any £ € OH — FE.

(iii) If n — kp+ B = 0, then there exists a set E & OH such that Cy,_g/pe,(E) = 0
and u has a T,.-limit at any £ € OH — E.

(iv) Ifn—kp+ 3 <0, then u has a limit at any £ € OH.

PROOF. As in the proof of Theorem 4.2, consider the sets

Elz{xeaﬂz Lo Ix—y|’“‘”f(y)dy=oo}
+(z,

and
Fy — {x € OH : lim sup [h(r)]*l/ O, (F(y)yldy > 0} ,
B+(5Ea7‘)

r—0

where f(y) = |V*u(y)| and h(r) = k(r?) with

1 I-p
K(r) = < / = (n—kp8)/(0=1) gy /t>

for 0 <r = 1/2; set k(r) = x(1/2) for r > 1/2. Note that Cy_g/p.,(£1) = 0 by Lemma
3.3 and Hp(Fy) = 0. With the aid of Lemmas 3.1 and 3.2, it suffices to show that u
has a finite 7’,-limit at every { € OH — (Ey U E»).

Let x € T,(€,a) and ¢ = { + rpe. Then we have by Lemma 4.8

w(z) —u(zg) — - — Z @D’\u(xo)
I\=k—1 :

< Mty
E(z,x0)

= M / fy)yt"dy
B(wz0)— B(.2a—£])

+M fy)yi"dy
B (2,20)NB(E,2/a—€])

= w(x) + uz(z).
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Since y; > M (xy + |z —y|) for y € E(z, ), we find
w(@) SM [ f)le -yl dy.
B(&,2r0)

Moreover, by using Holder’s inequality, as in the proof of Theorem 4.2, we have

up(w) = Mk(1) (/B( (I’p(f(y))yfdy> " 4 Mo — €F

572|x_5|)

for 0 < e < k. If { € O0OH—(E,1UE3), then we see that u is bounded on T, (&, a)NB(&, 1),
so that we can find X; = £ + rje tending to £ for which u(X;) has a finite limit ¢ as
j — o0. Since £ € H— Ey, Lemma 2.2 implies that

k—n k
- V*u dy < 0o
/F(ﬁ,a)nB(gJ) €=yl | (y)|dy

for k=1,...,m — 1. Hence Lemma 4.7 gives
lim [X; — & [VFu(X;)] = 0.
j—00

We replace zp by X; and infer that

lim ( sup u(z) — u(Xj)]) ~0.

J700 \zely (£,0)NB(Er))
Thus it follows that u(z) has a finite limit ¢ as x — £ along the sets T, (¢, a).

If u(x) = Py, * f(2') with f € AEP(R"!), then

/n+1 \Vu(z)|Pelde < oo,
R+

where 3 = (¢ — a)p — 1 for the smallest integer ¢ greater than « (see Chapter 7.5).

COROLLARY 4.1. Let u(z) = Py, x f(z') with f € ABP(R"™1). Suppose « is not an
integer. Then :

(i) If n—ap—1 > 0 and v > 1, then there exists a set £ & OH such that
Hyn—ap-1)(E) = 0 and v has a T,-limit at any { € OH — E.

(ii) Ifn—ap—1>0, then there exists a set E & OH such that Cy1/p,(E) = 0 and
u has a nontangential limit at any £ € OH — F.

(iii) Ifn—ap—1=0, then there exists a set £ & OH such that Co11/p,(E) = 0 and
u has a Ty-limit at any £ € OH — E.

(iv) Ifn—ap—1<0, then u has a limit at any £ € OH.
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In case « is a positive integer £ — 1, then
/ Veu(z)|Pal dr < oo
R
for every (' such that —1 < ' < 8 = p — 1, so that the exceptional set in Corollary
4.1 (i) - (iii) should have Hausdorff dimension at most n — ap — 1.

PROPOSITION 4.1. Let —1 < # < p—1 and K be a compact subset of OH such
that Cy_g)ps,(K) = 0. Then there exists a harmonic function u on H which satisfies

(4.6) /H &, (|Vu(e)a?")dz < 0o

and

li = fi K.
pm u(z) = oo or any £ €

PRrROOF. Since Cy_g/ps,(K) = 0, we can find a nonnegative function f with compact
support which satisfies

| @)y < o

and
G-/ * f(§) = 00 for every £ € K.

In view of Theorems 5.1 and 7.1 in Chapter 7, we see that u(x) = Py, *[g1_g/p* f(0,2")]
satisfies

[ V@)t < 01 [ 1£(y))dy

with « =1 — 3/p, when 1 < ¢ < 0o and —1 < ¢(1 — a) < ¢ — 1. Hence, applying the
usual interpolation techniques (cf. the proof of Lemma 3.3), we have

[ @IVu(@)e?)dz < M [ @,(F(y))dy.
which proves (4.6). Clearly, u has an infinite limit at every £ € K.

REMARK 4.1. One sees easily that (4.6) implies (4.4).

8.5 Monotone functions

Let G be an open set in R™. A continuous function v on G is said to be monotone (in
the sense of Lebesgue) if

max u = max u and min v = min u
D oD D oD
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hold for any relatively compact open subset D of G. Clearly harmonic functions on G
are monotone. Further, if f is continuous and monotone on the interval [0, 00), then

u(z) = f(lz - &)

is monotone on H for any £ € OH.

THEOREM 5.1. If u € C(G) N BLy(L} (G)) is a weak solution of the nonlinear
Laplace operator A,, then it is monotone in G.

PrROOF. Let D be a domain with compact closure in G, and max u < M. Then
u — u A M vanishes near the boundary 0D, so that

/ IVulP2Vu - (Vu — V(uA M))dz = 0.
D

Here note that 0 < Vu - (Vu — V(u A M)) < |[Vul?, so that
Vu=V(uAM) a.e. on D.

Hence it follows that © —u A M is constant on D and, moreover, the constant must be
zero. Thus u =u A M < M on D, and the maximum property is satisfied.
The minimum principle is proved similarly.

THEOREM 5.2. If u is monotone in B(x,2r), then

u@) —u(y) < are [

B(z,2r

) |Vu(z)|Pdz
whenever p >n — 1 and y € B(z,r).

PROOF. Let y € B(z,7), and we may assume that u(y) > u(x). If |z —y| <t < 2r,
then monotonicity implies the existence of z; and y; € S(z,t) for which u(z;) < u(x) <
u(y) < u(y:). Moreover, we see from Theorem 7.5 in Chapter 6 that

uz:) — u(y) P < M= =Y - |VulPdsS.
S(a,t

Hence

ue) ~ () < M0 [ L, [vupds
S(x,t

for | — y| <t < 2r. Integrating both sides with respect to t € (r,2r), we obtain the
required inequality.

THEOREM 5.3. Let —1 < 3 <p—1,p>n—1 and u be a monotone function on
H which satisfies

/ \Vu(z) [Pl de < oo for any bounded open set G € H.
G

Then :
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(i) Ifn—p+(3>0and~y > 1, then there exists a set £ & OH such that Hy (E) =0
and u has a T,,-limit at any £ € OH — E, where h.,(r) ~ r7"= P (r=1) asr — 0.

(ii) Ifn—p+ B >0, then there exists a set 2 & OH such that Cy_g,,(E) = 0 and
u has a nontangential limit at any £ € OH — F.

(iii) Ifn —p+ B =0, then there exists a set E & OH such that C_g/,,(F) = 0 and
u has a T,.-limit at any £ € OH — F.

(iv) Ifn—p+ 0 <0, then u has a limit at any £ € OH.

PROOF. As in the proof of Theorem 4.2, consider the sets

B - {xeaH: [ |x—y|1”f(y)dy=oo}
+(,

FE, = {x € OH : limsup h(r)™* /B -, O,(f(y))yldy > O} ,
+(x,r

and

r—0

where f(y) = |Vu(y)| and h(r) = k(r7) with

k)= ([ o e tar)

for 0 < r < 1/2; set k(r) = k(1/2) for r > 1/2. As in the proof of Theorem 4.2, we
have only to show that w has a finite T’-limit at every £ € 0H — (E; U E»).
For é- € 0H — (E1 U Eg), write

u(z) = CZ/ —y| ™" Dju(y)dy + A
= CZ/ oy B T Yl =y D) dy
+c / r; —yi)|lr —y| "D;u(y)d
Z N et 1 i | L
te / —y)lz — y| " Dsaly)dy + A
Z B yj)le =yl ™" Dya(y)dy

= ( )+U2( ) +us(x) + A,

where @ is the symmetric extension of u with respect to OH. We see from Lebesgue’s
dominated convergence theorem that

lim wuz(x _CZ/ & —yi)l€ —y| " Dju(y)dy.

r—&
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In view of the proof of Theorem 4.2, we have

ug(z)] < lz—y|"" fy)dy

el |
B(&:2|§—z|)—B(z,71/2)

1/p
< M) ([ [F@)Pyldy) o+ Ml - g
B(¢,2[z—£])

where 0 < e < 1 and f(y) = |Vu(y)|. Hence

lim us () = 0.
z—€,x€Ty(§,a) 2( )

Note that
uy(x SM/ x —y|t " (y)dy.
’ 1( )’ = Blz./2) | y| (y) Yy

As in the proof of Theorem 4.4 in Chapter 5, we can find a set ' € H for which

z—>§,lal7r€nH—F u(z) =0

and
lim [2(279)] 7 Chpp(F N B(E,277); B(€,27777)) = 0.
j—oo
Let A; = B(&,277%) — B(&,279). If x € A; NT,(&, a), then we see from Lemma 3.1
that
Crpp(B(z,21/4); B(&,277%%) = Mh(277).

Consequently, for z € A; N T, (&, a), there exists y € B(z, z1/4) which does not belong
to F'. On the other hand, Theorem 5.2 implies that

u(x) —u pSMa:p_"/ 2)Pdz
uw) ~ulp)P < Mat " [ £
which proves
lim uy(z) = 0.

x"&»zeT’Y (éva)

Thus it follows that u(z) has a finite limit as x — & along the sets 7,,(&, a).
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Borel set, 4

boundary limits, 118, 280

bounded variation, 27

Calderén-Zygmund decomposition, 209

cancellation property, 214, 219

canonical representation, 208

capacitability, 12, 77, 172,

capacity, 71, 82, 83, 125, 165, 166, 236,
238, 250, 285, 294

Cauchy-Schwartz inequality, 1, 93

characteristic function, 15

Clarkson’s inequality, 50

classical Dirichlet problem, 106, 134

complete, 7, 96

concave, 68

cone, 118, 282

continuity principle, 58

contractive property, 186

convergence in measure, 16

convex, 21, 68, 114

convolution, 47, 63, 152, 210, 246, 253

countably additive, 3, 55

countably o-finite, 30

countably subadditive, 1, 72, 166, 237,
238, 251

covering lemma, 37

C)-capacity, 236

C,-capacity, 238

curvilinear limit, 125, 303

diagonal sequence, 35, 54, 234

differentiability, 197, 203, 234

differentiation of distributions, 45

differentiation of measures, 40, 120, 182

Dini derivatives, 224

Dini’s theorem, 88
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Dirac measure, 105

Dirichlet problem, 134

Dirichlet solution, 107, 135, 139

Dirichlet space, 234

distribution, 45

domination principle, 132

doubling condition, 33, 38, 176

dual space, 53

Egoroft’s theorem, 16

energy integral, 57, 85, 93

equicontinuous, 54, 110

equilibrium measure, 130

equilibrium potential, 130

extension, 277, 296

Fatou’s lemma, 20

fine limit, 78, 121, 182, 183, 192, 286,
290, 294

finite Almansi expansion, 314

Fourier transform, 61, 65, 210, 215, 244,
252

Fréchet space, 230

Frostman’s theorem, 35

Fubini’s theorem, 30

fundamental solution, 105

Gagliardo-Nirenberg-Sobolev inequality,
241

Gauss-Frostman theorem, 99

Gauss-Weierstrass kernel, 62

Gauss integral, 100, 102

Gauss variation, 97

global fine limit, 286

Green capacity, 125, 285, 294

Green potential, 117, 281

Green’s formula, 104, 111

Green’s function, 117, 129, 137, 138, 280

Hardy’s inequality, 149

harmonic function, 103

Harnack’s inequality, 109

Harnack’s principle, 109

Hausdorft content, 34

Hausdorft dimension, 91, 176

Hausdorff measure, 33

Hilbert space, 50
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Holder’s inequality, 49

Holder space, 139, 259

homogeneous of degree 0, 214

homogeneous of degree —1, 148

index (of Bessel capacity), 250

inner capacity, 72, 171, 251

inner product, 1, 50, 95

integrable, 18

integral, 18

integral representation, 205, 206, 208,
229, 297

integration by parts, 29

inverse Fourier transform, 61

inverse property for U, f, 161

inversion, 106

irregular boundary point, 135

Jensen’s inequality, 21

Kelvin transform, 127

kernel, 165

(k, p)-capacity, 165

(k,p)-q.e., 169

Laplace operator, 66, 103

lattice of functions, 21

Lebesgue dominated convergence theo-
rem, 20

Lebesgue integral, 18

Lebesgue measure, 29, 33

Lebesgue monotone convergence theo-
rem, 20

Lebesgue point, 43, 120, 254

Leibniz formula, 46

length (of a multi-index), 45

limits along lines parallel to the coordi-
nate axes, 189, 241

linear functional, 21

Lipschitzian, 8, 91, 186

Lipschitz space, 263

locally integrable, 38

logarithmically thin, 82

logarithmic capacity, 82, 83, 87, 88

logarithmic potential, 81, 203

lower integral, 17

lower semicontinuous, 40, 56
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Li-mean limit, 202, 307

Li-mean differentiable, 202, 309

Lusin’s theorem, 15

Marcinkiewicz interpolation theorem, 149

maximal function, 38, 152, 225

maximum principle for nonlinear poten-
tials, 180, 252

maximum principle for subharmonic func-
tions, 129

m-dimensional Hausdorff measure, 34

mean-value inequality, 110, 318

mean-value property, 103

measurable function, 12

measurable set, 2

measure, 1

measure function, 33, 90

measure of the unit ball, 34

measure of the unit spherical surface, 60

metric, 7

minimally a-semifine limit, 290

minimally a-semithin, 289

minimally a-thin, 294

minimax lemma, 68

minimum principle, 114, 325

Minkowski’s inequality, 49

Minkowski’s inequality for integral, 63

mollifier, 45

monotone (in the sense of Lebesgue),
324

(m, p)-finely differentiable, 233

(m, p)-quasicontinuous, 232

(m, p)-semifinely differentiable, 233

multi-index, 45

mutual a-energy, 57, 93

n-dimensional Lebesgue measure, 33

n-dimensional measure of the unit ball,

34
n-fine limit, 82
n-q.e., 101, 102
n-thin, 82

nondecreasing (increasing) capacity, 71,
72, 166, 237, 238, 251
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nonlinear Laplace operator, 240, 325

nonlinear potential, 180

nonnegative linear functional, 27

nontangential limit, 120, 121, 312, 313,
320, 322, 323, 326

norm, 49, 95, 230, 246, 263

normal derivative, 104

one-dimensional Lebesgue measure, 29

order (of Bessel capacity), 250

outer capacity, 72, 166, 238, 251

p-a.e., 236

p-Laplacian, 240, 325

p-precise, 236

partial differentiability, 226

partition of unity, 140

perpendicular limit, 281, 301

Plancherel’s theorem, 65

Poincaré’s inequality on balls, 242

Poisson integral, 107, 253

Poisson kernel, 107, 129, 252

polar, 136

polyharmonic function, 228, 319

principal value, 211

product measure, 30

quasicontinuous, 73, 232

g.e. (quasi everywhere), 97, 135, 169

quasi-linear, 149

quasi-norm, 230

radial limit, 92, 93, 116, 124, 188, 189,
288, 289, 295, 306

radial projection, 92, 188

Radon measure, 7

rapidly decreasing functions, 65

rarefied at oo, 294

rearrangement, 146

reflection, 128

reflexive, 53

regular boundary point, 135, 138

regular measure, 6, 34

relative (k, p)-capacity, 165

removable singularities, 142, 144, 240

restriction (of functions), 159, 273

restriction (of measures), 3
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Riemann-Stieltjes integral, 28

Riemann sum, 28

Riesz capacity, 71, 166

Riesz composition formula, 59, 66

Riesz decomposition theorem, 115, 229

Riesz measure, 115

Riesz potential, 55, 152

Riesz representation theorem, 26

Riesz representation theorem in LP, 51

Riesz transform, 221, 247

o-algebra, 4

semigroup, 66, 245, 253

seminorm, 230

semithin, 194, 289, 290, 291

separable, 7, 48

singular integral, 214, 221

signed measure, 246, 247

smoothness property, 214

Sobolev’s integral representation, 205,
206

Sobolev’s inequality, 153, 155, 241, 307

Sobolev space, 230, 246

Sobolev’s theorem, 152

spherical mean, 156

step function, 17

subharmonic function, 110

superharmonic function, 110

support, 55

super-mean-value property, 110

surface measure of the unit sphere, 60

Suslin set, 9, 12, 14, 77, 172, 251

symmetrization, 185

tangential limits, 303, 312, 313, 314, 320,
322, 323, 326

Taylor expansion, 67, 206

tempered distribution, 210

thin, 77, 82, 121, 139, 182, 205, 286, 290

Ty-limit, 312, 314

T,-limit, 312, 313, 320, 322, 323, 326

T.-limit, 312, 313, 320, 322, 323, 326

type (p,q), 149

upper integral, 17

upper semicontinuous, 56

index

vague convergence, 35, 94, 135

weak convergence, 53, 94

weak maximum principle, 58, 180, 252
weak type (p,q), 149

Weierstrass kernel, 62

weight (of Bessel capacity), 250
Weyl’s lemma, 106

Wiener’s theorem, 248

Young’s inequality, 63
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