
Potential theory
in

Euclidean spaces

Yoshihiro Mizuta



Gakuto International Series

Mathematical
Sciences
and
Applications

Volume 6

Potential theory

in
Euclidean spaces

Yoshihiro Mizuta

The Division of Mathematical
and Information Sciences
Faculty of Integrated Arts and Sciences
Hiroshima University
Higashi-Hiroshima 739, Japan

January 1996
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Preface

This book is devoted to a study of properties of Riesz potentials of measures and
functions in Lebesgue’s Lp classes on the Euclidean space Rn. This book, for the sake
of completeness, begins with a self-contained introduction of measure theory, which
follows the book of Federer.

Potential theory of Laplace operator is sometimes called the classical potential the-
ory. The main thrust of the classical potential theory is to solve the Dirichlet problem.
For this purpose, we give fundamental properties of harmonic and superharmonic func-
tions in connection with Newtonian potentials. We here omit to treat Dirichlet problem
for general partial differential equations of elliptic type, but prepare for several materi-
als which may be useful for the study of general Dirichlet problems. Those things will
belong to Lp-potential theory.

The main purpose of this book is to study pointwise behavior of Riesz potentials.
In fact, continuity and differentiability properties are considered, together with fine
limits, radial limits and Lq-mean limits.

The investigation of fine limits requires an analysis of exceptional sets, which can
be conveniently described by Riesz and Bessel capacities. The notion of capacities is an
extension of that of outer measures. Capacities give excellent tools in potential theory,
but they are not easier to be treated by the reason that they fail to satisfy countable
additivity.

Beppo Levi functions are referred to those functions defined on an open set in Rn

whose distributional derivatives are in Lebesgue’s Lp classes. Usually they are called
Sobolev functions, associated with the name of the Soviet mathematician S.L.Sobolev.
Beppo Levi functions are represented as integral forms, in various way. One way
is to establish an extension of Sobolev’s integral representation. Through integral
representations, they can be treated in the same manner as Riesz potentials.

The final chapter is devoted to the study of boundary limits of various functions
defined on half spaces. Potential type functions and Beppo Levi functions are shown
to have various boundary limits in the weak sense, as a consequence of fine limit the-
orem. On the other hand, polyharmonic functions, together with monotone functions
in the sense of Lebesgue, are shown to have tangential limits. Since solutions for vari-
ational problems should be monotone in our sense, the class of monotone functions is
considerably wide.

An outline of this book is as follows. Chapter 1 is a short course of measure theory
as mentioned above. The notion of Suslin (analytic) sets are introduced here and will
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ii Preface

be useful for capacitability result given in Chapter 2.
Chapter 2 deals with Riesz potentials of (Radon) measures. The semigroup property

of Riesz kernels are shown by using Fourier transform. Riesz potentials may not be
continuous anywhere, but they are finely continuous. Fine limit result will be obtained
in connection with Riesz capacities, which are shown to be Choquet’s capacity by use
of minimax lemma. As a consequence, Suslin sets are capacitable. To give a solution
to Dirichlet problem, we apply Gauss variational method through energy integral.

Chapter 3 gives fundamental properties of harmonic and superharmonic functions,
for example, mean value property, maximum and minimum principles, Harnack’s in-
equality and Poisson integral formula. As an application, we study the classical Dirich-
let problem.

Chapter 4 and the following chapters belong to Lp-potential theory. Chapter 4 deals
with α-potentials of Lp functions, which belong to Lq when 1/q = 1/p−α/n > 0. This
is known as Sobolev’s inequality, which will be shown by applying the Marcinkiewicz
interpolation theorem. Further, restriction and inverse properties will be studied here.

Chapter 5 concerns with continuity and differentiability properties of α-potentials
of Lp functions, in connection with (α, p)-capacities. In order to study the existence
of radial limits, we need to modify the notion of thin sets to linear type, and further
prepare contractive property for (α, p)-capacities.

In Chapter 6, we first give Sobolev’s integral representation for Beppo Levi func-
tions. To show the converse, we apply singular integral theory so as to see that the inte-
gral representations give Beppo Levi functions. Through the representations, we attach
quasicontinuous functions to Beppo Levi functions, which are called BLD (Beppo-Levi-
Deny) functions. BLD functions are ACL, that is, absolutely continuous along almost
every line parallel to the coordinate axes.

Chapter 7 begins with defining Bessel kernels in the integral form; then Fourier
transform of Bessel kernels are computed. The fractional order spaces are introduced
by use of Poisson integrals, and we give the relationships between them and Bessel
potential spaces.

The final chapter, Chapter 8, concerns with boundary limits of several types of
functions. First, Green potentials in half spaces are treated and shown to have several
limits as consequences of fine limit results. We also study the existence of curvilin-
ear limits for BLD functions on half spaces. Next we give fundamental properties of
polyharmonic functions; among them, our main purpose is to prepare for mean-value
inequality for polyharmonic functions, which will be used for the study of tangential
limits of polyharmonic BLD functions. Finally we are concerned with monotone BLD
functions on half spaces which satisfy maximum and minimum principles.

In preparing this book, I often referred many books concerning potential theory and,
especially, the lecture notes by Professor M. Ohtsuka given at Hiroshima University.
I acknowledge gratefully his works on the subject. My thanks also go to Professor N.
Kenmochi who encouraged me to write this book.
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Notation

N the family of positive integers
Z the family of integers
R the real number field
R+ the family of positive numbers
R = R ∪ {±∞} the extended real number field
Rn n-dimensional Euclidean space
H the half space {(x1, x2, ..., xn) : x1 > 0}
|x| absolute value (norm) of x ∈ Rn

x · y the inner product
x′ = (x2, ..., xn) for x = (x1, x2, ..., xn)
x = (−x1, x2, ..., xn) for x = (x1, x2, ..., xn)
B(x, r) open ball centered at x with radius r
S(x, r) = ∂B(x, r) spherical surface centered at x with radius r
B the unit ball B(0, 1)
S the unit sphere S(0, 1)
∅ the empty set
B the family of Borel sets
A−B = {x ∈ A : x 6∈ B} difference of sets
Ln n-dimensional Lebesgue measure
|E| = Ln(E) n-dimensional measure of E
σn = |B| = πn/2/(n/2)Γ(n/2) n-dimensional measure of the unit ball
ωn = |S| = 2πn/2/Γ(n/2) the surface measure of S
χA characteristic function of A
µ|A restriction of a measure µ to A
µ× ν product measure of µ and ν
M(E) the family of measures on E
M =M(Rn) the family of measures on Rn

Mµ the family of µ measurable sets
V b
a g total variation of g over the interval [a, b]
Hh Hausdorff measure with a measure function h
Hn n-dimensional Hausdorff measure
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Notation vii

Dj = ∂/∂xj partial derivative with respect to j-th coordinate
∇ = (D1, ..., Dn) gradient
∇m gradient iterated m times
|λ| = λ1 + · · ·+ λn length of a multi-index λ = (λ1, ..., λn)(
µ
ν

)
=

(
µ1

ν1

)
· · ·

(
µn
νn

)
xλ x1

λ1 · · ·xnλn
Dλ = Dλ1

1 · · ·Dλn
n partial derivative of order λ

C0(G) the space of continuous functions with compact
support in G

C∞0 (G) the space of infinitely differentiable functions
with compact support in G

D′(G) the space of distributions on G
S the space of infinitely differentiable functions

rapidly decreasing at ∞
S ′ the space of tempered distributions on Rn

dist(x,E) distance of x to E
dist(E,F ) distance between E and F
Mµf maximal function of f with respect to µ
µ(p)(f) Lp-norm of f with respect to µ
Lp(µ) the space of functions f with µ(p)(f) <∞
Sµ support of µ
Eα(µ, ν) mutual α-energy
Uα Riesz kernel of order α (α-kernel)
κα = γ−1

α Uα normalized Riesz kernel of order α with
γα = πn/2−αΓ(α/2)/Γ((n− α)/2)

Uαµ Riesz potential of order α (α-potential) of µ
Uαf = Uα ∗ f Riesz potential of order α (α-potential) of a function f

f̂ = Ff Fourier transform of f
F∗f inverse Fourier transform of f
Lp(G) the space of functions f on G such that |f |p is

integrable with respect to Lebesgue measure
‖f‖Lp(G) Lp-norm of f in G with respect to Lebesgue measure
‖f‖p = ‖f‖Lp(Rn) Lp-norm of f in Rn

Mf = Mµf maximal function of f with respect to µ = Ln
∆ Laplace operator
∆m Laplace operator iterated m times
Cα outer Riesz capacity of order α (α-capacity)
cα inner Riesz capacity of order α (α-capacity)
Rn+1

+ the half space Rn ×R+

G(x, y) = Gx(y) Green’s function (kernel)
P (x, y) Poisson kernel in Rn+1

+

Ptf = Pt ∗ f Poisson integral of f in Rn+1
+



viii Notation

µF balayage of µ to F
Gα Green’s function of order α
Gαµ Green’s potential of µ of order α
γF equilibrium measure of F
δa Dirac measure at a
a.e. almost everywhere
q.e. quasi everywhere
Sq(u, r) Lq-mean over B(0, r)
Ck,p outer (k, p)-capacity
ck,p inner (k, p)-capacity
Cα,p outer (α, p)-capacity
cα,p inner (α, p)-capacity
gα Bessel kernel of order α
gαf = gα ∗ f Bessel potential of f
Bα,p outer Bessel capacity of index (α, p)
bα,p inner Bessel capacity of index (α, p)
kλ(x) = xλ/|x|n
k̃λ = DλU2m

kλ,` remainder term of Taylor expansion of kλ
sgn sgn t = +1 if t > 0, = 0 if t = 0 and = −1 if t < 0
BLm(Lp(G)) Beppo Levi space
BLm(Lp(G))• quotient Beppo Levi space by polynomials
Wm,p(G) Sobolev space

|u|m,p =

 ∑
|λ|=m

‖Dλu‖Lp(G)
p

1/p

seminorm for u ∈ BLm(Lp(G))

‖u‖m,p =

 ∑
|λ|5m

‖Dλu‖Lp(G)
p

1/p

norm for u ∈ Wm,p(G)
Λα Hölder space
Λp,q
α Lipschitz space

Tψ(ξ, a) the set {x = (x1, ..., xn) : ψ(|x− ξ|) < ax1}
for ξ ∈ ∂H and a > 0

Tγ(ξ, a) = Tψ(ξ, a) with ψ(r) = rγ

T1(ξ, a) cone with vertex at ξ
∆pu = −div(|∇u|p−2∇u) nonlinear Laplace operator



Chapter 1

Measure theory

Potential theory is based on measure theory. This chapter is a short course of measure
theory, and we follow the book of Federer. The concept of Suslin (analytic) sets are
most complicated; Suslin sets are shown to be capacitable in the next chapter.

1.1 Measures

In this book, we use Rn to denote the n-dimensional Euclidean space. The absolute
value of a point x = (x1, ..., xn) ∈ Rn is defined by

|x| =
√
x1

2 + · · ·+ xn2.

The Cauchy-Schwartz inequality is of the form∣∣∣∣∣∣
n∑
j=1

xjyj

∣∣∣∣∣∣ 5 |x| · |y|;
the sum is the inner product of x = (x1, ..., xn) and y = (y1, ..., yn), which is sometimes
written as x · y. For x ∈ Rn and r > 0, denote by B(x, r) the open ball centered at x
with radius r, that is,

B(x, r) = {y ∈ Rn : |x− y| < r}.

We say that µ is an (outer) measure on Rn if

(i) µ(∅) = 0.

(ii) 0 5 µ(A) 5∞ for all A j Rn

(iii) µ is countably subadditive, that is,

µ(A) 5
∞∑
j=1

µ(Aj) whenever A j
∞⋃
j=1

Aj.

1



2 Measure theory

We see readily from (iii) that µ is nondecreasing, that is,

µ(A) 5 µ(B) whenever A j B.

A set A j Rn is (µ) measurable if

(1.1) µ(T ) = µ(T ∩ A) + µ(T − A) for any T j Rn.

For example, the empty set ∅ and the whole space Rn are measurable; further, note
that if µ(A) = 0, then A is measurable. By the countable subadditivity (iii), if

(1.1′) µ(T ) = µ(T ∩ A) + µ(T − A) for any T j Rn,

then A is measurable.
The following is easy.

Theorem 1.1. If A is measurable, then the complement of A is also measurable.

Lemma 1.1. The finite union and the finite intersection of measurable sets are
measurable.

Proof. Let A1 and A2 be measurable sets. Then we have for T j Rn

µ(T ) = µ(T ∩ A1) + µ(T − A1)

= µ(T ∩ A1) + [µ((T − A1) ∩ A2) + µ((T − A1)− A2)]

= µ(T ∩ (A1 ∪ A2)) + µ(T − (A1 ∪ A2)),

which implies that A1∪A2 is measurable. By induction, it follows that the finite unions
of measurable sets are all measurable. Since Rn −A1 and Rn −A2 are measurable by
Theorem 1.1, (Rn−A1)∪ (Rn−A2) is measurable by the above considerations, so that
Theorem 1.1 again implies that A1 ∩ A2 is measurable.

Lemma 1.2. If Aj, j = 1, 2, ..., N , are measurable and mutually disjoint, then

(1.2) µ(
N⋃
j=1

Aj) =
N∑
j=1

µ(Aj).

Proof. Letting T = A1 ∪ A2 and A = A1 in (1.1), we have

µ(A1 ∪ A2) = µ(A1) + µ(A2)

since (A1 ∪A2)∩A1 = A1 and (A1 ∪A2)−A1 = A2. Now we have (1.2) by induction.

Theorem 1.2. Let {Aj} be a sequence of measurable sets in Rn. If it is mutually
disjoint, then

(1.3) µ(
∞⋃
j=1

Aj) =
∞∑
j=1

µ(Aj).
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Proof. If we set BN =
N⋃
j=1

Aj, then we see from Lemma 1.1 that BN is measurable.

Since {Aj} is mutually disjoint, Lemma 1.2 gives

µ(
∞⋃
j=1

Aj) = µ(BN) =
N∑
j=1

µ(Aj),

so that

µ(
∞⋃
j=1

Aj) =
∞∑
j=1

µ(Aj).

Now the countable subadditivity (iii) yields (1.3).

Theorem 1.3. If {Aj} is a nondecreasing sequence of measurable sets in Rn, then

(1.4) µ(
∞⋃
j=1

Aj) = lim
j→∞

µ(Aj).

Proof. If we set Bj = Aj − Aj−1 with A0 = ∅, then we see from Lemma 1.1 that
Bj = Aj ∩ (Rn − Aj−1) is measurable. Since {Bj} is mutually disjoint, Theorem 1.2
gives

µ(
∞⋃
j=1

Aj) = µ(
∞⋃
j=1

Bj) =
∞∑
j=1

µ(Bj) = lim
j→∞

µ(Aj),

as required.

Theorem 1.4. Let {Aj} be a nonincreasing sequence of measurable sets in Rn. If
µ(A1) <∞, then

(1.5) µ(
∞⋂
j=1

Aj) = lim
j→∞

µ(Aj).

Proof. If we set Cj = Aj −Aj+1, then we see from Lemma 1.1 that Cj is measur-
able. Since {Cj} is mutually disjoint, Theorems 1.2 and 1.3 give

µ(A1) = µ((
∞⋂
j=1

Aj) ∪ (
∞⋃
j=1

Cj)) = µ(
∞⋂
j=1

Aj) +
∞∑
j=1

µ(Cj)

= µ(
∞⋂
j=1

Aj) + lim
N→∞

[µ(A1)− µ(AN)].

Hence (1.5) is obtained since µ(A1) <∞.

For a set X j Rn, denote the restriction of µ to X by µ|X , that is,

µ|X(A) = µ(X ∩ A) for A j Rn.
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Then µ|X is trivially a measure on Rn. We say that µ|X is a measure on X.

Lemma 1.3. If A is µ measurable, then A is also µ|T measurable for every T j Rn.

Theorem 1.5. If {Aj} is a countable family of measurable sets, then
∞⋃
j=1

Aj and

∞⋂
j=1

Aj are also measurable.

Proof. Suppose µ(T ) <∞. Then we see from Theorems 1.3 and 1.4 that

µ(T ∩
∞⋃
j=1

Aj) + µ(T −
∞⋃
j=1

Aj) = lim
m→∞

µ|T (
m⋃
j=1

Aj) + lim
m→∞

µ|T (Rn −
m⋃
j=1

Aj)

= µ|T (Rn) = µ(T ),

which shows that
∞⋃
j=1

Aj is measurable. The intersection of countably many measurable

sets is also seen to be measurable.

1.2 Borel sets

A family A of sets is called a σ-algebra if

(i) if A ∈ A, then Rn − A ∈ A;

(ii) if Aj ∈ A, then
∞⋃
j=1

Aj ∈ A.

By (i) and (ii), we see that

(iii) if Aj ∈ A, then
∞⋂
j=1

Aj ∈ A.

The smallest σ-algebra containing all compact sets is called the family of Borel sets,
which is denoted by B. Each element of B is called a Borel set in Rn.

Denote by Mµ the family of all µ measurable sets. Then, in view of Theorems 1.1
and 1.5, we see that Mµ is a σ-algebra.

Lemma 2.1. If all compact sets are measurable, then all Borel sets are measurable;
that is, B jMµ.

Lemma 2.2. If A satisfies (ii) and (iii), then the subfamily

Ã = {A : A ∈ A and Rn − A ∈ A}
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satisfies (ii).

To show this, let Aj ∈ Ã. Then
∞⋃
j=1

Aj ∈ A by (ii) and

Rn −
∞⋃
j=1

Aj =
∞⋂
j=1

(Rn − Aj) ∈ A

by (iii), and hence Ã satisfies (ii).

Theorem 2.1. Let µ be a measure on Rn for which all compact sets are measurable.
If B is a Borel set with µ(B) <∞, then for any ε > 0 there exists a compact set K j B
such that µ(B −K) < ε, that is,

µ(B) = sup{µ(K) : K j B, K : compact}.

Proof. Consider the family A of sets A such that for any ε > 0 there exists a
compact set K j A with µ|B(A−K) < ε. First we show that A satisfies (ii) and (iii).
Let Aj ∈ A for each positive integer j. Given ε > 0, take compact sets Kj for which

µ|B(Aj −Kj) < 2−jε.

Note that

µ|B(
∞⋃
j=1

Aj −
∞⋃
j=1

Kj) 5 µ|B(
∞⋃
j=1

(Aj −Kj)) <
∞∑
j=1

2−jε = ε,

µ|B(
∞⋂
j=1

Aj −
∞⋂
j=1

Kj) 5 µ|B(
∞⋃
j=1

(Aj −Kj)) < ε

and, with the aid of Theorem 1.5,

lim
N→∞

µ|B(
∞⋃
j=1

Aj −
N⋃
j=1

Kj) = µ|B(
∞⋃
j=1

Aj −
∞⋃
j=1

Kj) < ε.

Hence A satisfies (ii) and (iii). Now, in view of Lemma 2.2, Ã satisfies (i) and (ii).
Clearly, A contains all compact sets, and then it contains all open sets with the aid of
Theorem 1.3, since open sets are Kσ-sets. Hence Ã contains all compact sets. Thus all
Borel sets are contained in Ã; in particular, B ∈ Ã, as required.

Theorem 2.2. Let µ be a measure on Rn for which all compact sets are measurable.
If B is a Borel set with a countable covering {Gj} of open sets such that µ(Gj) <∞,
then for any ε > 0 there exists an open set G k B for which

µ(G−B) < ε.
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Proof. Let ε > 0 be given. For each positive integer j, take a compact set
Kj j Gj −B such that

µ((Gj −B)−Kj) < 2−jε.

Noting that B ∩Gj j Gj −Kj, we have only to consider

G =
∞⋃
j=1

(Gj −Kj).

A measure µ on Rn is called regular if for any A j Rn there exists a measurable
set B such that A j B and

(2.1) µ(A) = µ(B).

Lemma 2.3. Let µ be a measure on Rn. For any set A j Rn, define

γ(A) = inf{µ(B) : A j B, B : measurable}.

Then γ is regular and Mµ jMγ.

Proof. Let T j Rn and take a measurable set A such that

(2.2) γ(T ) = µ(A), T j A.

If B is measurable, then we have

γ(T ∩B) + γ(T −B) 5 µ(A ∩B) + µ(A−B) = µ(A) = γ(T ),

which implies that B is γ measurable. Moreover, (2.2) implies that γ is regular.

Theorem 2.3. Let µ be regular. If {Aj} is a nondecreasing sequence of sets in
Rn, then

µ(
∞⋃
j=1

Aj) = lim
j→∞

µ(Aj).

Proof. Take a measurable set Bj containing Aj such that

µ(Bj) = µ(Aj),

and set

Ci =
∞⋂
j=i

Bj.

Then Ai j Ci j Bi and Ci j Ci+1. Hence Theorem 1.3 implies that

µ(
∞⋃
i=1

Ai) 5 µ(
∞⋃
i=1

Ci) = lim
i→∞

µ(Ci) = lim
i→∞

µ(Ai).
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Thus the required equality now follows.

A measure µ on Rn is said to be a Borel measure if all Borel sets are measurable.
A Borel regular measure µ on Rn is called a Radon measure if µ(K) < ∞ for any
compact set K in Rn.

In view of Theorem 2.2, we have the following.

Theorem 2.4. If µ is a Radon measure on Rn, then for any set A j Rn,

(2.3) µ(A) = inf{µ(G) : G is open and A j G}.

1.3 Suslin sets

Let N be the family of all positive integers, and denote by N the family of all sequence
of positive integers. We can define a metric on N by setting

ρ({aj}, {bj}) =
∞∑
j=1

2−j
|aj − bj|

1 + |aj − bj|
.

More precisely,

(i) ρ({aj}, {bj}) = 0 and ρ({aj}, {bj}) = 0 if and only if {aj} = {bj};

(ii) ρ({aj}, {bj}) = ρ({bj}, {aj});

(iii) ρ({aj}, {cj}) 5 ρ({aj}, {bj}) + ρ({bj}, {cj}).

Note here that (i), (ii) are trivial and (iii) follows if one notes that the function:

t→ t

1 + t

is increasing on the interval (0,∞).

Lemma 3.1. The metric space (N , ρ) is complete and separable.

Proof. Let {a(i)
j } ∈ N be a Cauchy sequence in N . Then {a(i)

j }∞i=1 is a Cauchy

sequence for each j, and thus it converges to a
(∞)
j . Note that {a(i)

j } converges to {a(∞)
j }.

On the other hand, for {aj} ∈ N , consider the sequences {b(m)
j } such that

b
(m)
j =


aj when j 5 m,

1 otherwise.
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It is not difficult to see that {b(m)
j } → {aj} as m → ∞ and further that the family of

all finite sequences of positive integers are countable.

Let (X, dX) and (Y, dY ) be two metric spaces. We say that f : X → Y is locally
Lipschitzian if each point x of X has an open neighborhood G such that

dY (f(y), f(z)) 5MdX(y, z) whenever y, z ∈ G.

Proposition 3.1. If (X, dX) is a complete, separable and nonempty metric space,
then there exists a locally Lipschitzian map g of N onto X.

Proof. Since X is separable, we can take {xj1} j X such that

X =
⋃
j1∈N

E(j1), E(j1) = {x ∈ X : dX(x, xj1) 5 2−1}.

Similarly, for each j1 we can take {xj1,j2} j E(j1) such that

E(j1) =
⋃
j2∈N

E(j1, j2), E(j1, j2) = {x ∈ E(j1) : dX(x, xj1,j2) 5 2−2}.

Repeating this process, we obtain {xj1,j2,...,jm} and {E(j1, j2, ..., jm)} such that

E(j1, j2, ..., jm) =
⋃

jm+1∈N

E(j1, j2, ..., jm, jm+1)

and

E(j1, j2, ..., jm+1) = {x ∈ E(j1, j2, ..., jm) : dX(x, xj1,j2,...,jm,jm+1) 5 2−m−1}.

Then one notes that for each {jm} ∈ N ,

E(j1) k E(j1, j2) k E(j1, j2, j3) k · · ·

and the intersection
E(j1) ∩ E(j1, j2) ∩ E(j1, j2, j3) ∩ · · ·

has at most one point g(j1, j2, ...) in X, which is the limit point of {xj1 , xj1,j2 , ...}.
Thus we obtain the map g of N to X. It is easy to see that g is onto. If 2−k−2 5
ρ({im}, {jm}) < 2−k−1, then

im = jm for m 5 k,

so that
dX(g({im}), g({jm})) < 2−k+1 5 8ρ({im}, {jm}),

which implies that g is locally Lipschitzian.



1.3 Suslin sets 9

Proposition 3.2. Let (X, dX) be as above. If in addition X has no isolated point,
then there exists a subset Γ of X which is homeomorphic to N .

Proof. First we take a mutually disjoint family {U(j1)} of nonempty open sets
with diameter less than 2−1. Next we take a mutually disjoint family {U(j1, j2)} of
nonempty open sets with diameter less than 2−2 for which

U(j1) k
⋃
j2∈N

U(j1, j2).

Repeating this process, we obtain a mutually disjoint family {U(j1, j2, ..., jm)} of non-
empty open sets with diameter less than 2−m for which

U(j1, j2, ..., jm) k
⋃

jm+1∈N

U(j1, j2, ..., jm, jm+1).

Now define
Γ =

⋂
m∈N

⋃
s∈Nm

U(s).

Since the intersection

U(j1) ∩ U(j1, j2) ∩ U(j1, j2, j3) ∩ · · ·

has at most one point g(j1, j2, ...) in Γ as in the proof of Proposition 3.1. Noting that
g is locally Lipschitzian and one-to-one, we conclude the proof.

When X = R, in the above proof, we let U(j) be open intervals such that

R =
⋃
j1∈N

U(j1)

and
U(j1, j2, ..., jm) =

⋃
jm+1∈N

U(j1, j2, ..., jm, jm+1).

Then we have the following.

Proposition 3.3. There exists a subset Γ of R such that Γ is homeomorphic to
N and R− Γ is countable.

Consider the projection
p : Rn ×N → Rn,

that is,
p(x, s) = x for x ∈ Rn and s ∈ N .

By a Suslin subset of Rn we mean the p image of a closed subset of Rn ×N .

Proposition 3.4. If f is a continuous mapping of N in Rn, then the image of f ,
f(N ), is a Suslin set in Rn.
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In fact, F = {(x, s) ∈ Rn ×N : x = f(s)} is closed and

f(N ) = p(F ).

Next we show that every Borel set is a Suslin set. To do this, consider the family

A = {p(F ) : F j Rn ×N is closed and p|F is one-to-one}.

Lemma 3.1. If G is an open set in Rn, then G ∈ A.

Proof. Consider the closed set in Rn ×R :

A = {(x, t) ∈ Rn ×R : t dist(x,Rn −G) = 1}.

Note here that N × N is homeomorphic to N and, by Proposition 3.2, N is homeo-
morphic to Γ for which R− Γ is countable. Hence, considering one-to-one maps:

R = Γ ∪ (R− Γ)→ N ×N → N ,

we can find a closed subset B of N and a one-to-one continuous map ψ of B onto R.
Define

C = {(x, s) ∈ Rn ×N : s ∈ B, (x, ψ(s)) ∈ A}.

Then C is closed in Rn ×N , p|C is one-to-one and p(C) = G.

Lemma 3.2. If Fj is an element of A which is mutually disjoint, then
⋃
j

Fj ∈ A.

Proof. For each positive integer j, let

Nj = {s ∈ N : s1 = j},

which is homeomorphic to N . By assumption, take a closed set Cj j Rn×Nj so that
p|Cj is one-to-one and p(Cj) = Fj. Consider

D =
∞⋃
j=1

Cj.

Note then that D is closed in Rn ×N , p|D is one-to-one and

p(D) =
∞⋃
j=1

Fj.

Lemma 3.3. If Fj belongs to A, then F =
⋂
j

Fj ∈ A.
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Proof. For each positive integer j, take a closed set Cj j Rn ×N so that p|Cj is
one-to-one and p(Cj) = Fj. Considering the homeomorphism NN onto N , we see that
F is the one to one image of the closed set

{(x, s1, s2, ...) : (x, sj) ∈ Cj for each j ∈ N}.

In view of Lemmas 3.1, 3.2 and 3.3, we have the following conclusion.

Theorem 3.1. Every Borel set in Rn is a Suslin set in Rn.

Theorem 3.2. Let µ be a measure on Rn for which all compact sets are measurable,
and S be a Suslin set. If µ(T ) <∞ and ε > 0, then there exists a compact set F j S
for which

µ(T ∩ S − F ) < ε.

Proof. Take a closed set Z0 j Rn ×N such that

p(Z0) = S.

By considering µ|T , we may assume that µ(Rn) <∞. Define a regular measure:

γ(A) = inf {µ(B) : A j B,B : open},

with the aid of Lemma 2.3. According to Theorem 2.3, we can find {mi} ∈ N such
that

γ(p(Zi−1)) < γ(p(Zi)) + 2−iε, Zi = {(x, s) ∈ Zi−1 : si 5 mi},

since

Zi−1 =
∞⋃
j=1

{(x, s) ∈ Zi−1 : si 5 j}.

Then note that
γ(S) < γ(p(Zi)) + ε

for every i. Setting C =
∞⋂
i=1

p(Zi), we see from Theorem 1.4 that

γ(C) = lim
i→∞

γ(p(Zi)) > γ(S)− ε.

Further observe that
K = {s ∈ N : si 5 mi}

is compact and that
∞⋂
i=1

Zi = Z0 ∩ (Rn ×K).
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If we show that

(3.1) C = p(Z0 ∩ (Rn ×K)),

then it follows that C j S, and hence the proof is completed. Since

C k p(Z0 ∩ (Rn ×K))

is trivial, we have only to show the opposite inclusion. For this purpose, let

x ∈ Rn − p(Z0 ∩ (Rn ×K)).

Then ({x}×K)∩Z0 = ∅. Since Z0 is closed and {x}×K is compact, we can find open
sets V and W such that x ∈ V , K j W and (V ×W )∩Z0 = ∅. If dist(K,N−W ) > 2−i,
then it follows that

Zi j (Rn ×W )− (V ×W ) = (Rn − V )×W,

so that

p(Zi) j Rn − V.

This implies that x 6∈ p(Zi), which proves (3.1).

Corollary 3.1. Let µ be a measure on Rn for which all compact sets are mea-
surable. Then any Suslin set is measurable.

1.4 Measurable functions

Let µ be a measure on Rn. An extended real-valued function f is called (µ) measurable
if

{x ∈ Rn : f(x) > t}

is (µ) measurable for every real number t.

Theorem 4.1. The following statements are equivalent.

(1) f is measurable on Rn.

(2) {x ∈ Rn : f(x) = t} is measurable for every t ∈ R.

(3) {x ∈ Rn : f(x) < t} is measurable for every t ∈ R.

(4) {x ∈ Rn : f(x) 5 t} is measurable for every t ∈ R.
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For example, to show the implication (1) ⇒ (2), it suffices to see that

{x ∈ Rn : f(x) = t} =
∞⋂
j=1

{x ∈ Rn : f(x) > t− 1/j}.

The remaining cases are left to the reader.

Corollary 4.1. A function f is measurable on Rn if and only if f−1(G) is
measurable for every open set G in the extended real line R = R ∪ {±∞}.

Corollary 4.2. Let ϕ be continuous on R in the extended sense. If a function f
is measurable on Rn, then ϕ ◦ f is also measurable on Rn.

Theorem 4.2. A function f is measurable on Rn if and only if

(4.1) µ(T ) = µ({x ∈ T : f(x) 5 s}) + µ({x ∈ T : f(x) = t})

whenever T j Rn and −∞ < s < t <∞.

Proof. Set E(s) = {x ∈ Rn : f(x) 5 s}. If f is measurable on Rn, then we have
for any T j Rn and s < t,

µ(T ) = µ(T ∩ E(s)) + µ(T − E(s))

= µ({x ∈ T : f(x) 5 s}) + µ({x ∈ T : f(x) > s})
= µ({x ∈ T : f(x) 5 s}) + µ({x ∈ T : f(x) = t}).

Conversely, suppose µ(T ) <∞ and (4.1) holds. Set

Aj = {x ∈ T : s+ (j + 1)−1 5 f(x) 5 s+ j−1}.

By (4.1), we have
µ(
⋃
j∈∆

Aj) =
∑
j∈∆

µ(Aj)

if ∆ is a finite set of positive integers whose elements are all even or all odd. Hence it
follows that ∑

j

µ(Aj) 5 2µ(T ) <∞.

Consequently, for ε > 0, we can find j0 so that

µ({x ∈ T : s < f(x) 5 s+ j−1
0 }) 5

∑
j=j0

µ(Aj) < ε.

We now find

µ(T ∩ E(s)) + µ(T − E(s))− ε 5 µ({x ∈ T : f(x) 5 s})
+µ({x ∈ T : f(x) > s+ j−1

0 }) 5 µ(T ),
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which implies that E(s) is measurable.

Corollary 4.3. Any open set in Rn is measurable if and only if

(4.2) µ(A ∪B) = µ(A) + µ(B)

whenever A j Rn, B j Rn and dist(A,B) > 0.

Proof. Suppose µ(T ) <∞, G is open and (4.2) holds. Consider the sets

Aj = {x ∈ T : (j + 1)−1 5 dist(x,G) 5 j−1}.

As in the above proof, we see that∑
j

µ(Aj) 5 2µ(T ) <∞

and, for ε > 0, find j0 so that

µ(T ∩G) + µ(T −G)− ε 5 µ(T ∩G)) + µ(T −
⋃
j=j0

Aj) 5 µ(T ),

which implies that G is measurable.
Conversely suppose any open set is measurable. Let A j Rn, B j Rn and

dist(A,B) > 0. Then, taking an open set G such that A j G and B j Rn − G,
we have

µ(A ∪B) = µ((A ∪B) ∩G) + µ((A ∪B)−G) = µ(A) + µ(B)

and the proof is now completed.

Theorem 4.3. Let f be a measurable function on Rn. If S is a Suslin set in R,
then f−1(S) is measurable.

Proof. First note that

(4.3) f−1(B) is measurable whenever B is a Borel set in R.

To see this, we have only to show that the family

A = {A j R : f−1(A) is measurable}

is a σ-algebra containing all intervals. For any set A in Rn, define a measure νA on R
by setting

νA(T ) = µ(A ∩ f−1(T )).

Then, for B j R, we infer that

(4.4) f−1(B) is measurable if and only if B is νA measurable for any A j Rn.
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Now, any Borel set B j R is νA measurable, because f−1(B) is measurable by
(4.3). Thus Corollary 3.1 implies that S is νA measurable for every Suslin set S j R,
so that it follows from (4.4) that f−1(S) is measurable.

Theorem 4.4. Let {fj} be a sequence of measurable functions on Rn. Then
lim sup
j→∞

fj(x) and lim inf
j→∞

fj(x) are measurable on Rn.

To show this, note that{
x ∈ Rn : lim sup

j→∞
fj(x) > t

}
=

∞⋃
m=1

 ∞⋂
i=1

∞⋃
j=i

{x ∈ Rn : fj(x) > t+ 1/m}

 .
For a set E j Rn, denote by χE the characteristic function of E.

Theorem 4.5. Let f be a nonnegative measurable function on Rn, and {rj} be a
sequence of positive numbers such that

lim
j→∞

rj = 0 and
∞∑
j=1

rj =∞.

Then there exists a sequence {Ej} of measurable sets such that

f(x) =
∞∑
j=1

rjχEj(x) for x ∈ Rn.

Proof. First set
E1 = {x ∈ Rn : f(x) > r1}.

Now we define {Ej} inductively by

Ei =

x ∈ Rn : f(x) > ri +
i−1∑
j=1

rjχEj(x)

 .
For each x ∈ Rn, let {j : x ∈ Ej} = {j1, j2, ...}, j1 < j2 < · · ·. If ji < m < ji+1, then
we see that

rj1 + rj2 + · · ·+ rji < f(x) 5 rj1 + rj2 + · · ·+ rji + rm,

which implies that

f(x) = rj1 + rj2 + · · · =
∞∑
j=1

rjχEj(x).

Theorem 4.6 (Lusin’s theorem). Let µ be Borel regular and f be measurable on
Rn. If A is a measurable set in Rn with µ(A) <∞ and µ({x ∈ A : |f(x)| =∞}) = 0,
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then for any ε > 0 there exists a compact set K such that K j A, µ(A−K) < ε and
f |K is continuous.

Proof. For each positive integer i ∈ N and each integer j ∈ Z, Z = {0,±1,±2, ...},
set

Bi,j = (j/i, (j + 1)/i].

Considering

Ai,j = A ∩ f−1(Bi,j),

for any ε > 0 we take compact sets Ki,j, with the aid of Theorem 2.1, such that
Ki,j j Ai,j and

µ(Ai,j −Ki,j) < ε2−i−j.

Then we have

µ(A−
⋃
j∈Z

Ki,j) < 3ε2−i,

so that we can find j(i) for which

µ(A− Fi) < 3ε2−i, Fi =
⋃

|j|5j(i)
Ki,j.

Choosing ri,j ∈ Bi,j, we define a function

gi(x) = ri,j for x ∈ Ki,j, |j| 5 j(i).

Since |gi(x) − f(x)| < i−1 for x ∈ Fi, we see that gi is uniformly convergent to f on
F =

⋂
i

Fi with

µ(A− F ) 5
∑
i

µ(A− Fi) < ε.

Clearly, each gi is continuous as a function on F , and so is f |F .

Theorem 4.7 (Egoroff’s theorem). Let {fj} be a sequence of measurable functions
on Rn which converges to g on a set A j Rn. If µ(A) < ∞ and ε > 0, then there
exists a measurable set B j A such that µ(A− B) < ε and {fj} converges uniformly
to g on B.

Proof. Define

Ci,k =
∞⋃
j=k

{x ∈ A : |fj(x)− g(x)| = 2−i}.

By assumption,

lim
k→∞

µ(Ci,k) = 0,
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so that we can find k(i) such that µ(Ci,k(i)) < ε2−i. Now we have only to take

B = A−
⋃
i

Ci,k(i).

Let {fj} be a sequence of (µ) measurable functions onG. We say that {fj} converges
to f in (µ) measure on G if

lim
j→∞

µ({x ∈ G : |fj(x)− f(x)| > ε}) = 0

for every ε > 0.
A property is said to hold (µ) almost everywhere (a.e.) on a set A if the set of all

points for which the property does not hold has µ measure zero.

Theorem 4.8. Let {fj} be a sequence of measurable functions on G. If {fj}
converges to f in measure on G, then there exists a subsequence {fjk} which converges
to f a.e. on G.

Proof. For each positive integer j, consider the set

Ej,k = {x ∈ G : |fj(x)− f(x)| > 1/k}.

By assumption we can find jk for which µ(Ejk,k) < 2−k. Now define

E =
∞⋂
m=1

( ∞⋃
k=m

Ejk,k

)
.

Then we have

µ(E) 5
∞∑
k=m

µ(Ejk,k) < 2−m+1,

which shows that µ(E) = 0. Moreover, if x ∈ G− E, then we can find m such that

|fjk(x)− f(x)| 5 1/k for all k = m,

which implies that {fjk(x)} converges to f(x).

1.5 Lebesgue integral

Let µ be a measure on Rn. A measurable function g is called a (µ) step function if the
image g(Rn) of g is countable and the sum

∑
r

rµ(g−1({r})) exists in the extended real

number field R. For a function f on Rn, we define an upper integral of f by setting∫ ∗
f dµ = inf

∑
r

rµ(g−1({r})),
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where the infimum is taken over all step functions g for which

f(x) 5 g(x) on Rn.

Here we use the convention ∞× 0 = 0. Similarly we define a lower integral of f by
setting ∫

∗
f dµ = sup

∑
r

rµ(g−1({r})),

where the infimum is taken over all step functions g for which

f(x) = g(x) on Rn.

It is easy to see that if f is a step function on Rn, then∫ ∗
f dµ =

∫
∗
f dµ =

∑
r

rµ(f−1({r})).

We say that the integral of f exists if∫
∗
f dµ =

∫ ∗
f dµ,

whose equal value is denoted by
∫

f dµ. Further, we say that f is integrable if its

integral exists and ∫
f dµ ∈ R.

If X j Rn, then we write ∫
X
f dµ =

∫
f dµ|X ,

when the latter has a meaning.
For a function f on Rn, set

f+(x) = max {f(x), 0} and f−(x) = −min {f(x), 0};

then f = f+ − f−.
The following are easy.

Proposition 5.1. Let f and g be functions on Rn.

(1)
∫
∗
f dµ = −

∫ ∗
(−f) dµ.

(2)
∫
∗
f dµ 5

∫ ∗
f dµ.

(3)
∫ ∗

f dµ <∞, then f(x) <∞ for almost all x and
∫ ∗

f+ dµ <∞.
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(4) If f(x) 5 g(x) for almost all x, then
∫ ∗

f dµ 5
∫ ∗

g dµ.

(6) If 0 < c <∞, then
∫ ∗

(cf) dµ = c
∫ ∗

f dµ.

(7) If
∫ ∗

f dµ+
∫ ∗

g dµ <∞, then

∫ ∗
(f + g) dµ 5

∫ ∗
f dµ+

∫ ∗
g dµ <∞.

Proposition 5.2. Let A j Rn. If A is measurable, then∫
χA dµ = µ(A)

and if µ is regular, then ∫ ∗
χA dµ = µ(A).

Proof. First note that∫
∗
χA dµ 5 µ(A) 5

∫ ∗
χA dµ.

Hence, if A is measurable, then they are all equal.

Proposition 5.3. (1) If f is a step function, then∫
f dµ =

∑
r

rµ(f−1({r})).

(2) If f is a nonnegative measurable function, then∫
∗
f dµ =

∫ ∗
f dµ = 0.

(3) A function f on Rn is integrable if and only if both f+ and f− are integrable; in
either case, ∫

f dµ =
∫

f+ dµ−
∫

f− dµ

and ∫
|f | dµ =

∫
f+ dµ+

∫
f− dµ.

Proof. To show (2), for 1 < t <∞ and j ∈ Z, setting

Ej(t) = {x : tj 5 f(x) < tj+1},
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we consider the function
g =

∑
j

tjχEj(t).

Noting that g is a step function and

g 5 f 5 tg,

we have ∫ ∗
f dµ 5 t

∫
g dµ 5 t

∫
∗
f dµ,

which gives ∫ ∗
f dµ =

∫
∗
f dµ,

as required.

Theorem 5.1 (Fatou’s lemma). If {fj} is a sequence of nonnegative measurable
functions on Rn, then

lim inf
j→∞

∫
fj dµ =

∫
lim inf
j→∞

fj dµ.

Proof. Let g be a step function for which

lim inf
j→∞

fj = g on Rn.

Let {r : g−1(r) 6= ∅} = {rj} and Aj = g−1(rj). We may assume that rj > 0 for all j.
For 0 < t < 1, consider the sets

Bi,j = {x ∈ Ai : fj(x) > tri}.

Then it follows that

Ai =
⋃
k

⋂
j=k

Bi,j

 ,
so that ∫

fk dµ =
∑
i

triµ(
⋂
j=k

Bi,j).

Hence, letting k →∞, we find

lim inf
j→∞

∫
fj dµ =

∑
i

triµ(Ai) = t
∫

g dµ,

which yields the required inequality.

Theorem 5.2 (Lebesgue monotone convergence theorem). If {fj} is a sequence of
nonnegative measurable functions which converges increasingly to f a.e. on Rn, then

lim
j→∞

∫
fj dµ =

∫
f dµ.
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Proof. Since
∫

fj dµ 5
∫

f dµ, Fatou’s lemma yields the required equality.

Theorem 5.3 (Lebesgue dominated convergence theorem). Let {fj} be a sequence
of measurable functions which converges to f a.e. on Rn. If there exists an integrable
function F such that |fj| 5 F a.e. on Rn for every j, then

lim
j→∞

∫
fj dµ =

∫
f dµ.

Proof. Since F − fj = 0, Fatou’s lemma gives

lim inf
j→∞

∫
(F − fj) dµ =

∫
lim inf
j→∞

(F − fj) dµ,

so that
lim sup
j→∞

∫
fj dµ 5

∫
f dµ.

Similarly, since F + fj = 0,

lim inf
j→∞

∫
(F + fj) dµ =

∫
lim inf
j→∞

(F + fj) dµ,

so that
lim inf
j→∞

∫
fj dµ =

∫
f dµ.

Thus the required equality follows.

Theorem 5.4 (Jensen’s inequality). If µ(Rn) = 1 and Φ is a nonnegative convex
function on R, then

Φ(
∫
fdµ) 5

∫
Φ ◦ f dµ

for every nonnegative measurable function f on Rn.

Proof. If f(Rn) is finite, say, {r1, ..., rm}, then

Φ(
∫
fdµ) = Φ(

∑
j

rjµ(f−1({rj}))) 5
∑
j

Φ(rj)µ(f−1({rj})) =
∫

Φ ◦ f dµ.

Thus the required inequality holds for step functions, and then for the general function
f .

1.6 Linear functionals

Let L be a family of finite-valued functions on Rn. We say that L is a lattice of
functions on Rn if the following hold.
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(L1) If f ∈ L and g ∈ L, then f + g ∈ L and f ∧ g ∈ L.

(L2) If c = 0 and f ∈ L, then cf ∈ L and f ∧ c ∈ L.

(L3) If f ∈ L, g ∈ L and g = f , then g − f ∈ L.

Here f ∧ g(x) = min{f(x), g(x)} and g = f means that g(x) = f(x) for all x ∈ Rn.
If L is a lattice of functions on Rn and f ∈ L, then f+ ∈ L and f− ∈ L. Moreover,

if L is a lattice of functions on Rn, then so is

L+ = {f ∈ L : f = 0}.

Theorem 6.1. Let L be a lattice of functions on Rn. Let λ be a function on L
with finite value such that

(i) if f ∈ L and g ∈ L, then λ(f + g) = λ(f) + λ(g);

(ii) if f ∈ L and c = 0, then λ(cf) = cλ(f);

(iii) if f ∈ L, g ∈ L and g = f , then λ(g) = λ(f);

(iv) if {fj} j L increases to g ∈ L, then λ(fj) increases to λ(g).

Then there exists a measure µ on Rn such that

(6.1) λ(f) =
∫

f dµ whenever f ∈ L.

Proof. First note that for f ∈ L+,

λ(f) = λ(0 · f) = 0 · λ(f) = 0.

For A j Rn, consider the quantity

µ(A) = inf
{

lim
j→∞

L(fj)
}
,

where the infimum is taken over all sequences {fj} j L such that fj = 0, fj+1 = fj
and lim

j→∞
fj(x) = χA(x). We show that µ is a measure on Rn. For this purpose, let

A j
⋃
i

Bi and take a competing sequence {fi,j} for µ(Bi). If we set

gj =
j∑
i=1

fi,j,

then
lim
j→∞

gj(x) = χA(x)



1.6 Linear functionals 23

and

λ(gj) =
j∑
i=1

λ(fi,j) 5
∞∑
i=1

lim
j→∞

λ(fi,j).

Thus it follows that

µ(A) 5
∞∑
i=1

µ(Bi).

Next we show that each function f ∈ L+ is measurable, and so is f ∈ L. For this
purpose, letting T j Rn and −∞ < a < b < ∞, it suffices to show by Theorem 4.2
that

(6.2) µ(T ) = µ({x ∈ T : f(x) 5 a}) + µ({x ∈ T : f(x) = b}).

This holds trivially for a < 0, so that we may assume that a = 0. Take a competing
sequence {gj} for µ(T ), and consider

h =
f ∧ b− f ∧ a

b− a
and kj = h ∧ gj.

Since 0 5 kj+1 − kj 5 gj+1 − gj, h(x) = 1 if f(x) = b and h(x) = 0 if f(x) 5 a, we
infer that

lim
j→∞

kj = 1 on B = {x ∈ T : f(x) = b}

and
lim
j→∞

(gj − kj) = 1 on A = {x ∈ T : f(x) 5 a}.

Hence we find

lim
j→∞

λ(gj) = lim
j→∞

[λ(kj) + λ(gj − kj)] = µ(B) + µ(A),

which yields (6.2).
Finally we show that

(6.3) λ(f) =
∫

f dµ for f ∈ L+,

because (6.3) gives (6.1) readily if one notes that

λ(f) = λ(f+)− λ(f−) =
∫

f+ dµ−
∫

f− dµ =
∫

f dµ.

For this purpose we need the fact that

(6.4) µ(A) = λ(h) whenever h ∈ L+ and h 5 χA.

For f ∈ L, ε > 0 and a positive integer j, note that

0 5 f ∧ (jε)− f ∧ ((j − 1)ε) 5 ε for all x ∈ Rn,
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f ∧ (jε)− f ∧ ((j − 1)ε) = ε whenever f(x) = jε

and
f ∧ (jε)− f ∧ ((j − 1)ε) = 0 whenever f(x) 5 (j − 1)ε.

Hence it follows that

λ(f ∧ (jε)− f ∧ ((j − 1)ε)) = εµ({x : f(x) = jε})

=
∫

[f ∧ ((j + 1)ε)− f ∧ (jε)] dµ

= εµ({x : f(x) = (j + 1)ε})
= λ(f ∧ ((j + 2)ε)− f ∧ ((j + 1)ε))

with the aid of (6.4), so that

λ(f ∧ (jε)) =
∫

[f ∧ ((j + 1)ε)− f ∧ ε] dµ = λ(f ∧ ((j + 2)ε)− f ∧ (2ε)).

By letting j →∞, we have

λ(f) =
∫

[f − f ∧ ε] dµ = λ(f − f ∧ (2ε)),

which gives (6.3) by letting ε→ 0.

Theorem 6.2. Let L be a lattice of functions on Rn. Let λ be a function on L
with finite value such that

(i) if f ∈ L and g ∈ L, then λ(f + g) = λ(f) + λ(g);

(ii) if f ∈ L and c = 0, then λ(cf) = cλ(f);

(iii) if f ∈ L+, then sup{λ(g) : g ∈ L+ and 0 5 g 5 f} <∞;

(iv) if {fj} j L increases to g ∈ L, then λ(fj)→ λ(g) as j →∞.

Set for f ∈ L+,
λ+(f) = sup{λ(g) : g ∈ L+ and 0 5 g 5 f}

and
λ−(f) = − inf{λ(g) : g ∈ L+ and 0 5 g 5 f}.

Then there exist measures µ+ and µ− on Rn such that

λ+(f) =
∫

f dµ+, λ−(f) =
∫

f dµ−

for every f ∈ L+ and

λ(f) =
∫

f dµ+ −
∫

f dµ−
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for every f ∈ L. Moreover, if f ∈ L+, then there exists a sequence {gj} ∈ L+ such
that gj 5 f and

lim
j→∞

gj(x) =


f(x) for µ+-a.e. x,

0 for µ−-a.e. x.

Proof. Let f ∈ L+ and g ∈ L+. If g 5 f , then f = f − g = 0, so that

λ(g)− λ−(f) 5 λ(g) + λ(f − g) 5 λ(g) + λ+(f).

Hence it follows that

λ+(f)− λ−(f) 5 λ(f) 5 λ+(f)− λ−(f),

or
λ(f) = λ+(f)− λ−(f).

Next, if h ∈ L+ and h 5 f + g, then

λ+(f) + λ+(g) = λ(f ∧ h) + λ(h− f ∧ h) = λ(h),

so that
λ+(f) + λ+(g) = λ+(f + g).

Since the opposite inequality is easy, we have

λ+(f) + λ+(g) = λ+(f + g).

Clearly, if 0 5 c <∞ and f = g, then

λ+(cf) = cλ+(f)

and
λ+(f) = λ+(g).

If {fj} j L+ increases to g ∈ L+, then we have for k ∈ L+ with g = k,

λ(k) = lim
j→∞

λ(k ∧ fj) 5 lim
j→∞

λ+(fj) 5 λ+(g),

which gives
λ+(g) = lim

j→∞
λ+(fj).

Hence we see that λ+ satisfies all the conditions (i) - (iv) of Theorem 6.1, so that
Theorem 6.1 gives µ+ such that

λ+(f) =
∫

f dµ+ for every f ∈ L+.
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Similarly, there exists µ− such that

λ−(f) =
∫

f dµ− for every f ∈ L+.

For f ∈ L+, take a sequence {gj} ∈ L+ such that gj 5 f and

lim
j→∞

µ(gj) = µ+(f).

Then we see that ∫
|f − gj|dµ+ = µ+(f)− µ+(gj) 5 µ+(f)− µ(gj)

and ∫
|gj|dµ− = µ−(gj) = µ+(gj)− µ(gj) 5 µ+(f)− µ(gj).

Thus {gj} converges to f in µ+ measure and {gj} converges to 0 in µ− measure. Hence
we can choose a subsequence which converges to f µ+-a.e. as well as to 0 µ−-a.e. .

For an open set G j Rn, denote by C0(G) the space of all continuous functions
with compact support in G. Note that C0(G) is a lattice of functions.

Theorem 6.3 (Riesz representation theorem). Let λ be a linear functional on
C0(G) such that

(6.5) sup{λ(g) : 0 5 g 5 f} <∞ for any f ∈ C0(G)+.

Then there exist Radon measures µ+ and µ− on G such that

(6.6) λ(f) =
∫

f dµ+ −
∫

f dµ− whenever f ∈ C0(G).

Proof. We first show that the monotone convergence property (iv) of Theorem
6.2 holds. Suppose {fj} j C0(G) increases to g ∈ C0(G). Find a nonnegative function
h ∈ C0(G), which is equal to 1 on a neighborhood of the support of g. For ε > 0,
consider the compact sets

Kj = {x : g(x) = fj(x) + ε}.

Since Kj k Kj+1 and
⋂
j

Kj = ∅, Kj = ∅ for large j, so that

0 5 g − fj 5 εh.

Hence it follows that
|λ(g − fj)| 5 εmax{λ+(h), λ−(h)},
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so that
lim
j→∞

λ(fj) = λ(g),

as required. Thus, by Theorem 6.2, there exist measures µ+ and µ− on G satisfying
(6.5). What remains is to show that they are Radon measures on G. Let ν denote
µ+ or µ−, and γ denote λ+ or λ−, respectively. Let A j Rn and ν(A) < ∞. Take a
competing sequence {fj} in C0(G) for ν(A), and consider

Vj = {x : fj(x) > 1− ε}

for 0 < ε < 1. Setting V =
⋃
j

Vj, we have

ν(V ) = lim
j→∞

ν(Vj) 5 lim
j→∞

(1− ε)−1γ(fj).

Hence it follows that

inf{ν(V ) : A j V, V : open} 5 (1− ε)−1ν(A),

which proves (2.3). Similarly,

ν(V ) = sup{ν(K) : K j V,K : compact}.

Finally we show (4.2) for A j Rn and B j Rn for which dist(A,B) > 0. For this
purpose, take a continuous function h on Rn such that h = 1 on A and h = 0 on B. If
{fj} in C0(G) is a competing sequence for ν(A ∪B), then

lim
j→∞

γ(fj) = lim
j→∞

[γ(hfj) + γ((1− h)fj)] = ν(A) + ν(B),

which gives (4.2). Hence every open sets are ν measurable in view of Corollary 4.3.

Corollary 6.1. Let λ be a linear functional on C0(G). If λ is nonnegative, that
is, λ(f) = 0 for every f ∈ C0(G)+, then there exists a Radon measure µ on G such
that

λ(f) =
∫

f dµ whenever f ∈ C0(G).

1.7 Riemann-Stieltjes integral

A real-valued function g on the interval [a, b] is called a function of bounded variation
if

V b
a g = sup

m∑
j=1

|g(tj)− g(tj−1)| <∞,

where the supremum is taken over all finite sequences a = t0 < t1 < · · · < tm−1 < tm =
b.
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Proposition 7.1. If g is a function on [a, c] of bounded variation, then

(7.1) V c
a g = V b

a g + V c
b g for a < b < c.

For a > b, we define
V b
a g = −V a

b g.

If g is a function on R, then we see that (7.1) holds for every a, b and c. In addition,
the function

v(x) = V x
0 g

is nondecreasing. Set

v(x−) = sup
t<x

v(t) and v(x+) = inf
t>x

v(t).

Then we have
v(x−) 5 v(x) 5 v(x+).

Lemma 7.1. If g is a function on R of bounded variation, then

g(x−) = lim
t→x−0

g(t) and g(x+) = lim
t→x+0

g(t)

exist. Further,

v(x)− v(x−) = |g(x)− g(x−)| and v(x+)− v(x) = |g(x+)− g(x)|.

For this purpose, it suffices to note that

|g(t)− g(s)| 5 v(x−)− v(t) for t < s < x

and
|g(t)− g(s)| 5 v(t)− v(x+) for x < s < t.

Let g be a function on a finite interval [a, b], which is of bounded variation there.
If f is a continuous function on [a, b], a = t0 < t1 < · · · < tm = b and tj−1 5 sj 5 tj,
then we consider the Riemann sum

Sg(f, {tj}, {sj}) =
m∑
j=1

f(sj)[g(tj)− g(tj−1)].

If δ > max{tj − tj−1} and δ > max{t′j − t′j−1}, then note that

|Sg(f, {tj}, {sj})− Sg(f, {t′j}, {s′j})| 5 2ω(δ)V b
a g,
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where ω(δ) = sup{|f(s)− f(t)| : a 5 s < t 5 b, t− s < δ}. Hence Sg(f, {tj}, {sj}) has
a finite limit as max{tj − tj−1} tends to zero. The Riemann-Stieltjes integral∫ b

a
f dg

is defined by the limit. Clearly,∣∣∣∣∣
∫ b

a
f dg

∣∣∣∣∣ 5 sup{|f(x)| : a 5 x 5 b} · V b
a g.

Proposition 7.2. If g is a function on [a, c] of bounded variation, then∫ c

a
f dg =

∫ b

a
f dg +

∫ c

b
f dg

for any f ∈ C([a, c]) and a < b < c.

For a continuous function g on [a, b] of bounded variation, define a linear functional

λ(f) =
∫ b

a
f dg, f ∈ C([a, b]).

In view of the Riesz representation theorem, we have the following result.

Theorem 7.1. If g is a function on R for which V b
a g < ∞ whenever −∞ < a <

b <∞, then there exist Radon measures µ+ and µ− on R such that∫ ∞
−∞

f dg =
∫

f dµ+ −
∫

f dµ− for every f ∈ C0(R)

and
µ+((a, b)) + µ−((a, b)) 5 V b

a g whenever −∞ < a < b <∞.

Corollary 7.1. For −∞ < a < b <∞,

g(b+)− g(a−) = µ+([a, b])− µ−([a, b]).

In Theorem 7.1, if we take g(x) = x, x ∈ R, then µ+ is just the one dimensional
Lebesgue measure L1; in addition, µ− = 0. Trivially,

L1([a, b]) = b− a

and we usually write ∫ b

a
f dg =

∫ b

a
f(x) dx.
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Theorem 7.2. If f and g are continuous functions on [a, b] of bounded variation,
then ∫ b

a
f dg = [f(b)g(b)− f(a)g(a)]−

∫ b

a
g df.

This equation, which gives a kind of reciprocity law for integrals, is known as the
formula for integration by parts.

A continuous function g on [a, b] of bounded variation is called absolutely continuous
if

g(x)− g(a) =
∫ x

a
dg for all x ∈ [a, b].

If this is the case, then the derivative g′ exists a.e., is measurable and

(7.2)
∫ b

a
f dg =

∫ b

a
fg′ dx for every f ∈ C([a, b]).

It is useful to see the following.

Corollary 7.2. If ϕ ∈ C1(R) and µ is a Radon measure on Rn, then∫
B(0,a)

ϕ(|x|)dµ =
∫ a

0
ϕ(r) dµ(B(0, r))

= [ϕ(r)µ(B(0, r))]a0 −
∫ a

0
µ(B(0, r))ϕ′(r)dr

for a > 0.

1.8 Product measures

Let µ and ν be measures on Rm and Rn, respectively. For C j Rm+n, we define the
product measure by setting

(µ× ν)(C) = inf
∞∑
j=1

µ(Aj)ν(Bj),

where the infimum is taken over all sets Aj and Bj such that C j
⋃
j

Aj ×Bj; here we

use the convention 0×∞ = 0. Clearly, µ× ν is a measure on Rm+n.
We say that a measure µ on Rn is countably σ-finite if there exists {Xj} such that

µ(Xj) <∞ and Rn =
∞⋃
j=1

Xj.

Theorem 8.1 (Fubini’s theorem). Let µ and ν be countably σ-finite measures on
Rm and Rn, respectively. Then :

(1) µ× ν is regular.
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(2) If A is µ measurable and B is ν measurable, then A×B is µ× ν measurable and

(µ× ν)(A×B) = µ(A) · ν(B).

(3) If C is µ× ν measurable, then

(3a) Cy = {x : (x, y) ∈ C} is µ measurable for ν-a.e. y ∈ Rn,

(3b) Cx = {y : (x, y) ∈ C} is ν measurable for µ-a.e. x ∈ Rm and

(µ× ν)(C) =
∫

Rm
ν(Cx) dµ(x) =

∫
Rn

µ(Cy) dν(y).

(4) If f is nonnegative and µ× ν measurable, then∫
Rm+n

f(x, y) d(µ× ν)(x, y) =
∫

Rm

(∫
Rn

f(x, y) dν(y)
)
dµ(x)

=
∫

Rn

(∫
Rm

f(x, y) dµ(x)
)
dν(y).

Proof. Consider the family C of all sets C satisfying (3a), (3b) and the repeated
integrability condition ∫

Rm
ν(Cx) dµ(x) =

∫
Rn

µ(Cy) dν(y),

whose equal value is denoted by λ(C). In view of the Lebesgue monotone convergence
theorem, we see that if {Cj} is a sequence of mutually disjoint sets in C, then

⋃
j

Cj ∈ C

and

(8.1) λ(
⋃
j

Cj) =
∑
j

λ(Cj)

and if {Cj} is a decreasing sequence in C and λ(C1) <∞, then
⋂
j

Cj ∈ C and

(8.2) λ(
⋂
j

Cj) = lim
j→∞

λ(Cj).

Further we consider the families

P0 = {A×B : A is µ measurable and B is ν measurable},

P1 =


∞⋃
j=1

Aj ×Bj : Aj ×Bj ∈ P0

 ,
P2 =


∞⋂
j=1

Cj : Cj ∈ P1

 .
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Then we insist that if P0 j C and

(8.3) λ(A×B) = µ(A) · ν(B)

for A×B ∈ P0. If we note that

(A1 ×B1) ∩ (A2 ×B2) = (A1 ∩ A2)× (B1 ∩B2)

and

(A1 ×B1)− (A2 ×B2) = [(A1 − A2)×B1] ∪ [(A1 ∩ A2)× (B1 −B2)],

we see that the finite union of sets in P0 is a member of C, so that it follows from (8.1)
that

P1 j C.

Moreover, since the intersection of any two sets in P1 belongs to P1, it follows from
(8.2) that

P2 j C.

If V is a disjoint union of sets Aj ×Bj ∈ P0, then we have by (8.1) and (8.3)

λ(V ) =
∑
j

λ(Aj ×Bj) =
∑
j

µ(Aj)ν(Bj).

Hence, if (µ × ν)(C) < ∞, then by definition there exists a decreasing sequence {Vj}
in P1 such that C j Vj and

(8.4) (µ× ν)(C) = lim
j

λ(Vj) = λ(W ), W =
⋂
j

Vj ∈ P2.

Hence, for C = A×B ∈ P0, we have

(µ× ν)(A×B) = λ(W ) = λ(A×B) = µ(A)ν(B) = (µ× ν)(A×B),

so that
(µ× ν)(A×B) = λ(A×B).

If T j Rm ×Rn and T j U ∈ P1, then

(µ× ν)(T ∩ (A×B)) + (µ× ν)(T − (A×B))

5 (µ× ν)(U ∩ (A×B)) + (µ× ν)(U − (A×B)) = λ(U),

which implies that A×B is µ× ν measurable. Thus (2) is proved.
From (2) we see that every set in P2 is µ×ν measurable, and hence µ×ν is regular

by (8.4). Thus (1) is proved.
Let C be a µ × ν measurable set with (µ × ν)(C) < ∞, and take V for which

C j V ∈ P2 and
(µ× ν)(C) = λ(V ) = (µ× ν)(V ).
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Then (µ× ν)(V −C) = 0, so that λ(W ) = 0 for some W ∈ P2 such that V −C j W .
Hence

µ({x : (x, y) ∈ C}) = µ({x : (x, y) ∈ V }) for ν-a.e. y

and
(µ× ν)(C) =

∫
µ(Cy) dν(y).

Thus (3) follows.
Finally (4) holds for characteristic functions, in view of (3), and then, with the aid

of Theorems 4.5 and 5.2, we see that (4) holds for all nonnegative measurable functions.

We define the n-dimensional Lebesgue measure by the cartesian product

Ln = L1 × · · · × L1

and write simply ∫
f(x) dLn(x) =

∫
f(x)dx

for a nonnegative measurable function f on Rn.

1.9 Hausdorff measures

If h is a nonnegative nondecreasing function on the interval [0,∞) satisfying the dou-
bling condition

h(2r) 5Mh(r) for any r > 0,

then we say that h is a measure function. We always assume that

h(0) = 0.

For A j Rn and δ > 0, we set

H
(δ)
h (A) = inf

∑
j

h(rj),

where the infimum is taken over all countable family {Bj(xj, rj)} of balls such that

rj < δ and A j
⋃
j

B(xj, rj). Since H
(δ)
h (A) increases as δ decreases, we define the

Hausdorff measure with respect to h by

Hh(A) = lim
δ→0+

H
(δ)
h (A).

Clearly, H
(δ)
h and Hh are measures on Rn.

Lemma 9.1. If dist(A,B) > δ > 0, then

H
(δ)
h (A ∪B) = H

(δ)
h (A) +H

(δ)
h (B).
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Proof. Let {B(xj, rj)} be a countable family of balls such that rj < δ and
A ∪B j

⋃
j

B(xj, rj). Let I ′ = {j : A∩B(xj, rj) 6= ∅} and I ′′ = {j : B∩B(xj, rj) 6= ∅}.

Then {B(xj, rj) : j ∈ I ′} is a covering of A, so that

H
(δ)
h (A) 5

∑
j∈I′

h(rj).

Similarly, {B(xj, rj) : j ∈ I ′′} is a covering of B and

H
(δ)
h (B) 5

∑
j∈I′′

h(rj).

Since I ′ and I ′′ are disjoint, we have

H
(δ)
h (A) +H

(δ)
h (B) 5

∑
j∈I

h(rj),

which gives the required inequality.

By Lemma 9.1, (4.2) holds for µ = Hh, so that we have the following result.

Theorem 9.1. Hh is a Borel regular measure.

Let σn be the n-dimensional measure of the unit ball B = B(0, 1) :

σn = Ln(B).

Then Ln(B(0, r)) = σnr
n. Hence we have by Fubini’s theorem

σn =
∫ 1

−1
Ln−1({(x2, ..., xn) : x2

2 + · · ·+ xn
2 < 1− x1

2}) dx1

= σn−1

∫ 1

−1
(1− x1

2)n−1 dx1 = σn−1
Γ((n+ 1)/2)Γ(1/2)

Γ((n+ 2)/2)
,

so that

σn =
Γ(1/2)n

Γ((n/2) + 1)
=

πn/2

(n/2)Γ(n/2)
.

Now we define the m-dimensional Hausdorff measure by Hm = Hh with h(r) =
σmr

m. Clearly,

H1 = L1.

For a set E and a measure function h, define the Hausdorff content :

Mh(E) = inf
∑

h(rj),
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where the infimum is taken over all coverings {B(xj, rj)} of E. We see readily that
Mh(E) = 0 if and only if Hh(E) = 0. Let Gj be the family of all cubes

{x = (x1, ..., xn) : qi/2
j 5 xi < (qi + 1)/2j i = 1, 2, ..., n}

with integers qi, and
G =

⋃
j

Gj;

denote by `(Q) the side length of Q. Define

mh(E) = inf
∑

h(`(Qj)),

where the infimum is taken over all coverings {Qj} j G of E. We see that

A−1Mh(E) 5 mh(E) 5 AMh(E).

We say that a sequence {µj} of measures is convergent to µ vaguely on G if∫
f(y)dµ(x) = lim

j→∞

∫
f(y)dµj(x) for any f ∈ C0(G) ,

where C0(G) denotes the family of all continuous functions on Rn with compact support
in G.

Theorem 9.2. Let {µj} be a sequence of measures on G. If {µj(G)} is bounded,
then there exists a subsequence {µjk} which converges to a measure µ vaguely on G.

Proof. Let {fj} be a countable dense family of C0(G). Since {µ(f1)} is bounded,
we can find a subsequence {µj,1} for which {µj,1(f1)} converges to a number µ(f1).
Next, since {µj,1(f2)} is bounded, we can find a subsequence {µj,2} j {µj,1} for which
{µj,2(f2)} converges to a number µ(f2). Repeating this process, we take a family {µj,k}
such that

{µj} k {µj,1} k {µj,2} k {µj,3} · · · .

Now we consider the diagonal sequence {µj,j}. Then it is easy to see that µj,j(fk)
converges to µ(fk) for each k. What remains is to show that µj,j(f) converges for every
f ∈ C0(G). To show this, for ε > 0 we can find fk for which |f − fk| < ε. Then

|µj,j(f)− µ(fk)| 5 εµj,j(R
n) + |µj,j(fk)− µ(fk)|,

from which it follows that {µj,j(f)} is a Cauchy sequence. Thus

µ(f) = lim
j→∞

µj,j(f)

gives the required measure.
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Theorem 9.3 (Frostman). Let h be a measure function. If µ is a measure on Rn

satisfying

(9.1) µ(B(x, r)) 5 h(r) for all ball B(x, r),

then
µ(E) 5Mh(E) for any set E.

Conversely, if F is a compact set with Mh(F ) > 0, then there exists a positive measure
µ on F satisfying (9.1).

Proof. Let {B(xj, rj)} be a covering of a set E. Then we have

µ(E) 5
∑
j

µ(B(xj, rj)) 5
∑
j

h(rj),

which gives the first assertion.
Conversely, let µj be a measure on F such that

µj(Q) = h(2−j) whenever Q ∈ Gj and Q ∩ F 6= ∅.

If there exists Q′ ∈ Gj−1 such that µj(Q
′) > h(2−j+1), then we modify µj so that

µ′j(Q) = ch(2−j), 0 < c = cQ′ < 1,

whenever Q ∈ Gj, Q j Q′ and Q ∩ F 6= ∅, but

µ′j(Q
′) = h(2−j+1).

We repeat this process and finally obtain µ∗j such that

µ∗j(Q) 5 h(2−k) whenever Q ∈ Gk, k 5 j.

Since {µ∗j(F )} is bounded, with the aid of Theorem 9.2, we can choose a subsequence
which converges to µ∗ vaguely. For Q ∈ Gj, if we take a nonnegative continuous
function which is equal to 1 on Q ∈ Gj and vanishes outside 2Q, then we see that

µ∗(Q) 5 3nh(2−j),

which proves (9.1). Let {Qj} be a finite family of cubes such that Int(Qj)∩ Int(Qk) = ∅
if j 6= k, Qj ∩ F 6= ∅ and

F j
⋃
j

Qj.

If m is large enough and
⋃
j

Qj =
⋃
i

Qi(m) with Qi(m) ∈ Gm, then

µ∗m(Qi(m)) = h(2−m)
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or
µ∗m(ω) = h(2−δ) for ω ∈ Gδ.

Hence it follows that

µ∗m(
⋃
j

Qj) =
∑′

h(2−m) +
∑′′

h(2−δ) = mh(F ),

which implies that
µ∗(Rn) = mh(F ) > 0,

as required.

1.10 Maximal functions

First we show a covering lemma.

Theorem 10.1. Let E be a bounded set in Rn which is covered by the union of
a family {B(xj, rj)} of balls such that {rj} is bounded. Then there exists a disjoint
subfamily {B(xj′ , rj′)} for which

(10.1)
⋃
j′
B(xj′ , 5rj′) k E.

Proof. For simplicity, we write Bj = B(xj, rj) and

tBj = B(xj, trj), t > 0.

We may assume that E ∩Bj 6= ∅. Letting A1 = sup rj, we choose Bj(1) such that

rj(1) > A1/2.

Next let
A2 = sup {rj : xj 6∈ 3Bj(1)}.

If A2 > 0, then we choose Bj(2) such that

rj(2) > A2/2.

Then rj(1) > rj(2)/2 and xj(2) 6∈ 3Bj(1), so that Bj(1) ∩ Bj(2) = ∅. Let us assume that
Bj(1),...,Bj(k) have already chosen. If

Ak+1 = sup {rj : xj 6∈ (3Bj(1) ∪ · · · ∪ 3Bj(k))} > 0,

then we choose Bj(k+1) such that

rj(k+1) > Ak+1/2.



38 Measure theory

Then, since rj(`) > rj(`′)/2 when ` < `′, we see as above that

Bj(`) ∩Bj(`′) = ∅, ` 6= `′.

Now we have obtained a (finite or infinite) sequence {Bj(k)} of balls. What remains is
to show that

(10.2)
⋃
k

5Bj(k) k E.

Note that in case {Bj(k)} is infinite, rj(k) tends to zero as k → ∞. For any Bj, find
j(k) such that

xj ∈ 3Bj(1) ∪ · · · ∪ 3Bj(k).

Hence it follows that Bj j 5Bj(1) ∪ · · · ∪ 5Bj(k), and thus (10.2) holds.

Let µ be a Radon measure on Rn satisfying the doubling condition

µ(2B) 5 Aµ(B) for any ball B = B(x, r),

where 2B = B(x, 2r). A measurable function f is called locally integrable if∫
K
|f(x)| dµ(x) <∞

for every compact set K. For a locally integrable function f on Rn, we define the
maximal function

Mµf(x) = sup
r>0

1

µ(B(x, r))

∫
B(x,r)

|f(y)| dµ(y);

in case µ = Ln, we write Mf for Mµf .

Theorem 10.2. For λ > 0,

µ({x : Mµf(x) > λ}) 5 A

λ

∫
Rn
|f(y)| dµ(y).

Proof. Let Eλ = {x : Mµf(x) > λ}. By definition, for each x ∈ Eλ we can find
r(x) > 0 such that

1

µ(B(x, r(x)))

∫
B(x,r(x))

|f(y)| dµ(y) > λ.

For N > 0, consider Eλ,N = {x ∈ Eλ : r(x) < N}. By Theorem 10.1, we choose a
disjoint family {Bj} of balls such that

⋃
j

5Bj k Eλ,N and

1

µ(Bj)

∫
Bj
|f(y)| dµ(y) > λ.
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Then we have

µ(Eλ,N) 5
∑
j

µ(5Bj) 5 A
∑
j

µ(Bj)

5 Aλ−1
∑
j

∫
Bj
|f(y)| dµ(y)

5 Aλ−1
∫

Rn
|f(y)| dµ(y),

which yields the required inequality.

When dealing with Radon measures which fail to satisfy the doubling condition, we
need to change the covering lemma by the so-called Besicovitch covering theorem.

Theorem 10.3 (Besicovitch covering theorem). Let E be a bounded set in Rn.
Suppose for each x ∈ E, there exists a ball B(x, r(x)). If sup

x∈E
r(x) <∞, then there

exists a countable subfamily {B(xj, rj)} which covers E and intersects each other at
most N times, where N depends only on the dimension n.

Proof. Let a be fixed so that 0 < a < 1, and A1 = sup
x∈E

r(x) <∞. As in the proof

of Theorem 10.1, we choose B1 = B(x1, r(x1)) such that

r1 > aA1

and let

A2 = sup
x∈E−B1

r(x).

Next we choose B2 = B(x2, r(x2)) such that x2 ∈ E −B1 and

r2 > aA2;

set

A3 = sup
x∈E−(B1∪B2)

r(x).

Repeating this process, we finally obtain Bj = B(xj, r(xj)) such that xj ∈ E − (B1 ∪
· · · ∪Bj−1) and

(10.3) rj > aAj,

where

Aj = sup
x∈E−(B1∪···∪Bj−1)

r(x).

By (10.3), if ` > j, then

rj > ar`,
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so that {bBj} is mutually disjoint when 0 < b < a/(a + 1). If {Bj} is infinite, then
rj → 0 as j →∞, since E is bounded. Hence we see that {Bj} covers E. If y ∈ Bj∩B`,
xj 6∈ B` and x` 6∈ Bj, then

cos∠xjyx` =
|xj − y|2 + |x` − y|2 − |xj − x`|2

2|xj − y||x` − y|
<

1

2
,

so that the angle ∠xjyx` is greater than π/3. Further, if y ∈ Bj ∩ B`, xj ∈ B` and
y 6∈ bBj, then

cos∠xjyx` 5
|xj − y|2 + |x` − y|2 − rj2

2|xj − y||x` − y|
5
|xj − y|2 + r`

2 − rj2

2|xj − y|r`

5
rj

2 + r`
2 − rj2

2rjr`
<

1

2a
,

whenever b >
√

1− a2/a. Now suppose y ∈ Bj1∩Bj2∩· · ·∩Bjm . If y ∈ bBj1∪bBj2∪· · ·∪
bBjm , then y belongs to only one ball, say, y ∈ bBjm . Then y ∈ Bj1 ∩Bj2 ∩ · · · ∩Bjm−1

and the angles ∠xjiyxj` are greater than cos−1(1/2a), so that

m− 1 5 N

with a constant N = N(a, b, n).

Lemma 10.1. Let µ be a finite measure on Rn. If {Ej} is a disjoint family of
measurable sets, then the set {j : µ(Ej) > 0} is at most countable.

Proof. For each positive integer k, consider the set

I(k) = {j : µ(Ej) = 1/k}.

Since {Ej} is mutually disjoint, we see that∑
j∈I(k)

1/k 5
∑
j

µ(Ej) 5 µ(Rn) <∞,

which implies that I(k) is finite. Thus the required result holds if one notes that

{j : µ(Ej) > 0} =
∞⋃
k=1

I(k).

A function f is said to be lower semicontinuous if

lim inf
x→x0

f(x) = f(x0) for all x0.
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Theorem 10.4. If µ and ν are Radon measures on Rn, then there exist a nonneg-
ative µ measurable function f and a set E∞ with µ(E∞) = 0 such that

ν(A) =
∫
A
f(x) dµ+ ν|E∞(A)

for every measurable set A, where ν|E∞(A) = ν(E∞ ∩ A).

Proof. For t ∈ R, consider the hyperplane

Hi(t) = {(x1, ..., xn) : xi = t+ j2−m}.

By Lemma 10.1, we find an irrational number ti such that µ(Hi(ti + j2−m)) = 0 and
ν(Hi(ti + j2−m)) = 0 for all m ∈ N and j ∈ Z. Now consider the cubes

Im,j = {(x1, ..., xn) : ti + ji2
−m 5 xi < ti + (ji + 1)2−m, i = 1, ..., n}

for any multi-index j = (j1, ..., jn). For x ∈ Sµ, define

F (x) = lim sup
m→∞

ν(Im(x))

µ(Im(x))
,

where Im(x) = Im,j is chosen so that x ∈ Im,j. Since µ(Im(x)) and ν(Im(x)) are lower
semicontinuous by Fatou’s lemma, it is seen that F is Borel measurable. We show that
if Aα,β = {x ∈ A : α 5 F (x) 5 β}, 0 < α < β <∞, then

(10.4) αµ(Aα,β) 5 ν(Aα,β) 5 βµ(Aα,β).

Let ε > 0. Since ν is Borel regular, there exists an open set G such that Aα,β j G
and ν(G) < ν(Aα,β) + ε. Then, for each x ∈ Aα,β, we take the largest Im,j such that
x ∈ Im,j j G and (α − ε)µ(Im,j) 5 ν(Im,j); denote such Im,j by I(x). If we write
{I(x) : x ∈ Aα,β} = {I`}, then, since {I`} are mutually disjoint, we have

(α− ε)µ(Aα,β) 5 (α− ε)
∑
`

µ(I`) 5
∑
`

ν(I`) 5 ν(G) < ν(Aα,β) + ε,

which yields the left inequality of (10.4). The right inequality of (10.4) is obtained
similarly.

Now, letting 0 = r0 < r1 < · · · < r` <∞ and Ai = {x ∈ A : ri 5 F (x) < ri+1}, we
see from (10.4) that ∑

i

riµ(Ai) 5
∑
i

ν(Ai) 5
∑
i

ri+1µ(Ai),

which gives

ν(A− E∞) =
∫
A−E∞

F (x) dµ(x),
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where E∞ = {x : F (x) = ∞}. On the other hand, if K j {x : F (x) = i}, then (10.4)
gives

ν(K) = iµ(K) = iµ(E∞ ∩K).

Hence it follows that µ(E∞) = 0. By noting that

ν(A) =
∫
A
F (x)dµ(x) + ν(A ∩ E∞),

the required assertion is now proved.

Lemma 10.2. Let µ be a Radon measure on Rn and E be a measurable subset of
Rn with finite µ measure. Then, for any ε > 0, there exists a continuous function ϕ
such that 0 5 ϕ 5 1 on Rn and∫

|χE(x)− ϕ(x)| dµ(x) < ε.

Proof. Let ε > 0, and find a compact set K and an open set G such that
K j E j G and µ(E) − ε/2 < µ(K) < µ(G) < µ(E) + ε/2. Now take a continuous
function ϕ such that 0 5 ϕ 5 1 on Rn, ϕ = 1 on K and ϕ = 0 outside G. Then we

have
∫
|χE(x)− ϕ(x)| dµ(x) 5 µ(G−K) < ε, as required.

Lemma 10.3. Let µ be a Radon measure on Rn. If f is an integrable function on
Rn and ε > 0, then there exists a continuous function ϕ with compact support such
that ∫

|f(x)− ϕ(x)| dµ(x) < ε.

Proof. For f and ε as above, take a step function g =
∑
j

ajχEj such that

∫
|f(x)− g(x)| dµ(x) < ε/2.

In view of Lemma 10.2, for each j there exists ϕj ∈ C0(Rn) such that

aj

∫
|χEj(x)− ϕj(x)| dµ(x) < ε2−j−1.

Setting ϕ =
∑
j

ajϕj, we see that

∫
|g(x)− ϕ(x)| dµ(x) 5

∑
j

aj

∫
|χEj(x)− ϕj(x)| dµ(x) < ε/2,

so that ∫
|f(x)− ϕ(x)| dµ(x) < ε.
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Theorem 10.5. Let µ be a Radon measure on Rn. If f is locally integrable on
Rn, then

lim
r→0

1

µ(B(x, r))

∫
B(x,r)

f(y) dµ(y) = f(x)

for µ almost every x ∈ Rn.

Proof. Without loss of generality, we may assume that f vanishes outside a
compact set. For r > 0 and a measurable function g on Rn, set

gr(x) =
1

µ(B(x, r))

∫
B(x,r)

g(y) dµ(y)

and
Ag(x) = lim sup

r→0
gr(x)− lim inf

r→0
gr(x).

Our purpose is to show that Af (x) = 0 for µ almost every x. If g is continuous on Rn,
then it is easy to see that Ag(x) = 0 for all x. Since Ag(x) 5 2Mµg(x), by Theorems
10.2, we have for λ > 0,

µ({x : Ag(x) > λ}) 5 2M

λ

∫
|g| dµ;

in case µ fails to satisfy the doubling condition, we apply Theorem 10.3 instead of
Theorem 10.1. If ϕ ∈ C0(Rn), then, since Af (x) 5 Af−ϕ(x), we obtain

µ({x : Af (x) > λ}) 5 2M

λ

∫
|f − ϕ| dµ.

Here the right-hand side can be chosen to be arbitrary small, so that it follows that
µ({x : Af (x) > λ}) = 0, which implies that Af = 0 µ-a.e. on Rn. Since |fr(x) −
gr(x)| 5Mµ(f − g)(x), we see that

µ({x : |fr(x)− f(x)| > λ}) 5 µ({x : |gr(x)− g(x)| > λ/3}) +Mλ−1‖f − g‖1

for g ∈ C0(Rn). With the aid of Lemma 10.3, it follows that fr → f in measure, and
hence Theorem 4.8 proves the conclusion.

Corollary 10.1. Let µ be a Radon measure on Rn. If f is locally integrable on
Rn, then

(10.5) lim
r→0

1

µ(B(x, r))

∫
B(x,r)

|f(y)− f(x)| dµ(y) = 0

for µ almost every x ∈ Rn; if (10.5) holds, then x is called a Lebesgue point.

In fact, for each rational number cj, we can find a set Ej such that µ(Ej) = 0 and

lim
r→0

1

µ(B(x, r))

∫
B(x,r)

|f(y)− cj| dµ(y) = |f(x)− cj|



44 Measure theory

for every x ∈ Rn − Ej. If we set E =
⋃
j

Ej, then µ(E) = 0 and (10.5) holds for every

x ∈ Rn − E.

Theorem 10.6. If f is integrable on Rn, then

lim
h→0

∫
|f(x+ h)− f(x)| dx = 0.

Proof. For ε > 0, by Lemma 10.3 we take ϕ ∈ C0(Rn) for which∫
|f(x)− ϕ(x)| dx < ε.

Clearly,

lim
h→0

∫
|ϕ(x+ h)− ϕ(x)| dx = 0.

Hence we have∫
|f(x+ h)− f(x)| dx 5

∫
|f(x+ h)− ϕ(x+ h)| dx

+
∫
|ϕ(x+ h)− ϕ(x)| dx+

∫
|ϕ(x)− f(x)| dx

= 2
∫
|f(x)− ϕ(x)| dx+

∫
|ϕ(x+ h)− ϕ(x)| dx,

which gives

lim sup
h→0

∫
|f(x+ h)− f(x)| dx < 2ε.

Thus the required equality now follows.

Corollary 10.2. If f is integrable on Rn, then

1

|B(x, r)|

∫
B(x,r)

f(y) dy → f(x) in L1(Rn) as r → 0.

1.11 Distributions

For an open set G, denote by C∞0 (G) the family of all infinitely differentiable functions
with compact support in G. For example, let

f(t) =


e−1/t for t > 0,

0 for t 5 0.
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Since the k-th derivative f (k)(t) is of the form Pk(1/t)e
−1/t for t > 0 with a polynomial

Pk of degree 2k, f is infinitely differentiable on the real line. Now we see that the
function

ϕ(x) = f(1− |x|2)

is an infinitely differentiable function on Rn with compact support. If we choose c so
that

c
∫

Rn
ϕ(x)dx = 1,

then the function ψ = cϕ satisfies the following conditions :

(11.1) ψ > 0 on B and ψ = 0 outside B.

(11.2)
∫

Rn
ψ dx = 1.

Such a function is called a mollifier. It is useful to consider the sequence {ψj} of
mollifiers such that

ψj(x) = jnψ(jx) j = 1, 2, ....

Let λ = (λ1, ..., λn) be an n-tuple of nonnegative integers; we call it a multi-index. The
length of λ is defined by |λ| = λ1 + · · ·+ λn. We write

Dj =
∂

∂xj
and Dλ = Dλ1

1 · · ·Dλn
n =

∂|λ|

∂xλ1
1 · · · ∂xλnn

.

We say that a sequence {ϕj} in C∞0 (G) converges to ϕ in C∞0 (G) if

(11.3) there is a compact set K j G for which every ϕj vanishes outside K;

(11.4) for any multi-index λ, Dλϕj converges to Dλϕ uniformly.

We say that a linear functional T on C∞0 (G) is a distribution on G if it is continuous
in C∞0 (G). A function u ∈ L1

loc(G) gives a distribution Tu by setting

Tu(ϕ) =
∫
G
ϕu dx, ϕ ∈ C∞0 (G).

Theorem 11.1. If T is a distribution on G, then for any relatively compact open
subset G′ of G, there exist a positive constant M and a positive integer k such that

|T (ϕ)| 5M
∑
|λ|5k

sup |Dλϕ| for every ϕ ∈ C∞0 (G′).

Proof. We assume that the conclusion of the theorem is not true. Then we can
find ϕj ∈ C∞0 (G′) such that

(11.5) T (ϕj) = 1;
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(11.6) sup |Dλϕj| < 1/j whenever |λ| < j.

Since (11.6) implies that {ϕj} → 0 in C∞0 (G), a contradiction follows.

We denote by D′(G) the family of all distributions on G, which is a linear space by
the natural definitions of addition and scalar multiplication :

(a1T1 + a2T2)(ϕ) = a1T1(ϕ) + a2T2(ϕ), ϕ ∈ C∞0 (G),

for T1, T2 ∈ D′(G) and numbers a1, a2.
We now consider the differentiation of distributions. For a multi-index λ and T ∈

D′(G), we define DλT by

(DλT )(ϕ) = (−1)|λ|T (Dλϕ) for ϕ ∈ C∞0 (G),

which gives a distribution on G.

Theorem 11.2. If T is a distribution on G and G′ is a relatively compact open
subset of G, then there exist a function f ∈ L∞(G′) and a multi-index λ such that

T = Dλf on G′.

Proof. By Theorem 11.1, there exist M > 0 and k > 0 such that

|T (ϕ)| 5M
∑
|λ|5k

sup |Dλϕ| for every ϕ ∈ C∞0 (G′).

By the mean value theorem, we have

sup |ϕ| 5M sup |(∂/∂xj)ϕ|

for ϕ ∈ C∞0 (G′), so that

(11.7) sup |Dλϕ| 5M sup |Dkλ∗ϕ|

whenever |λ| 5 k, where λ∗ = (1, ..., 1). Since

ϕ(x) =
∫ x1

−∞
· · ·

∫ xn

−∞
Dλ∗ϕ(y) dy,

we have
sup |ϕ| 5

∫
|Dλ∗ϕ(y)| dy

for ϕ ∈ C∞0 (G′), which shows by (11.7) that

|T (ϕ)| 5M
∫
|D(k+1)λ∗ϕ(y)| dy.
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Applying the Hahn-Banach theorem, we extend T to a bounded linear form on L1(G′).
Since L∞(G′) is the dual space of L1(G′), we can find f ∈ L∞(G′) such that

T (ϕ) =
∫

[D(k+1)λ∗ϕ(y)]f(y) dy

for ϕ ∈ C∞0 (G′), which implies that T = (−1)(k+1)nD(k+1)λ∗f , as required.

For a function ψ ∈ C∞(G) and T ∈ D′(G), we define the product by

(ψT )(ϕ) = T (ψϕ) for ϕ ∈ C∞0 (G).

Then the Leibniz formula remains valid.

Theorem 11.3. For ψ ∈ C∞(G) and T ∈ D′(G),

Dλ(ψT ) =
∑
µ

(
λ
µ

)
(Dµψ)(Dλ−µT ).

Lemma 11.1. Let {ψj} be a sequence of mollifiers. For any ϕ ∈ C∞0 (G),

ϕ ∗ ψj(x) =
∫

ϕ(x− y)ψj(y)dy =
∫

ϕ(y)ψj(x− y)dy

converges uniformly to ϕ on G; in particular, {ϕ ∗ ψj} converges to ϕ in C∞0 (G) as
j →∞.

To show the latter assertion, it suffices to see that

(11.8) Dλ(ϕ ∗ ψj) = (Dλϕ) ∗ ψj for any multi-index λ.

For ψ ∈ C∞0 (Rn) and T ∈ D′(Rn), we define the convolution by setting

(ψ ∗ T )(ϕ) = T (ψ̌ ∗ ϕ) for ϕ ∈ C∞0 (Rn),

where ψ̌(x) = ψ(−x). Note that if {ψj} is a sequence of mollifiers, then

(11.9) (ψj ∗ T )(ϕ)→ T (ϕ) as j →∞

for every ϕ ∈ C∞0 (Rn), with the aid of Lemma 11.1.

Theorem 11.4. For ψ ∈ C∞0 (Rn) and T ∈ D′(Rn),

Dλ(ψ ∗ T ) = (Dλψ) ∗ T = ψ ∗ (DλT ) for any multi-index λ.

In fact, if ϕ ∈ C∞0 (Rn), then

[Dλ(ψ ∗ T )](ϕ) = (−1)−|λ|T (ψ̌ ∗Dλϕ) = T ((Dλψ)̌ ∗ ϕ) = (Dλψ ∗ T )(ϕ)
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and

[Dλ(ψ ∗ T )](ϕ) = (−1)−|λ|T (ψ̌ ∗Dλϕ) = (−1)−|λ|T (Dλ(ψ̌ ∗ ϕ))

= DλT (ψ̌ ∗ ϕ) = (ψ ∗DλT )(ϕ).

Theorem 11.5. Let u and f be continuous functions on G. If Dju = f in the
distribution sense, then Dju = f in the usual sense.

Proof. Take a function ψ ∈ C∞0 (Rn) with properties (11.1) - (11.2). For ε > 0,
consider the mollifier ψε(x) = ε−nψ(ε−1x) and define

uε(x) =
∫

u(y)ψε(x− y) dy

for x ∈ Gε = {x ∈ G : dist(x, ∂G) > ε}. Note that uε is infinitely differentiable on Gε

and

(∂/∂xj)uε(x) =
∫

u(y)[(∂/∂xj)ψε(x− y)] dy

=
∫

u(y)[(−1)(∂/∂yj)ψε(x− y)] dy

=
∫

f(y)ψε(x− y) dy = fε(x).

Since uε → u and fε → f locally uniformly on G, the required result now follows.

1.12 Lp-spaces

For p = 1, denote by Lp(µ) the space of all measurable functions f for which

µ(p)(f) =
(∫
|f |p dµ

)1/p

<∞;

if p =∞, then µ(∞)(f) = ess sup |f | = inf{r : µ({x : |f(x)| > r}) = 0}.

Theorem 12.1. Let µ be a nonnegative Radon measure. If 1 5 p < ∞, then
C0(Rn) is dense in Lp(µ).

Proof. Let E be a measurable set with µ(E) < ∞. For any ε > 0, we can find
a compact set K and an open set G such that K j E j G and µ(G − K) < ε.
Now take a function f ∈ C0(G) such that 0 5 f 5 1 on G and f = 1 on K. Then
µ({x : f(x) 6= χE(x)}) 5 µ(G−K) < ε, so that

µ(p)(f − χE) 5 [µ({x : f(x) 6= χE(x)})]1/p < ε1/p.

By Minkowski’s inequality given later, step functions can be approximated by functions
in C0(Rn), so is any function in Lp(µ); see also Lemmas 10.2 and 10.3.
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Theorem 12.2. Let µ be a nonnegative Radon measure. If 1 5 p < ∞, then
Lp(µ) is separable, that is, it has a countable dense subset.

For this purpose, we note that

A =

∑
j

rjχQj : rj ∈ Q, Qj ∈ G


is a countable dense subset of Lp(µ). In fact, the characteristic function of an open set
is approximated by functions in A, so is the characteristic function of any measurable
set with finite measure. It now follows that the step functions can be approximated by
functions in A.

Theorem 12.3 (Hölder’s inequality). For p > 0, let p′ = p/(p − 1). If p = 1,
f ∈ Lp(µ) and g ∈ Lp′(µ), then∫

|fg| dµ 5 µ(p)(f) µ(p′)(g);

if 0 < p < 1, f ∈ Lp(µ) and 0 <
∫
|g|p′dµ <∞, then

∫
|fg| dµ =

(∫
|f |pdµ

)1/p (∫
|g|p′dµ

)1/p′

.

Proof. First let p = 1, and note that if α > 0, β > 0, a > 0, b > 0 and α+ β = 1,
then log(αa + βb) = α log a + β log b, or αa + βb = aαbβ. Suppose µ(p)(f) > 0 and

µ(p′)(g) > 0, and set F = [|f |/µ(p)(f)]p and G = [|g|/µ(p′)(g)]p
′
. Then we have

[µ(p)(f)µ(p′)(g)]−1
∫
|fg| dµ =

∫
F 1/pG1/p′ dµ 5

∫
[(1/p)F + (1/p′)G] dµ = 1,

which gives the required inequality. The case 0 < p < 1 can be shown by applying the
above Hölder’s inequality with ϕ = |fg|p, ψ = |g|−p and q = 1/p > 1.

Theorem 12.4 (Minkowski’s inequality). Let f ∈ Lp(µ) and g ∈ Lp(µ). In case
p = 1,

µ(p)(f + g) 5 µ(p)(f) + µ(p)(g);

on the contrary, in case 0 < p < 1,

µ(p)(|f |+ |g|) = µ(p)(f) + µ(p)(g).

Proof. In case p > 1, since |f + g|p 5 |f ||f + g|p−1 + |g||f + g|p−1, we apply
Hölder’s inequality to obtain

[µ(p)(f + g)]p 5 [µ(p)(f) + µ(p)(g)][µ(p)(|f + g|)]p−1,
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from which the required inequality follows. The case 0 < p < 1 can be shown similarly
by use of the reverse Hölder’s inequality.

In view of Minkowski’s inequality, we see that µ(p) is a norm in Lp(µ), which is
supposed to satisfy the following properties :

(i) µ(p)(f) = 0 for all f ∈ Lp(µ).

(ii) µ(p)(f) = 0 if and only if f = 0.

(iii) µ(p)(af) = |a|µ(p)(f) for all a ∈ R and f ∈ Lp(µ).

(iv) µ(p)(f + g) 5 µ(p)(f) + µ(p)(g) for all f ∈ Lp(µ) and g ∈ Lp(µ).

Theorem 12.5. Let µ be a nonnegative Radon measure. For 1 5 p 5∞, Lp(µ) is
a Banach space with the norm µ(p).

Proof. Let {fj} be a Cauchy sequence in Lp(µ). Then for each positive integer k
find jk such that µ(p)(fj − fm) < 2−k whenever j = jk and m = jk. We may assume
that j1 < j2 < · · ·. Then

µ(p)(fjk+1
− fjk) < 2−k, k = 1, 2, · · · .

Note here that
∑
k

|fjk+1
− fjk | ∈ Lp(µ) by Minkowski’s inequality. This implies that

the function

f0(x) = fj1(x) +
∑
k

[fjk+1
(x)− fjk(x)]

is defined for almost every x and belongs to Lp(µ). Further,

lim
k→∞

µ(p)(fjk − f0) = 0.

Since {fj} is a Cauchy sequence, it follows that lim
j→∞

µ(p)(fj − f0) = 0.

Corollary 12.1. L2(µ) is a Hilbert space with respect to the inner product

(f, g) =
∫

f(x)g(x) dµ(x).

Theorem 12.6 (Clarkson’s inequality). Let p = 1 and p′ = p/(p − 1). For
f ∈ Lp(µ) and g ∈ Lp(µ), if 2 5 p <∞, then

(12.1)

[
µ(p)

(
f + g

2

)]p
+

[
µ(p)

(
f − g

2

)]p
5

[µ(p)(f)]p + [µ(p)(g)]p

2
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and if 1 < p < 2, then

(12.2)

[
µ(p)

(
f + g

2

)]p′
+

[
µ(p)

(
f − g

2

)]p′
5

(
[µ(p)(f)]p + [µ(p)(g)]p

2

)p′−1

Proof. First note that if 2 5 p <∞, then∣∣∣∣∣a+ b

2

∣∣∣∣∣
p

+

∣∣∣∣∣a− b2

∣∣∣∣∣
p

5
|a|p + |b|p

2
for a, b ∈ R,

which gives (12.1) readily. Next note that if 1 < p < 2 and 0 < t < 1, then

(1 + t)p + (1− t)p − 2(1 + tp
′
)p−1

=
∞∑
j=1

(2− p) · · · (2j − p)
(2j − 1)!

t2j
(

1− t(2j−p)/(p−1)

(2j − p)/(p− 1)
− 1− t2j/(p−1)

2j/(p− 1)

)
= 0,

which proves by taking t = (1− s)/(1 + s)

(
1 + s

2

)p′
+
(

1− s
2

)p′
5
(

1

2
+
sp

2

)1/(p−1)

for 0 < s < 1.

This readily yields∣∣∣∣∣a+ b

2

∣∣∣∣∣
p′

+

∣∣∣∣∣a− b2

∣∣∣∣∣
p′

5

(
|a|p + |b|p

2

)1/(p−1)

for a, b ∈ R.

Since p− 1 < 1, we have[
µ(p)

(
f + g

2

)]p′
+

[
µ(p)

(
f − g

2

)]p′
= µ(p−1)

∣∣∣∣∣f + g

2

∣∣∣∣∣
p′
+ µ(p−1)

∣∣∣∣∣f − g2

∣∣∣∣∣
p′


5

∫
∣∣∣∣∣f + g

2

∣∣∣∣∣
p′

+

∣∣∣∣∣f − g2

∣∣∣∣∣
p′
p−1

dµ


1/(p−1)

5

(∫ |f |p + |g|p

2
dµ

)1/(p−1)

=

(
[µ(p)(f)]p + [µ(p)(g)]p

2

)p′−1

,

which yields (12.2).

Corollary 12.2. Let 1 < p < ∞. Then for any ε > 0 there exists δ > 0 such
that

µ(p)((f + g)/2) 5 1− δ
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whenever µ(p)(f) 5 1, µ(p)(g) 5 1 and µ(p)(f − g) = ε.

Theorem 12.7. Let 1 5 p < ∞ and λ be a linear functional on Lp(µ) such
that A = sup{|λ(f)| : µ(p)(f) = 1} < ∞. Then there exists a function k ∈ Lp

′
(µ),

p′ = p/(p− 1), such that

λ(f) =
∫

fk dµ whenever f ∈ Lp(µ).

Moreover, if f ∈ Lp(µ), then

µ(p)(f) = sup
{g:µ(p′)(g)=1}

∫
fg dµ.

Proof. Consider the family U of all nonnegative functions u ∈ Lp′(µ) such that

λ+(f) =
∫

fu dµ whenever f ∈ Lp(µ) and f = 0.

Then we see that µ(p′)(u) 5 A, if we consider f = (u/µ(p′)(u))p
′−1. If u and v are

in U , then we claim that u ∨ v = max{u, v} are also in U . In fact, considering the
characteristic function g on the set {x : u(x) = v(x)}, we have for any nonnegative
function f ∈ Lp(µ),

λ+(f) = λ+(fg) + λ+(f(1− g))

=
∫

fgu dµ+
∫

(f(1− g))v dµ =
∫

f(u ∨ v) dµ.

Now we find an increasing sequence {uj} of functions in U for which

lim
j

µ(p′)(u) = sup {µp′(u) : u ∈ U}.

Clearly, k+ = lim
j

uj ∈ U and µp′(k
+) 5 A. What remains is to show that

λ+(f) =
∫

fk+ dµ whenever f ∈ Lp(µ) and f = 0.

Suppose on the contrary there exists a nonnegative function g ∈ Lp(µ) for which

λ+(g) >
∫

gk+ dµ.

Find a nonnegative function h ∈ Lp′(µ) such that {x : h(x) > 0} = {x : g(x) > 0} and

λ+(g)−
∫

gk+ dµ >
∫

gh dµ > 0.

Consider
τ(f) = λ+(f)−

∫
f(k+ + h) dµ for f ∈ Lp(µ).
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By Theorem 6.2, we find a signed measure ν and a function g0 such that 0 5 g0 5 g,

τ(f) =
∫

f dν for any f ∈ Lp(µ),

τ+(g) =
∫

g0 dν
+ and

∫
g0 dν

− = 0.

If we let χ be the characteristic function of the set E = {x : g0(x) > 0}, then µ−(E) = 0,
so that

λ+(f)−
∫

f(k+ + χh) dµ = λ+(f(1− χ))−
∫

f(1− χ)k+ dµ+ τ(fχ)

= τ(fχ) = τ+(fχ) = 0,

for every nonnegative function f ∈ Lp(µ). It follows that k+ + χh ∈ U , which implies
that χh = 0 a.e., so that χ = 0 a.e. . Thus

0 < τ(g) 5 τ+(g) = 0

and a contradiction follows.
In the same way, we find k− ∈ Lp′(µ) such that

λ−(f) =
∫

fk− dµ whenever f ∈ Lp(µ).

Clearly, k = k+ − k− is the required one.

For a normed space X, denote by X ′ the dual space of X, which consists of all
bounded linear functionals on X. We say that X is reflexive if

X ′′ = (X ′)′ = X.

Corollary 12.3. If 1 < p <∞, then Lp(µ) is reflexive; more precisely,

[Lp(µ)]′ = Lp
′
(µ).

A sequence {fj} in X is convergent weakly to f ∈ X if

lim
j→∞

T (fj) = T (f) for all T ∈ X ′.

Theorem 12.8. Let 1 5 p <∞. If {fj} j Lp(µ) is convergent weakly to f , then

lim inf
j→∞

µ(p)(fj) = µ(p)(f).
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In fact, we find∫
fg dµ = lim

j→∞

∫
fjg dµ 5 [lim inf

j→∞
µ(p)(fj)]µ(p′)(g)

for all g ∈ Lp′(µ).

Corollary 12.4. Let 1 < p <∞. If {fj} j Lp(µ) is convergent weakly to f and
lim
j→∞

µ(p)(fj) = µ(p)(f), then {fj} is convergent to f in Lp(µ).

In fact, since lim inf
j→∞

µ(p)((fj + f)/2) = µ(p)(f) by Theorem 12.8, Minkowski’s in-

equality yields
lim
j→∞

µ(p)((fj + f)/2) = µ(p)(f).

Now it follows from Corollary 12.2 that

lim
j→∞

µ(p)(fj − f) = 0.

Theorem 12.9. Let µ be a nonnegative Radon measure, and 1 < p <∞. If {fj}
is bounded in Lp(µ), then there exists a subsequence {fjk} which converges weakly in
Lp(µ).

In fact, by Theorem 12.2, we can find a countable dense subset {gk} of Lp
′
(µ). Since

{g1(fj)} is bounded, find a subsequence {f1,j} for which {g1(f1,j)} converges. Next,
find {f2,j} j {f1,j} for which {g2(f2,j)} converges. Repeating this process, we obtain

{f1,j} k {f2,j} k · · · k {fk,j} k · · ·

for which {gk(fk,j)} converges as j → ∞. Now we may take the diagonal sequence
{fj,j}, which is easily seen to have the required property; see also the proof of Theorem
9.2.

The case p = 1 is treated in Riesz representation theorem and Theorem 9.2.

Another application of the method of diagonal sequence is the following result,
which is known as the Ascoli-Arzelà theorem. A family S of continuous functions on
a compact set K is said to be equicontinuous if for any ε > 0 there exists δ > 0 such
that

(12.3) |f(x)− f(y)| < ε whenever x ∈ K, y ∈ K, |x− y| < δ and f ∈ S.

Theorem 12.10 (Ascoli-Arzelà). Let S be a family of continuous functions on a
compact set K such that M = sup

f∈S
‖f‖∞ <∞ and S is equicontinuous on K. Then

there exists a sequence in S which converges uniformly on K.
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Proof. Take a countable dense set {xj} in K. Since {f(x1) : f ∈ S} is bounded,
we can find a sequence {f1,j} for which {f1,j(x1)} converges. Next, find {f2,j} j {f1,j}
for which {f2,j(x2)} converges. Repeating this process, we obtain

{f1,j} k {f2,j} k · · · k {fk,j} k · · ·

for which {fk,j(xk)} converges as j → ∞, and consider the diagonal sequence {fj,j}.
We have only to show that {fj,j} is a Cauchy sequence in C(K). For xk and ε > 0,
there exists jk such that

|fj,j(xk)− fm,m(xk)| < ε whenever j = jk and m = jk.

By equicontinuity, find δ > 0 satisfying (12.3). Then we have for x ∈ K ∩B(xk, δ)

|fj,j(x)− fm,m(x)| 5 |fj,j(x)− fj,j(xk)|+ |fj,j(xk)− fm,m(xk)|
+ |fm,m(xk)− fm,m(x)| < 3ε

if j = jk and m = jk. Since K is compact, we see that {fj,j} is a Cauchy sequence.



Chapter 2

Potentials of measures

In this chapter we are concerned with Riesz potentials of (Radon) measures; in a special
case, they are called Newtonian potentials and logarithmic potentials. The semigroup
property of Riesz kernels is a useful tool, in connection with energy integrals. The
Riesz capacities are defined and shown to satisfy the capacitability result. The fine
limit results are shown and used for the study of radial limits.

2.1 Riesz potentials

In this chapter, measures µ are all nonnegative Radon measures on Rn. Recall that

(i) µ is countably additive, i.e.,

µ(
∞⋃
j=1

Ej) =
∞∑
j=1

µ(Ej)

for any mutually disjoint Borel sets Ej .

(ii) µ(K) <∞ for any compact set K.

The support of µ, Sµ, is the smallest closed set F for which

µ(Rn − F ) = 0.

For a set E j Rn, denote by M(E) the family of all measures with support in E; for
simplicity, set M = M(Rn).

In case 0 < α < n, we define the Riesz potential Uαµ of a measure µ by

Uαµ(x) =
∫

Uα(x− y)dµ(y) =
∫
|x− y|α−ndµ(y),

which is sometimes called an α-potential.
We use the symbol B(x, r) to denote the open ball centered at x with radius r.

Theorem 1.1. For any measure µ, the following assertions are equivalent:

56
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(1) Uαµ 6≡ ∞ ;

(2)
∫

(1 + |y|)α−ndµ(y) <∞ ;

(3)
∫

Rn−B(x,r)
|x− y|α−ndµ(y) <∞ for any x and any r > 0 ;

(4)
∫

Rn−B(x,r)
|x− y|α−ndµ(y) <∞ for some x and some r > 0.

Proof. First note that (1) implies (4) and

(1.1) M−1(1 + |y|) < |x− y| < M(1 + |y|) for every y ∈ Rn −B(x, r).

Hence, (2) implies (3) and hence (4). Conversely, if (4) holds for some x0 and r0 > 0,
then ∫

(1 + |y|)α−ndµ(y) =
∫
B(x0,r0)

(1 + |y|)α−ndµ(y)

+
∫

Rn−B(x0,r0)
(1 + |y|)α−ndµ(y)

5 µ(B(x0, r0)) +M
∫

Rn−B(x0,r0)
|x0 − y|α−ndµ(y),

which shows (2). Thus (2), (3) and (4) are equivalent.

We show that u(x) =
∫
B(x,1)

|x− y|α−ndµ(y) is locally integrable. In fact, applying

Fubini’s theorem, we have∫
B(0,N)

u(x) dx =
∫
B(0,N+1)

(∫
B(y,1)

|x− y|α−n dx
)
dµ(y)

5 Mµ(B(0, N + 1)) <∞.

Thus (1) follows readily from (3), and now (1) ∼ (4) are equivalent to each other.

A function f on an open set G j Rn is said to be lower semicontinuous if

lim inf
x→x0

f(x) = f(x0)

for all x0 ∈ G; if −f is lower semicontinuous, then f is called upper semicontinuous.
Note that a lower semicontinuous function attains minimum on any compact subset of
G. Moreover, if f is an increasing limit of a sequence of continuous functions, then we
see that f is lower semicontinuous. The converse is also true.

Lemma 1.1. Let f be lower semicontinuous on G. If f is nonnegative on G, then
there exists a sequence {ϕj} of nonnegative continuous functions on G which increases
to f .
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Proof. Suppose f 6≡ ∞, and consider the functions

ϕj(x) = inf{f(y) + j|x− y| : y ∈ G}.

Then we can show that 0 5 ϕj <∞, ϕj 5 ϕj+1 5 f and

|ϕj(x)− ϕj(z)| 5 j|x− z|

for all x and z ∈ G, which implies that ϕj is uniformly continuous on G. Note that

ϕj(x) = min

{
inf
B(x,δ)

f, jδ

}

for small δ > 0. Since f is lower semicontinuous at x, we also see that {ϕj(x)} increases
to f(x).

For measures µ and ν, define the mutual α-energy by setting

Eα(µ, ν) =
∫

Uαµ(x) dν(x) =
∫ ∫

|x− y|α−n dµ(y)dν(x).

Theorem 1.2 (lower semicontinuity of potentials). If M is the space of all mea-
sures on Rn with vague topology, then Eα(µ, ν) is lower semicontinuous on M×M;
in particular, Uαµ is lower semicontinuous on Rn.

Proof. Let {µj} and {νj} be vaguely convergent to µ and ν, respectively. Take a
sequence {kj} of nonincreasing continuous functions on [0,∞) such that 0 5 kj(r) 5
rα−n for r > 0 and

lim
j→∞

kj(r) = rα−n for any r > 0.

Further, take a function ϕ ∈ C∞0 (B(0, 2)) such that 0 5 ϕ(x) 5 1 on Rn and ϕ(x) = 1
on B; define

ϕj(x) = ϕ(j−1x)

for x ∈ Rn. If m is fixed, then∫
ϕm(x)km(|x− y|) dµ(x) = lim

j→∞

∫
ϕm(x)km(|x− y|) dµj(x)

for any y. Since the convergence is locally uniform,∫ ∫
ϕm(x)ϕm(y)km(|x− y|) dµ(x)dν(y)

= lim
j→∞

∫
ϕm(y)

(∫
ϕm(x)km(|x− y|) dµj(x)

)
dνj(y)

5 lim inf
j→∞

∫ ∫
|x− y|α−n dµj(x)dνj(y),
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which gives by letting m→∞,∫ ∫
|x− y|α−n dµ(x)dν(y) 5 lim inf

j→∞

∫ ∫
|x− y|α−n dµj(x)dνj(y).

If we take ν as a point measure at y, then Uαµ(y) = Eα(µ, ν) is lower semicontinuous
on Rn.

Theorem 1.3 (weak maximum principle). For any measure µ, if Uαµ 5 1 on Sµ
(the support of µ), then

Uαµ 5 2n−α for all x ∈ Rn .

Proof. For x ∈ Rn − Sµ, take x∗ ∈ Sµ such that

|x∗ − x| = dist(x, Sµ) = min{|y − x| : y ∈ Sµ}.

Then |x∗ − y| 5 |x∗ − x|+ |x− y| 5 2|x− y| for y ∈ Sµ, so that

Uαµ(x) 5 2n−αUαµ(x∗) 5 2n−α,

as required.

Theorem 1.4 (continuity principle). If Uαµ is continuous as a function on Sµ,
then Uαµ is continuous on Rn.

Proof. Since Uαµ is continuous outside Sµ, we show that Uαµ is continuous at
a ∈ Sµ. For any ε > 0, take r > 0 such that∫

B(a,r)
|a− y|α−ndµ(y) < ε,

and set µr = µ|B(a,r) and νr = µ|Rn−B(a,r). For x, let x′ be a point in Sµ such that
|x′ − x| = dist(x, Sµ). Since Uανr is continuous at a, we see that

lim sup
x→a

Uαµ(x) = lim sup
x→a

[Uαµr(x) + Uανr(x)]

5 2n−α lim sup
x→a

Uαµr(x
′) + Uανr(a)

5 2n−α lim sup
x→a

[Uαµ(x′)− Uανr(x′)] + Uανr(a)

= 2n−αUαµr(a) + Uανr(a)

5 2n−αε+ Uαµ(a).

It thus follows that
lim sup
x→a

Uαµ(x) 5 Uαµ(a).
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Since Uαµ is lower semicontinuous (see Theorem 1.2), we see that

lim
x→a

Uαµ(x) = Uαµ(a),

which implies that Uαµ is continuous at a.

Theorem 1.5. Let B be a Borel set for which µ(B) < ∞. If Uαµ is finite on B,
then given ε > 0, there exists a closed set F such that µ(B − F ) < ε and Uα(µ|F ) is
continuous on Rn.

Proof. By Lusin’s theorem, we can find a closed set F j B such that µ(B−F ) < ε
and Uαµ is continuous on F as a function on F . Then

Uα(µ|F ) = Uαµ− Uα(µ|Rn−F )

is upper semicontinuous on F as a function on F . Thus Uα(µ|F ) is continuous on F
as a function on F . In view of continuity principle (Theorem 1.4), it is continuous on
Rn.

Corollary 1.1. Let B be a Borel set for which µ(B) < ∞ and Uαµ is finite on
B. Then there exists a sequence {µj} such that Uαµj is continuous and increases to
Uα(µ|B).

Proof. By Theorem 1.5, we can take a sequence {Fj} of closed sets such that
Fj j B,

(1.2) µ(
∞⋃
j=1

Fj) = µ(B)

and Uαµj with µj = µ|Fj is continuous. Since we may assume that Fj is increasing,
Uαµj increases to Uαµ|B by (1.2).

Theorem 1.6 (Riesz composition formula). If α > 0, β > 0 and α + β < n, then
there exists a positive constant a(α, β) such that∫

|x− y|α−n|y − z|β−ndy = a(α, β)|x− z|α+β−n.

Remark 1.1. As seen later,

a(α, β) =
γαγβ
γα+β

, γα = πn/2−α
Γ(α/2)

Γ((n− α)/2)
.

Proof of Theorem 1.6. By change of variables, we may assume that z = 0.
Write x = rξ and y = sη, where r, s > 0, |ξ| = 1 and |η| = 1. If θ denotes the angle
between x and y, then we have

|x− y|2 = r2 + s2 − 2rs cos θ,
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so that, applying polar coordinates and change of variables : s = rt, we have∫
|x− y|α−n|y|β−ndy = ωn−1

∫ ∞
0

∫ π

0
(r2 + s2 − 2rs cos θ)(α−n)/2sβ−nsn−1 sinn−2 θdsdθ

= ωn−1r
α+β−n

∫ ∞
0

∫ π

0
(1 + t2 − 2t cos θ)(α−n)/2tβ−1 sinn−2 θdtdθ

= a(α, β)rα+β−n = a(α, β)|x|α+β−n,

where ωn−1 denotes the surface measure of the unit sphere in Rn−1.

Corollary 1.2. For µ ∈M, Eα(µ, µ) <∞ if and only if Uα/2µ ∈ L2, that is,∫
[Uα/2µ(x)]2 dx <∞.

In fact, we have∫
[Uα/2µ(x)]2 dx =

∫ (∫
|x− y|α/2−ndµ(y)

)(∫
|x− z|α/2−ndµ(z)

)
dx

=
∫ ∫ (∫

|x− y|α/2−n|x− z|α/2−ndx
)
dµ(y)dµ(z)

= a(α/2, α/2)
∫ ∫

|y − z|α−n dµ(y)dµ(z)

= a(α/2, α/2) Eα(µ, µ).

Remark 1.2. For a set E j Rn, denote by |E| the n-dimensional Lebesgue measure
of E. Hence, if B = B(x, r), then |B| = σnr

n with σn = |B(x, 1)|. Denote by χE the
characteristic function of E. If |E| <∞, then UαχE is bounded and continuous on Rn,
so that Eα(χE, χE) <∞; in fact, by taking a ball B = B(x, r) such that |E| = |B(x, r)|,
we see that

UαχE(x) =
∫
E∩B(x,r)

|x− y|α−n dy +
∫
E−B(x,r)

|x− y|α−n dy

5
∫
E∩B(x,r)

|x− y|α−n dy + rα−n
∫
E−B(x,r)

dy

5
∫
E∩B(x,r)

|x− y|α−n dy + rα−n
∫
B(x,r)−E

dy

5
∫
E∩B(x,r)

|x− y|α−n dy +
∫
B(x,r)−E

|x− y|α−n dy

=
∫
B(x,r)

|x− y|α−n dy

= ωnr
α/α

(
= en|E|α/n

)
,

where ωn denotes the area of the unit sphere and en is a suitable constant. In the same
way, if E is a subset of a spherical surface S(a, r) = ∂B(a, r), then Uαχ̃E is bounded
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and continuous in case α > 1, so that χ̃E ∈ Eα in this case, where dχ̃E = χEdS on
S(a, r).

Theorem 1.7. Let µ, ν ∈M. If Uαµ 5 Uαν on Rn, then

µ(Rn) 5 ν(Rn).

Proof. For simplicity, denote by χr = χB(0,r). Then

Uαχr(x) = rαUαχ1(x/r)

and
Uαχ1(x) 5 Uαχ1(0).

Hence we have by Fatou’s lemma

Uαχ1(0)µ(Rn) 5 lim inf
r→∞

∫
Uαχ1(x/r) dµ(x)

= lim inf
r→∞

r−α
∫

Uαχr(x) dµ(x)

= lim inf
r→∞

r−α
∫

Uαµ(y) dχr(y)

5 lim inf
r→∞

r−α
∫

Uαν(y) dχr(y)

= lim inf
r→∞

∫
Uαχ1(x/r) dν(x)

5 lim inf
r→∞

∫
Uαχ1(0) dν(x)

= Uαχ1(0)ν(Rn),

which gives the required inequality.

2.2 Fourier transform

For an integrable function f on Rn, we define the Fourier transform f̂ by the integral

f̂(x) = Ff(x) =
∫

e−2πix·yf(y) dy,

where i =
√
−1 and x · y denotes the inner product in Rn. Similarly, define the inverse

Fourier transform by

F∗f(x) =
∫

e2πix·yf(y) dy.

For 1 5 p <∞, a measurable function f on Rn is said to belong to Lp(Rn) if

‖f‖p =
(∫
|f(y)|p dy

)1/p

<∞;



2.2 Fourier transform 63

in case p =∞, we write f ∈ L∞(Rn) if f has the finite essential supremum : ‖f‖∞ <
∞.

Theorem 2.1. If f ∈ L1(Rn), then f̂ is uniformly continuous on Rn and

(2.1) ‖f̂‖∞ 5 ‖f‖1;

in fact, f̂(x) tends to zero as |x| → ∞.

Proof. Since f̂ is continuous on Rn and (2.1) is trivially fulfilled, we show that
f̂(x) tends to zero as |x| → ∞. Let R denote a rectangle with sides parallel to the
coordinate axes. If g = χR, where χR denotes the characteristic function of R, then ĝ
is of the form

ĝ(x) =
n∏
j=1

∫ bj

aj
{cos(2πxjyj)− i sin(2πxjyj)}dyj,

which clearly tends to zero as |x| → ∞. Now, for given ε > 0, find a linear combination
g of such characteristic functions such that ‖f − g‖1 < ε. Then

lim sup
|x|→∞

|f̂(x)| 5 lim sup
|x|→∞

(‖f − g‖1 + |ĝ(x)|) < ε,

which proves that
lim
|x|→∞

|f̂(x)| = 0,

as required.

Remark 2.1. If f(y) = e−πδ|y|
2

for δ > 0, then f̂(x) = δ−n/2f(x/δ).
In fact, f ∈ L1(Rn) and

f̂(x) =
∫

e−2πix·ye−πδ|y|
2

dy

= e−π|x|
2/δ
∫

e−πδ(y+ix/δ)·(y+ix/δ) dy

= e−π|x|
2/δ
∫

e−πδy·y dy

= δ−n/2e−π|x|
2/δ.

Remark 2.2. The function W (x, t) = (4πt)−n/2e−|x|
2/4t is called the Weierstrass

(or Gauss-Weierstrass) kernel in Rn+1
+ . The following can be proved readily :∫
Rn

W (x, t)dx = 1

and
F(W (·, t))(y) = e−4π2t|y|2
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for t > 0.

There is an inequality known as Minkowski’s inequality for double sequence {aij}
of nonnegative numbers; in fact, for p = 1,

∞∑
i=1

 ∞∑
j=1

aij

p
1/p

5
∞∑
j=1

( ∞∑
i=1

apij

)1/p

.

This inequality has an integral form as follows:

Theorem 2.2 (Minkowski’s inequality for integral). Let µ and ν be measures on
X and Y respectively. If f(x, y) is a nonnegative measurable function on X × Y , then{∫

X

(∫
Y
f(x, y) dν(y)

)p
dµ(x)

}1/p

5
∫
Y

(∫
X
f(x, y)p dµ(x)

)1/p

dν(y).

For functions f , g ∈ L1
loc(R

n), we define the convolution h = f ∗ g by

h(x) = f ∗ g(x) =
∫

f(x− y)g(y) dy.

Clearly, f ∗ g = g ∗ f where the above integral is absolutely convergent.

Theorem 2.3. Let ϕ ∈ L1(Rn) satisfy
∫

ϕ(x) dx = 1, and set ϕε(x) = ε−nϕ(x/ε).

If f ∈ Lp(Rn), then f ∗ ϕε → f in Lp(Rn), as ε→ 0.

Proof. First we see that

f ∗ ϕε(x)− f(x) =
∫
{f(x− εy)− f(x)}ϕ(y) dy.

In view of Minkowski’s inequality for integral, we have

‖f ∗ ϕε − f‖p 5
∫ (∫

|f(x− εy)− f(x)|p dx
)1/p

|ϕ(y)| dy,

which, together with Lebesgue’s dominated convergence theorem, proves the required
assertion.

Theorem 2.4 (Young’s inequality). Let 1 5 p, q 5∞ and 1/r = 1/p+1/q−1 = 0.
If f ∈ Lp(Rn) and g ∈ Lq(Rn), then

‖f ∗ g‖r 5 ‖f‖p‖g‖q.

Proof. Let

a = r,
1

p
=

1

a
+

1

b
,

1

q
=

1

a
+

1

c
,

1

a
+

1

b
+

1

c
= 1.
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Writing

|f(x− y)g(y)| =
(
|f(x− y)|p/a|g(y)|q/a

) (
|f(x− y)|p/b

) (
|g(y)|q/c

)
,

we apply Hölder’s inequality to have

|f ∗ g(x)| 5
∫
|f(x− y)g(y)| dy

5
(∫
|f(x− y)|p|g(y)|q dy

)1/a (∫
|f(x− y)|p dy

)1/b (∫
|g(y)|q dy

)1/c

= ‖f‖p/bp ‖g‖q/cq

(∫
|f(x− y)|p|g(y)|q dy

)1/a

,

so that

‖f ∗ g‖r 5 ‖f‖p/bp ‖g‖q/cq

{∫ (∫
|f(x− y)|p|g(y)|q dy

)
dx
}1/a

= ‖f‖p/b+p/ap ‖g‖q/c+q/aq = ‖f‖p‖g‖q.

The following are easy consequences of Fubini’s theorem.

Theorem 2.5. If f , g ∈ L1(Rn), then f ∗ g ∈ L1(Rn) and

F(f ∗ g) = f̂ ĝ.

In fact, we have∫
e−2πix·yf ∗ g(y)dy =

∫ (∫
e−2πix·yf(y − z)dy

)
g(z)dz

= f̂(x)
∫

e−2πix·zg(z)dz = f̂(x)ĝ(x).

Theorem 2.6. If f , g ∈ L1(Rn), then∫
f̂(x)g(x) dx =

∫
f(y)ĝ(y) dy.

Corollary 2.1. If f , f̂ ∈ L1(Rn), then

f(x) = F∗(Ff)(x) = F(F∗f)(x) for almost every x.

Proof. Letting ϕ(y) = e−π|y|
2
, we apply Theorem 2.6 and Remark 2.1 to have∫

f(y)ϕε(x− y) dy =
∫

f̂(z)e2πix·zϕ(εz) dz.
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If we let ε→ 0, then the required result holds with the aid of Theorem 2.3.

Denote by S the space of all rapidly decreasing functions ϕ ∈ C∞(Rn); that is,
ϕ ∈ S if and only if |x|m(∂/∂x)λϕ(x) is bounded for any m > 0 and any multi-index
λ. Note that

(2.2) F((∂/∂y)λϕ(y))(x) = (2πix)λFϕ(x)

and

(2.3) F((−2πiy)λϕ(y))(x) = (∂/∂x)λFϕ(x).

Theorem 2.7 (Plancherel’s theorem). If ϕ ∈ S, then Fϕ ∈ S and

F∗(Fϕ) = F(F∗ϕ) = ϕ.

Corollary 2.2. For ϕ ∈ S, ‖ϕ‖2 = ‖ϕ̂‖2.

Corollary 2.3. If f ∈ L2(Rn), then there exists g ∈ L2(Rn) such that ‖g‖2 =
‖f‖2 and ∫

f(x)ϕ̂(x) dx =
∫

g(x)ϕ(x) dx for any ϕ ∈ S.

In fact, if we take {ϕj} j S which converges to f in L2(Rn), then {ϕ̂j} converges
to a function g in L2(Rn). In view of Corollary 2.2, it is easy to see that g has the
required properties. We call g the Fourier transform of f and write g = f̂ .

Theorem 2.8. If 0 < α < n, then

F(|y|α−n)(x) = γα|x|−α

in the sense that

(2.4)
∫
|y|α−nϕ̂(y) dy = γα

∫
|x|−αϕ(x) dx for any ϕ ∈ S

with γα = πn/2−αΓ(α/2)/Γ((n− α)/2).

Proof. In view of Remark 2.1, we have∫
e−πδ|x|

2

ϕ̂(x) dx = δ−n/2
∫

e−π|x|
2/δϕ(x) dx

for δ > 0 and ϕ ∈ S. Multiplying the equation by δ(n−α)/2−1 and then integrating both
sides with respect to δ, we obtain∫ (∫

e−πδ|x|
2

δ(n−α)/2−1 dδ
)
ϕ̂(x) dx =

∫ (∫
e−π|x|

2/δδ−α/2−1dδ
)
ϕ(x) dx.
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Note here that ∫
e−πδ|x|

2

δ(n−α)/2−1 dδ = (π|x|2)−(n−α)/2Γ((n− α)/2).

Hence

π−(n−α)/2Γ((n− α)/2)
∫
|x|α−nϕ̂(x) dx = π−α/2Γ(α/2)

∫
|x|−αϕ(x) dx,

which leads to (2.4).

Corollary 2.4. Let κα(x) = γ−1
α |x|α−n. If α > 0, β > 0 and α + β < n, then

κα ∗ κβ = κα+β

and
a(α, β) =

γαγβ
γα+β

.

Theorem 2.9. If ϕ ∈ S and 0 < α < n, then there exists ψ ∈ C∞ for which

ϕ(x) = γ−1
α

∫
|x− y|α−nψ(y) dy

and

(2.5) ψ(x) = O(|x|−α−n) as |x| → ∞.

In fact, let ψ(x) = F∗(|y|αFϕ(y))(x). If α = 2m with an integer m, then

ψ(x) = (−4π2)−m∆mϕ(x),

where ∆ denotes the Laplace operator, so that (2.5) clearly holds. To derive (2.5) in
the general case, we need the explicit representation of ψ.

Proof of Theorem 2.9. For ϕ ∈ C∞0 (Rn), we see that

κα ∗ ϕ(x) = γ−1
α

∫
ϕ(x+ y)|y|α−n dy

is analytic in {α : 0 < α < n} for fixed x. Write

ψ(α, x) = γ−1
α

∫
{ϕ(x+ y)− ϕ(x)}|y|α−n dy.

This is well-defined for −1 < α < n,

ψ(α, x) = γ−1
α

∫
B
{ϕ(x+ y)− ϕ(x)}|y|α−n dy

+γ−1
α

∫
Rn−B

ϕ(x+ y)|y|α−n dy − γ−1
α ϕ(x)

(
−ωn
α

)
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and

(2.6) ψ(α, x) = O(|x|α−n) as |x| → ∞.

Since lim
α→0

γαα = ωn, we see that

lim
α→0

ψ(α, x) = ϕ(x).

Moreover, if α > 0, then ψ(α, x) = κα ∗ϕ(x). Thus ψ(α, x) is an analytic continuation
of κα ∗ ϕ(x) to the interval (−1, 0). If 0 < α < n− β < n, then (2.6) gives

κβ ∗ ψ(α, ·)(x) = κα+β ∗ ϕ(x),

so that it is true for −1 < −β < α < n− β. In particular,

κβ ∗ ψ(−β, ·)(x) = ϕ(x)

for −1 < −β < 0. Thus, in this case, (2.5) follows from (2.6).
To treat the general case, we consider Taylor’s expansion. Write

K`(x, y) = ϕ(x+ y)− ϕ(x)−
∑̀
j=1

∑
|λ|=j

yλ

λ!

(
∂

∂x

)λ
ϕ(x)


and

ψ(α, x) = γ−1
α

∫
K`(x, y)|y|α−ndy.

This is well-defined and analytic in the interval (−` − 1, n) and (2.6) holds. Now let
` = 2m+ 1 for nonnegative integer m. One sees that for −2m− 2 < α < −2m, ψ(α, x)
is equal to

ψm(α, x) = γ−1
α

∫
B

ϕ(x+ y)− ϕ(x)−
m∑
j=1

aj∆
jϕ(x)|y|2j

 |y|α−ndy
+γ−1

α

∫
Rn−B

ϕ(x+ y)|y|α−ndy − γ−1
α ϕ(x)

(
−ωn
α

)
−γ−1

α

m∑
j=1

aj∆
jϕ(x)

(
− ωn
α + 2j

)

with constants aj = [2jj!n(n+ 2) · · · (n+ 2j − 2)]−1, where the integral takes principal
value. Since 1/[Γ(α/2)(α+ 2m)] is analytic at α = −2m and has value (−1)mm! there,
the right-hand side is analytic in (−2m− 2, n) and

ψm(−2m,x) = (−4π2)−m∆mϕ(x);

moreover, in case −2m < α < −2m+ 2, it is equal to ψm−1(α, x). In view of (2.6), we
see that κβ ∗ψm(α, ·)(x) is well-defined for −β < α < n−β, 2m < β < min{2m+2, n},
and analytic there. Since ψm(α, x) = κα ∗ ϕ(x) for 0 < α < n,

κβ ∗ ψm(α, ·)(x) = κβ+α ∗ ϕ(x).
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By the analyticity of both sides, this is true for −β < α < n − β, where 2m < β <
2m+ 2. In particular, letting α→ −β, we have

κβ ∗ ψm(−β, ·)(x) = ϕ(x),

which was to be proved.

Corollary 2.5. If Uαµ = Uαν 6≡ ∞ on Rn, then µ = ν.

In fact, for ϕ ∈ C∞0 (Rn), taking ψ such that ϕ = Uαψ, we have

µ(ϕ) =
∫

Uαψ(x)dµ(x) =
∫

[Uαµ(y)]ψ(y)dy

=
∫

[Uαν(y)]ψ(y)dy = ν(ϕ),

which means that µ = ν.

2.3 Minimax lemma

Let A and B be convex subsets of a vector space. A topology is defined in B for which
B is a compact Hausdorff space. Let Φ be a function on A×B with value in R∪{+∞}.

Minimax Lemma. Suppose Φ satisfies

(i) Φ(·, b) is concave on A for each b ∈ B;

(ii) Φ(a, ·) is convex on B for each a ∈ A;

(iii) Φ(a, ·) is lower semicontinuous on B for each a ∈ A.

Then

(3.1) min
b∈B

sup
a∈A

Φ(a, b) = sup
a∈A

min
b∈B

Φ(a, b).

To show this, we need the following.

Lemma 3.1. Let fj, j = 1,..., m, be a function on B with value in R ∪ {+∞}
which are convex and lower semicontinuous. If

(3.2) max
j

fj(b) > 0 for all b ∈ B,

then there exist nonnegative numbers λ1,..., λm such that

λ1f1(b) + · · ·+ λmfm(b) > 0 for all b ∈ B.
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Proof. First consider the case m = 2, and set

Bj = {b ∈ B : fj(b) 5 0} for j = 1, 2.

Then each Bj is closed. If B1 = ∅, then we may take λ1 = 1 and λ2 = 0, so that we
may assume that both of Bj are non-empty. By (3.2),

f2(b) > 0 = f1(b) for b ∈ B1.

Noting that −f1/f2 is upper semicontinuous on B1, we find

µ1 = max
b∈B1

[−f1(b)/f2(b)] = −f1(b1)/f2(b1), b1 ∈ B1.

Similarly, we find

µ2 = max
b∈B2

[−f2(b)/f1(b)] = −f2(b2)/f1(b2), b2 ∈ B2.

Now we find λ > 0 such that

λf1(b) + f2(b) > 0 for all b ∈ B.

This is clearly true for b 6∈ B1 ∪B2. If b ∈ B1, then

λf1(b) + f2(b) = (1− λµ1)f2(b)

and if b ∈ B2, then
λf1(b) + f2(b) = (λ− µ2)f1(b).

Hence we have only to find λ > 0 such that

1− λµ1 > 0 and λ− µ2 > 0.

For this purpose, we may assume that µ1 6= 0 and µ2 6= 0. Our task is to show that
µ1µ2 < 1. For 0 < t < 1, let bt = tb1 + (1− t)b2. Then

f1(bt) 5 tf1(b1) + (1− t)f1(b2).

Since f1(b1) < 0 < f1(b2), we can find t such that

tf1(b1) + (1− t)f1(b2) = 0,

so that
t[−µ1f2(b1)] + (1− t)[−f2(b2)/µ2] = 0

or
tµ1µ2f2(b1) + (1− t)f2(b2) = 0.
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Since f1(bt) 5 0, f2(bt) > 0 by assumption (3.2), so that

tf2(b1) + (1− t)f2(b2) = f2(bt) > 0.

Now it follows that
(1− µ1µ2)tf2(b1) > 0,

which implies that 1− µ1µ2 > 0 as required. Thus the case m = 2 is proved.
We show the present lemma by induction on m. Assume that the case m − 1 is

true, and consider
Bm = {b ∈ B : fm(b) 5 0}.

If Bm = ∅, then we may take λ1 = · · · = λm−1 = 0 and λm = 1. Since fm is lower
semicontinuous, Bm is a compact subset of B and max

15j5m−1
fj(b) > 0 for all b ∈ Bm, by

assumption on induction, there exist nonnegative numbers λ1,..., λm−1 such that

f(b) ≡ λ1f1(b) + · · ·+ λm−1fm−1(b) > 0 for all b ∈ Bm.

Note here that f and fm are convex and lower semicontinuous on B and

max {f(b), fm(b)} > 0 for all b ∈ B.

Hence, by considering the case m = 2, we find λ > 0 such that

λf(b) + fm(b) > 0

or
[λλ1]f1(b) + · · ·+ [λλm−1]fm−1(b) + fm(b) > 0

for all b ∈ B, as required.

Proof of Minimax Lemma. Now we show (3.1). Since inequality ′′ =′′ is trivial,
we show the converse inequality. For this purpose we may assume that the right-hand
side of (3.1) is finite. By subtracting a finite constant from Φ, we may also assume
that

(3.3) sup
a∈A

min
b∈B

Φ(a, b) = 0.

By assumption (iii), for each a ∈ A,

Ba = {b ∈ B : Φ(a, b) 5 0}

is closed. By (3.3), Ba is non-empty. We show that {Ba} has the finite intersection
property. To show this, suppose on the contrary

Ba1 ∩ · · · ∩Bam = ∅
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for some a1, ..., am ∈ A. Consider fj(b) = Φ(aj, b). Applying Lemma 3.1 with fj(b) =
Φ(aj, b), we find nonnegative numbers λ1,..., λm such that

λ1Φ(a1, b) + · · ·+ λmΦ(am, b) > 0 for all b ∈ B.

If we set
a0 = (λ1a1 + · · ·λmam)/(λ1 + · · ·+ λm),

then (i) gives
Φ(a0, b) > 0 for all b ∈ B,

which contradicts (3.3). Consequently, {Ba} is shown to have the intersection property.
Since B is compact, there exists b0 ∈ B for which

b0 ∈
⋂
a∈A

Ba,

which implies that
min
b∈B

sup
a∈A

Φ(a, b) 5 sup
a∈A

Φ(a, b0) 5 0,

as required.

2.4 Capacity

For a set E j Rn, we define a capacity by

Cα(E) = inf µ(Rn),

where the infimum is taken over all nonnegative measures µ such that

Uαµ(x) = 1 for any x ∈ E.

Similarly, we define a capacity by

cα(E) = sup ν(Rn),

where the supremum is taken over all nonnegative measures ν with support in E such
that

Uαν(x) 5 1 for any x ∈ Rn.

If µ and ν are competing measures for Cα(E) and cα(E), respectively, then

ν(E) 5
∫

Uαµ dν =
∫

Uαν dµ 5 µ(Rn),

so that

(4.1) cα(E) 5 Cα(E).

First, we collect elementary facts about the capacities.

Theorem 4.1. (1) Cα is nondecreasing, that is,

Cα(E1) 5 Cα(E2) if E1 j E2.
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(2) Cα is countably subadditive, that is,

Cα(
∞⋃
j=1

Ej) 5
∞∑
j=1

Cα(Ej).

(3) Cα is an outer capacity, that is,

Cα(E) = inf{Cα(G) : E j G, G is open}.

(4) If Cα(E) = 0, then there exists a measure µ such that Uαµ 6≡ ∞ and Uαµ(x) =∞
for every x ∈ E.

Theorem 4.2. (1) cα is nondecreasing.

(2) cα is countably subadditive on the Borel family B.

(3) cα is an inner capacity, that is,

cα(E) = sup{cα(K) : K j E, K is compact } .

For a proof of (2) of Theorem 4.2, it suffices to note that if E is a Borel set and
Uαµ 5 1 on Rn, then

µ(E) = sup
KjE,K:compact

µ(K) 5 cα(E).

By minimax lemma, we can prove

Theorem 4.3. For any compact set K, we have

(4.2) Cα(K) = cα(K).

For this purpose, set A = {µ : µ(Rn) = 1}, B = {ν : ν(K) = 1, Sν j K} and

Φ(µ, ν) = Eα(µ, ν) =
∫

Uαµ dν.

Here we consider the vague convergence topology in B. Then it suffices to note that

[Cα(K)]−1 = sup
µ∈A

inf
ν∈B
Eα(µ, ν)

and
[cα(K)]−1 = inf

ν∈B
sup
µ∈A
Eα(µ, ν).
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Corollary 4.1. Let E be a Borel set with Cα(E) = 0. If Eα(µ, µ) < ∞, then
µ(E) = 0.

In fact, if µ(E) > 0, then, in view of Theorem 1.5, we can find a compact set K j E
such that µ(K) > 0 and Uα(µ|K) is continuous as a function on K. Now continuity
principle as well as weak maximum principle implies that Uα(µ|K) is bounded and
continuous on Rn, so that cα(K) > 0. Thus a contradiction follows.

Corollary 4.2. If G is an open set, then Cα(G) = cα(G).

Proof. Let {Kj} be a sequence of compact sets such that Kj j Int(Kj+1) and
∞⋃
j=1

Kj = G. For each j, take a measure µj such that µj(R
n) < Cα(Kj) + 1/j and

Uαµj = 1 on Kj. Here we may assume that Cα(Kj) = cα(Kj) is bounded. Then,
if necessary, by passing to a subsequence, µj converges vaguely to a measure µ. Let
x ∈ G. Since UαχB(x,r) is bounded, continuous and further vanishes at infinity, we see
that ∫

B(x,r)
Uαµ dy =

∫
UαχB(x,r) dµ = lim

j→∞

∫
UαχB(x,r) dµj

= lim
j→∞

∫
B(x,r)

Uαµj dy = |B(x, r)|

whenever B(x, r) j G. Letting r → 0, we have

Uαµ(x) = lim
r→0

1

|B(x, r)|

∫
B(x,r)

Uαµ dy = 1,

which proves by Theorem 4.3

Cα(G) 5 µ(Rn) 5 lim inf
j→∞

µj(R
n) 5 cα(G).

In view of (4.1), Cα(G) = cα(G) and then the equality holds.

A function f is said to be α-quasicontinuous on G if for any ε > 0, there exists an
open set ω such that Cα(ω) < ε and f is continuous as a function on G− ω.

Theorem 4.4. If Uαµ 6≡ ∞, then Uαµ is α-quasicontinuous on Rn.

Proof. We show that Uαµ is α-quasicontinuous on any open ball B. Write

Uαµ(x) =
∫
B
|x− y|α−ndµ(y) +

∫
Rn−B

|x− y|α−ndµ(y)

= u1(x) + u2(x).

Since u2 is continuous on B, it suffices to show that u1 is α-quasicontinuous on B.
Thus we may assume that µ has compact support. Let ε > 0. If we set

G1 = {x : Uαµ(x) > 2µ(Rn)/ε},
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then G1 is open and
Cα(G1) 5 ε/2.

Take a compact set K1 j G1 for which µ(G1 − K1) < ε4−2. Since Uαµ is finite on
Rn −G1, in view of Theorem 1.5, we can find a compact set F1 j Rn −G1 such that
µ(Rn −G1 − F1) < ε4−2 and Uα(µ|F1) is continuous on Rn. Define

ν1 = µ|K1∪F1

and
µ1 = µ− ν1.

Then Uαν1 is continuous on Rn −G1. Moreover,

µ1(Rn) 5 2ε4−2

and, for x ∈ Rn −G1, we have

Uαν1(x) 5 Uαµ(x) 5 2µ(Rn)/ε.

Next consider
G2 = {x : Uαµ1(x) > 22µ1(Rn)/ε}.

Then G2 is open and
Cα(G2) 5 ε2−2.

As above, take a compact set K2 j G2 for which µ1(G2 −K2) < ε4−3. Further, take
a compact set F2 j Rn − G2 such that µ1(Rn − G2 − F2) < ε4−3 and Uαµ1|F2 is
continuous on Rn. Define

ν2 = µ1|K2∪F2

and
µ2 = µ1 − ν2.

Then Uαν2 is continuous on Rn −G2. Moreover,

µ2(Rn) 5 2ε4−3

and, for x ∈ Rn −G2, we have

Uαν2(x) 5 Uαµ1(x) 5 22µ1(Rn)/ε < 2−1.

By induction, we can find {Gj}, {Kj}, {Fj}, {νj} and {µj} such that

Gj+1 = {x : Uαµj(x) > 2j+1µj(R
n)/ε},

Kj+1 j Gj+1, Fj+1 j Rn −Gj+1,

µj(Gj+1 −Kj+1) < ε4−j−2,

µj(R
n −Gj+1 − Fj+1) < ε4−j−2,
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νj+1 = µj|Kj+1∪Fj+1
,

µj+1 = µj − νj+1,

µj(R
n) < 2ε4−j−1

and, moreover, Uανj+1 is continuous on Rn −Gj+1. Then

Cα(Gj+1) 5 ε2−j−1

and, for x ∈ Rn −Gj+1, we have

Uανj+1(x) 5 Uαµj(x) 5 2j+1µj(R
n)/ε < 2j+1 · 2 · 4−j−1 = 2−j.

Since {µj(Rn)} tends to zero as j →∞, µ = ν1 + ν2 + · · · and

Uαµ = Uαν1 + Uαν2 + · · · < Uαν1 +
∞∑
j=2

2−j

on Rn − G with G =
∞⋃
j=1

Gj. Thus we see that Uαν1 + Uαν2 + · · · converges to Uαµ

uniformly on Rn −G. Since each Uανj is continuous, Uαµ is continuous as a function
on Rn −G. Finally we have only to note that

Cα(G) 5
∞∑
j=1

Cα(Gj) 5
∞∑
j=1

ε2−j = ε.

Theorem 4.5. Let {µj} be a sequence of measures on Rn which converges vaguely
to µ0. If {µj(Rn)} is bounded, then

lim inf
j→∞

Uαµj(x) = Uαµ0(x)

holds for every x except those in a set of α-capacity zero.

Proof. For positive integers j and k, consider the sets

Aj,k = {x : Uαµ0(x) + 1/k 5 Uαµj(x)}

and

E`,k =
∞⋂
j=`

Aj,k.

Since α-potentials are all α-quasicontinuous by Theorem 4.4, there exists an open set
ωj such that Cα(ωj) < 2−j and Uαµ0 and Uαµj are continuous as a function on Rn−ωj.

Hence Aj,k − ωj is closed, so that E`,k − G` is closed, where G` =
∞⋃
j=`

ωj. Note here

that

Cα(G`) <
∞∑
j=`

2−j = 2−`+1.
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Let ν be a measure with compact support in E`,k such that Uαν is continuous. Then,
since {µj(Rn)} is bounded, we see that∫

dν(x) 5
∫
k[Uαµj(x)− Uαµ0(x)]dν(x)

= k
(∫

Uαν(y) dµj(y)−
∫

Uαν(y) dµ0(y)
)

→ 0 as j →∞ ,

which implies that ν(Rn) = 0, so that cα(E`,k) = 0. Since E`,k−G` is closed, Theorem
4.3, together with the countable subadditivity of Cα, gives

Cα(E`,k −G`) = 0.

Thus it follows that

Cα(E`,k) 5 Cα(E`,k −G`) + Cα(G`) < 2−`+1.

Noting that Cα(E`,k) 5 Cα(Em,k) < 2−m+1 for any m > `, we have

Cα(E`,k) = 0.

Now consider the sets

Ek =
∞⋃
`=1

E`,k and E =
∞⋃
k=1

Ek.

Then we see that Cα(E) = 0 and

E =
{
x : lim inf

j→∞
Uαµj(x) > Uαµ0(x)

}
.

Thus the theorem is proved.

Theorem 4.6. If {Ej} is a nondecreasing sequence of sets in Rn, then

lim
j→∞

Cα(Ej) = Cα(E), E =
∞⋃
j=1

Ej.

Proof. We have only to show the case where the left hand-side is finite. For each
positive integer j, take a measure µj such that

Uαµj(x) = 1 for all x ∈ Ej

and

µj(R
n) < Cα(Ej) + 1/j.
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Since {Cα(Ej)} is bounded by assumption, {µj(Rn)} is also bounded and we may
assume that {µj} converges vaguely to a measure µ0. Then, in view of Theorem 4.5,

Uαµ0(x) = 1

for all x ∈ E except those in a set of Cα-capacity zero. Thus we have

Cα(E) 5 µ0(Rn) 5 lim inf
j→∞

µj(R
n) 5 lim inf

j→∞
Cα(Ej) 5 Cα(E),

which proves the required conclusion.

Finally we give the capacitability result.

Theorem 4.7. If S is a Suslin set in Rn, then

(4.3) Cα(S) = cα(S).

Proof. By Theorem 4.3, every compact set is capacitable, that is, (4.3) holds for
every compact sets. On the other hand, Theorem 4.6 implies that Cα has the increasing
property. Now Theorem 3.2 and its proof in Chapter 1 give the capacitability result.

2.5 Fine limits

For a set E, a point x0 and r > 0, set

E(x0, r) = E ∩B(x0, r).

We say that E is α-thin at x0 if

∞∑
j=1

2j(n−α)Cα(E(x0, 2
−j)) <∞.

Lemma 5.1. A set E is α-thin at x0 if and only if∫ 1

0
[rα−nCα(E(x0, r))] dr/r <∞.

Remark 5.1. We note that E is α-thin at x0 if and only if

∞∑
j=1

2j(n−α)Cα(Ê(x0, 2
−j+1)) <∞,

where Ê(x0, 2
−j+1) = E ∩B(x0, 2

−j+1)−B(x0, 2
−j).
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We say that a function f has an α-fine limit a at x0 if

lim
x→x0,x 6∈E

f(x) = a

for a set E which is α-thin at x0; f is said to be α-finely continuous at x0 if it has an
α-fine limit f(x0) at x0.

Theorem 5.1. For any µ ∈ M, Uαµ has an α-fine limit Uαµ(x0) at any point x0,
that is, Uαµ is α-finely continuous everywhere in the extended sense.

Proof. Without loss of generality, we may assume that x0 is the origin. Further,
we may assume that Uαµ(0) < ∞, since if otherwise, then the lower semicontinuity
implies that

lim
x→0

Uαµ(x) =∞ = Uαµ(0).

For x 6= 0, set

u1(x) =
∫
B(x,|x|/2)

|x− y|α−n dµ(y),

u2(x) =
∫

Rn−B(x,|x|/2)
|x− y|α−n dµ(y).

If |x − y| = |x|/2, then |y| 5 |x − y| + |x| 5 3|x − y|, so that Lebesgue’s dominated
convergence theorem gives

(5.1) lim
x→0

u2(x) = Uαµ(0).

Since Uαµ(0) <∞, we can find a sequence {aj} of positive numbers such that lim
j→∞

aj =

∞ and

(5.2)
∞∑
j=1

aj2
j(n−α)µ(Gj) <∞,

where Gj = {x : 2−j−1 < |x| < 2−j+2}. Letting Bj = B(0, 2−j+1)−B(0, 2−j), we define

Ej = {x ∈ Bj : u1(x) > a−1
j }.

If x ∈ Ej, then B(x, |x|/2) j Gj and thus

a−1
j < u1(x) 5

∫
Gj
|x− y|α−n dµ(y),

so that it follows from the definition of Cα that

Cα(Ej) 5 ajµ(Gj).
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Consider the set E =
∞⋃
j=1

Ej. Then Ê(0, 2−j+1) = Ej, and we see from (5.2) that the

set E =
∞⋃
j=1

Ej is α-thin at 0. Further, if x ∈ Bj − E, then u1(x) 5 a−1
j , which proves

lim sup
x→0,x 6∈E

u1(x) 5 lim
j→∞

a−1
j = 0.

This implies that

lim
x→0,x 6∈E

u1(x) = 0.

In view of (5.1), it follows that

lim
x→0,x 6∈E

Uαµ(x) = Uαµ(0),

as required.

Theorem 5.2. If E is α-thin at 0, then there exists a measure µ such that Uαµ(0) <
∞ and

(5.3) lim
x→0,x∈E

Uαµ(x) =∞.

Proof. Since E is α-thin at 0, we can find a sequence {aj} of positive numbers
such that lim

j→∞
aj =∞ and

(5.4)
∞∑
j=1

aj2
j(n−α)Cα(Ej) <∞,

where Ej = Ê(0, 2−j+1). For each positive integer j, by the definition of Cα, there
exists a measure µj such that µj(R

n) < Cα(Ej) + a−1
j 2−j2−j(n−α) and

Uαµj(x) = 1 whenever x ∈ Ej .

If x ∈ Bj = B(0, 2−j+1)−B(0, 2−j), then∫
Rn−B(x,|x|/2)

|x− y|α−n dµj(y) 5 (|x|/2)α−n µj(R
n)

5 2n−α{2j(n−α)Cα(Ej) + a−1
j 2−j}.

Hence, if j is large enough, then∫
Rn−B(x,|x|/2)

|x− y|α−n dµj(y) < 1/2
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and it follows from (5.4) that∫
Gj
|x− y|α−n dµj(x) =

∫
B(x,|x|/2)

|x− y|α−n dµj(y) = 1/2

whenever x ∈ Ej, where Gj = {x : 2−j−1 < |x| < 2−j+2} as before. Now consider

µ =
∞∑
j=1

ajµj|Gj .

Then (5.4) gives

Uαµ(0) 5
∞∑
j=1

aj

∫
Gj
|y|α−n dµj

5 2n−α
∞∑
j=1

aj2
j(n−α)µj(Gj)

5 2n−α
∞∑
j=1

{aj2j(n−α)Cα(Ej) + 2−j} <∞.

On the other hand, if x ∈ Ej, then∫
|x− y|α−n dµ(y) = aj

∫
Gj
|x− y|α−n dµj(y) = aj/2,

so that (5.3) follows.

Theorem 5.3. For any µ ∈ M, if Uαµ 6≡ ∞, then |x − x0|n−αUαµ(x) has α-fine
limit µ({x0}) at any point x0.

Proof. As in the proof of Theorem 5.1, we may assume that x0 is the origin, and
write

Uαµ(x) = u1(x) + u2(x).

Since |x|/|x− y| 5 2 if y ∈ Rn −B(x, |x|/2), we see by Lebesgue’s dominated conver-
gence theorem that

(5.5) lim
x→0
|x|n−αu2(x) = µ({0}).

Let {aj} be a sequence of positive numbers such that lim
j→∞

aj =∞ and

(5.6)
∞∑
j=1

ajµ(Gj) <∞,

where Gj = {x : 2−j−1 < |x| < 2−j+2}. Letting Bj = B(0, 2−j+1)−B(0, 2−j) as before,
we define

Ej = {x ∈ Bj : u1(x) > a−1
j 2j(n−α)}.
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If x ∈ Ej, then

2j(n−α)a−1
j < u1(x) 5

∫
Gj
|x− y|α−n dµ(y),

so that it follows from the definition of Cα that

Cα(Ej) 5 aj2
−j(n−α)µ(Gj).

If we set E =
∞⋃
j=1

Ej, then E is seen to be α-thin at 0, on account of (5.6). Further,

as in the proof of Theorem 5.1, we see that

lim
x→0,x 6∈E

|x|n−αu1(x) = 0.

In view of (5.5), it follows that

lim
x→0,x 6∈E

|x|n−αUαµ(x) = µ({0}),

as required.

The following can be proved in the same way as Theorem 5.2.

Theorem 5.4. If E is α-thin at 0, then there exists a measure µ such that Uαµ 6≡ ∞
and

lim
x→0,x∈E

|x|n−αUαµ(x) =∞.

2.6 Logarithmic potentials

For a measure µ on Rn, we define the logarithmic potential of µ by setting

Unµ(x) =
∫

Un(x− y) dµ(y) =
∫

log
1

|x− y|
dµ(y).

Theorem 6.1. For any measure µ, the following assertions are equivalent:

(6.1) −∞ < Unµ 6≡ ∞;

(6.2)
∫

log(2 + |y|) dµ(y) <∞.

Proof. Write

Unµ(x) =
∫
B(x,1)

log
1

|x− y|
dµ(y)−

∫
Rn−B(x,1)

log |x− y| dµ(y)

= u+(x)− u−(x).
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First note that if u−(x) <∞ for some x, then (6.2) holds. Further, if (6.2) holds, then
u−(x) <∞ for all x. On the other hand,∫

B(0,N)
u+(x) dx =

∫
B(0,N+1)

(∫
B(y,1)

log
1

|x− y|
dx

)
dµ(y)

5 Mµ(B(0, N + 1)) <∞,

which implies that u+ ∈ L1
loc(R

n). Thus (6.1) and (6.2) are equivalent to each other.

Remark 6.1. If (6.1) or (6.2) of Theorem 6.1 holds, then Unµ is lower semicontin-
uous on Rn.

For a set E j B, we define a logarithmic capacity by setting

C(1)
n (E) = inf µ(B),

where the infimum is taken over all measures µ such that∫
log

2

|x− y|
dµ(y) = 1 for any x ∈ E.

Then it is easy to see that C(1)
n is a nondecreasing, countably subadditive, and outer

capacity on the family of subsets of the unit ball B. A set E is logarithmically thin,
or simply, n-thin at x0 ∈ B if

∞∑
j=1

jC(1)
n (Ê(x0, 2

−j+1)) <∞,

where Ê(x0, 2
−j+1) = E ∩ B(x0, 2

−j+1) − B(x0, 2
−j) as before. A function f has an

n-fine limit ` at x0 if f(x)→ ` as x tends to x0, except for a set E which is n-thin at
x0.

Theorem 6.2. For any µ ∈M(B) satisfying (6.2), Unµ has an n-fine limit Unµ(x0)
at any point x0 ∈ B.

Proof. Since Unµ is lower semicontinuous, it suffices to treat the case when
Unµ(x0) <∞. For x 6= x0, write Unµ(x) = u1(x) + u2(x), where

u1(x) =
∫
B(x,|x−x0|/2)

log
1

|x− y|
dµ(y),

u2(x) =
∫

B−B(x,|x−x0|/2)
log

1

|x− y|
dµ(y).

If |x− y| = |x− x0|/2, then |x0− y| 5 |x0− x|+ |x− y| 5 3|x− y|, so that Lebesgue’s
dominated convergence theorem gives

(6.3) lim
x→x0

u2(x) = Unµ(x0).
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Since Unµ(x0) <∞,
∞∑
j=1

j µ(Gj) <∞,

where Gj = {x : 2−j−1 < |x − x0| < 2−j+2}. Hence we can find a sequence {aj} of
positive numbers such that lim

j→∞
aj =∞ and

(6.4)
∞∑
j=1

jajµ(Gj) <∞.

Letting Bj = B(x0, 2
−j+1)− B(x0, 2

−j), we consider Ej = {x ∈ Bj : u1(x) > a−1
j } and

E =
∞⋃
j=1

Ej. Note that if x ∈ Ej and j = 2, then

u1(x) 5
∫
Gj

log
2

|x− y|
dµ(y),

so that
C(1)
n (Ej) 5 ajµj(Gj).

Thus we see from (6.4) that E is n-thin at x0 and

0 5 lim sup
x→x0,x∈Rn−E

u1(x) 5 lim sup
j→∞

a−1
j = 0.

In view of (6.3), it follows that

lim
x→x0,x∈Rn−E

Unµ(x) = Unµ(x0),

as required.

In the same manner as Theorem 5.3, we can prove the following result.

Theorem 6.3. Let µ ∈ M(B) satisfy (6.2). Then, for x0 ∈ B, there exists a set
E which is n-thin at x0 and satisfies

lim
x→x0,x∈Rn−E

[
log

1

|x− x0|

]−1

Unµ(x) = µ({x0}).

Remark 6.2. For R > 0 and a set E j B(0, R), we define

C(R)
n (E) = inf µ(Rn),

where the infimum is taken over all measures µ ∈M(B(0, R)) such that∫
log

2R

|x− y|
dµ(y) = 1 for any x ∈ E.

Then we have the following results.
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(1) C(R)
n is an nondecreasing, countably subadditive, and outer capacity on the family

of subsets of B(0, R).

(2) For E j B(0, R) and R′ > R, C(R)
n (E) = 0 if and only if C(R′)

n (E) = 0.

(3) Let E j B(0, R), x0 ∈ B(0, R) and 0 < R < R′. Then

∞∑
j=1

jC(R)
n (Ej) <∞ if and only if

∞∑
j=1

jC(R′)
n (Ej) <∞,

where Ej = Ê(x0, 2
−j+1) = {x ∈ E : 2−j 5 |x− x0| < 2−j+1}; in this case, E will

be called n-thin at x0 (with respect to C(R)
n ).

(4) Let x0 ∈ B. Then a set E is n-thin at x0 if and only if

∞∑
j=1

jC(2−j+2)
n (Ê(x0, 2

−j+1)) <∞.

We show only (4). For this purpose, take µ ∈M(B) such that∫
log

2

|x− y|
dµ(y) = 1 for any x ∈ Ej = Ê(x0, 2

−j+1).

Then note that∫
log

2

|x− y|
dµ(y) 5

∫
Gj

log
2−j+3

|x− y|
dµ(y) + (j + 2)(log 2)µ(B),

so that

C(2−j+2)
n (Ej) 5

µ(Gj)

1− (j + 2)(log 2)µ(B)
,

whenever 1− (j + 2)(log 2)µ(B) > 0. This implies that

C(2−j+2)
n (Ej) 5

C(1)
n (Ej)

1− (j + 2)(log 2)C
(1)
n (Ej)

,

whenever 1− (j + 2)(log 2)C(1)
n (Ej) > 0. Hence, if jC(1)

n (Ej) is small enough, then we
have

C(2−j+2)
n (Ej) 5 2−1C(1)

n (Ej).

Thus it follows that the n-thinness of E at x0 implies the required inequality. The
converse is trivial.

Remark 6.3. For a general set E j Rn, we write Cn(E) = 0 when

C(R)
n (E ∩B(0, R)) = 0
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for any R > 0; in this case, E is said to be of logarithmic capacity zero. Note that
Cn(E) = 0 if and only if there exists a measure µ0 on Rn satisfying (6.2) such that
Unµ0(x) =∞ for any x ∈ E.

Theorem 6.4. Let λ = µ− ν for µ, ν ∈M(B). If λ(B) = 0, that is, µ(B) = ν(B)
and ∫ ∫

| log |x− y|| dµ(x)dµ(y) +
∫ ∫

| log |x− y|| dν(x)dν(y) <∞,

then ∫ ∫
log

1

|x− y|
dλ(x)dλ(y) = ωn

∫ (
Un/2λ(z)

)2
dz = 0.

Proof. Let R > 1. We show that

(6.5)
∫
B(0,R)

|x− z|−n/2|z − y|−n/2 dz = ωn log
1

|x− y|
+ MR + I,

for all x, y ∈ B, where MR is a constant and |I(x, y)| 5M/R with a positive constant
M . In fact, letting ` = |x− y| and e = (x− y)/`, we have

J(R) ≡
∫
B(0,R)

|x− z|−n/2|z − y|−n/2 dz

=
∫
B(x,R)

|x− z|−n/2|z − y|−n/2 dz + I1

=
∫
B(0,R)

|z|−n/2|(x− y)− z|−n/2 dz + I1

=
∫
B(0,R/`)

|z|−n/2|e− z|−n/2 dz + I1

=
∫
B(0,R)

|z|−n/2|e− z|−n/2 dz

+
∫
B(0,R/`)−B(0,R)

|z|−n/2|e− z|−n/2 dz + I1

= MR +
∫
B(0,R/`)−B(0,R)

|z|−n/2|e− z|−n/2 dz + I1,

where |I1| 5 M/R and MR =
∫
B(0,R)

|z|−n/2|e− z|−n/2 dz is constant for e ∈ S. On

the other hand,

J(R) = MR +
∫
B(0,R/`)−B(0,R)

|z|−n dz + I2 + I1

= MR + ωn(log 1/`) + I1 + I2;

here note that

|I2| =

∣∣∣∣∣
∫
B(0,R/`)−B(0,R)

{|z|−n/2|e− z|−n/2 − |z|−n} dz
∣∣∣∣∣

5 M
∫
B(0,R/`)−B(0,R)

|z|−n−1 dz 5M/R.
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Thus (6.5) follows. Since λ has vanishing total mass, we see that

∫ ∫ (∫
B(0,R)

|x− z|−n/2|z − y|−n/2 dz
)
dλ(x)dλ(y)

= ωn

∫ ∫
log

1

|x− y|
dλ(x)dλ(y) +

∫ ∫
I dλ(x)dλ(y).

Since ∣∣∣∣∫ ∫
I dλdλ

∣∣∣∣ 5 M

R

∫ ∫
d(µ+ ν)d(µ+ ν) =

M

R
{µ(B) + ν(B)}2 → 0

as R→∞, the required equality now follows by Fubini’s theorem.

Remark 6.4. If α > 0, β > 0 and α + β = n, then

M−1 log
3R

|x− y|
5
∫
B(0,R)

|x− z|α−n|z − y|β−n dz 5M log
3R

|x− y|

whenever x, y ∈ B(0, R), with a positive constant M independent of R.

In case n = 2, we see that∫
S

log
1

|x− y|
dS(y) = 0 whenever x ∈ B

(see Remark 2.2 in Chapter 3). Hence if µ is a positive measure with support in B,
then ∫ ∫

log
1

|x− y|
dµ(x)dµ(y) = 2π

∫
(U1λ(z))2 dz = 0

for dλ = dµ− [µ(B)/2π]dS|S.

Corollary 6.1. Let n = 2. If µ is a nonnegative measure on B with energy zero,
then µ = 0.

2.7 Relationship between Hausdorff measures and

capacities

Before giving a relationship between capacities and Hausdorff measures, we prepare
several elementary results for Riesz capacities.

For a set E and r > 0, write

rE = {rx : x ∈ E}.
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Theorem 7.1. If α < n, then

(7.1) Cα(rE) = rn−αCα(E).

For logarithmic capacities,

(7.2) C(1)
n (rE) 5

C(1)
n (E)

1 + (log 1/r)C
(1)
n (E)

whenever E j B, rE j B and 1 + (log 1/r)C(1)
n (E) > 0.

Proof. First consider the case α < n. For a nonnegative measure µ, we consider
the measure defined by

µr(B) = µ(r−1B) for Borel sets B.

Note that Uαµr(rx) = rα−nUαµ(x). Thus it follows that

Cα(rE) 5 rn−αµr(R
n) = rn−αµ(Rn),

which proves that
Cα(rE) 5 rn−αCα(E).

Apply this inequality and obtain

Cα(E) = Cα(r−1(rE)) 5 r−n+αCα(rE) 5 Cα(E).

Next consider the case α = n. Let µ be a measure on B such that∫
log

2

|x− y|
dµ(y) = 1 whenever x ∈ E.

Then, as above, we have∫
log

2

|rx− z|
dµr(z) = 1 + log

1

r
µ(B)

for x ∈ E. Hence it follows that

Cn(rE) 5
µ(B)

1 + (log 1/r)µ(B)
,

which implies (7.2).

It is convenient to define

Uα(r) =


rα−n, α < n,

log
1

r
, α = n,
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and

Uα(x) = Uα(|x|).

Theorem 7.2. 0 < Cα(B) <∞.

In fact, if α < n, then we note that∫
B
|x− y|α−ndy = 2α−n|B| = c for any x ∈ B,

so that

Cα(B) 5 c−1|B| = 2n−α.

On the other hand, in view of Remark 1.2, we see that∫
B
|x− y|α−ndy 5

∫
B(x,1)

|x− y|α−ndy

=
∫

B
|y|α−ndy = ωn/α ≡ d

for any x. Hence,

cα(B) = d−1|B| > 0.

The logarithmic case α = n can be proved similarly.

Corollary 7.1. In case α < n,

Cα(B(x, r)) = cαr
n−α

for any ball B(x, r) with cα = Cα(B). In the logarithmic case, there exists cn > 0 such
that

c−1
n [Un(r)]−1 5 C(1)

n (B(x, r)) 5 cn[Un(r)]−1

for any ball B(x, r) such that B(x, r) j B(0, 1/2).

Theorem 7.3 (Dini’s theorem). Let fj, j = 1, 2, ..., be upper semicontinuous on
a compact set K. If fj(x) decreases to 0 for each x ∈ K, then fj(x) converges to 0
uniformly on K.

Proof. For ε > 0, set Gj = {x ∈ K : fj(x) < ε}. Then Gj is relatively open in K,

Gj j Gj+1 and
∞⋃
j=1

Gj k K. Hence by the compactness of K there exists j0 for which

Gj0 k K, which means that

fj(x) < ε for all x ∈ K and j = j0 .

Thus the convergence is uniform on K.
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Theorem 7.4. If Uαµ is continuous on a compact set K, then there exists a
function k such that

(7.3) lim
r→0

k(r)/Uα(r) =∞

and the potential
∫

k(|x− y|)dµ(y) is bounded on K.

Proof. Consider the functions

uj(x) =
∫

min{Uα(x− y), j}dµ(y),

which are continuous on K. Since uj increases to a continuous function Uαµ pointwise
on K, Dini’s theorem implies that the convergence is uniform on K. Hence, for any
positive integer m, find j(m) such that∫

km(|x− y|)dµ(y) < 2−m for all x ∈ K,

where km(r) = Uα(r)−min{Uα(r), j(m)}. Now consider the function

k(r) =
∞∑
m=1

mkm(r).

Then
lim inf
r→0

k(r)/Uα(r) = lim inf
r→0

mkm(r)/Uα(r) = m

for any m, which implies (7.3). On the other hand,∫
k(|x− y|)dµ(y) =

∞∑
m=1

m
∫

km(|x− y|)dµ(y) <
∞∑
m=1

m2−m <∞

for any x ∈ K.

Theorem 7.5. If H[Uα]−1(E) <∞, then Cα(E) = 0.

Proof. We prove this theorem in case α < n. For simplicity, write hα = H[Uα]−1 .
If hα(E) = 0, then it is not difficult to show that Cα(E) = 0. In fact, for given ε > 0,
there exists a covering {B(xj, rj)} of E such that rj < ε and

∞∑
j=1

[Uα(rj)]
−1 < ε.

By a covering lemma (see Theorem 10.1 in Chapter 1), choose a disjoint subfamily
{B(xj(m), rj(m))} such that {B(xj(m), 5rj(m))} covers E. Hence

Cα(E) 5 Cα(
∞⋃
m=1

B(xj(m), 5rj(m)))

5
∞∑
m=1

Cα(B(xj(m), 5rj(m)))

5 cα
∞∑
m=1

[Uα(5rj(m))]
−1 5Mε,
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which shows that Cα(E) = 0. Now we show the general case. First find a Gδ set E∗

such that E j E∗ and hα(E∗) < ∞. We show that Cα(K) = 0 when assuming that
0 < hα(K) <∞, for a compact set K j E∗. If Cα(K) > 0, then Theorems 1.5 and 4.3
give a continuous potential Uαµ of a positive measure µ supported by K. Now take a
kernel function k as in Theorem 7.4, and consider the capacities

Ck(A) = inf
{
µ(Rn) :

∫
k(|x− y|) dµ(y) = 1 for all x ∈ A

}
and

ck(A) = sup
{
ν(Rn) : Sν j A and

∫
k(|x− y|) dµ(y) 5 1 for all x ∈ Rn

}
,

in the same manner as α-capacities. We see here that

ck(K) > 0

and

Ck(e) = ck(e) whenever e is compact

as in Theorem 4.3, through minimax lemma. We show below that Ck(K) = 0 on the
contrary. For this purpose, if δ > 0 is given, then take a covering {B(xj, rj)} of K such
that 0 < rj < δ and ∑

j

[Uα(rj)]
−1 < 2hα(K).

Letting M(r) = inf
0<t<r

k(t)/Uα(t), we note that

∫
B(x,r)

k(|z − y|) dy =M(2r)Uα(2r)|B(x, r)| whenever z ∈ B(x, r),

so that

Ck(B(x, r)) 5 [M(2r)Uα(2r)|B(x, r)|]−1
∫
B(x,r)

dy = [M(2r)Uα(2r)]−1.

It follows that

Ck(K) 5
∑
j

Ck(B(xj, rj)) 5 [M(2δ)]−1
∑
j

[Uα(2rj)]
−1 5M [M(2δ)]−1hα(K),

which proves by letting δ → 0

Ck(K) = 0.

Thus a contradiction follows, and hence Cα(K) = 0 as required.

We recall that a function h is a measure function if h is positive nondecreasing on
the interval (0,∞) and satisfies the doubling condition.
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Theorem 7.6. Let h be a measure function such that

(7.4)
∫ 1

0
h(r)rα−n−1dr <∞.

If Cα(E) = 0, then Hh(E) = 0.

Proof. Suppose α < n and E is a Borel set with Hh(E) > 0. Then there exists a
compact subset K of E such that Hh(K) > 0. In view of Frostman’s theorem, we can
find a positive measure µ such that

µ(B(x, r)) 5 h(r) for any ball B(x, r).

Then we see that∫
Uα(x− y) dµ(y) =

∫ ∞
0

Uα(r) dµ(B(x, r))

=
∫ ∞

0
µ(B(x, r)) d(−Uα(r)),

which is bounded by (7.4). Thus cα(K) > 0, and hence Cα(K) > 0 by Theorem 4.3.
Now a contradiction follows.

Corollary 7.2. If Cα(E) = 0, then Hn−α+δ(E) = 0 for any δ > 0; in this case, E
is said to have Hausdorff dimension at most n− α.

2.8 Radial limits

As applications of fine limit result, we give radial limit results. For this purpose, we
need the following lemma.

Lemma 8.1. Let f be a Lipschitz mapping from a compact set K to a compact set
K ′ = f(K), that is,

|f(x)− f(y)| 5 A|x− y| whenever x, y ∈ K,

where A is a positive constant. If E j K and α < n, then

(8.1) Cα(f(E)) 5 An−αCα(E);

in the logarithmic case,
C(2)
n (f(E)) 5MC(2)

n (E)

with a positive constant M , whenever E j K j B(0, 2) and K ′ j B(0, 2).

Proof. We show the case α < n only. Let µ be a measure such that

Uαµ(x) = 1 whenever x ∈ E.
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If we define a measure ν be setting

ν(X) = µ(f−1(X)) for X j Rn,

then we see that
Uαν(f(x)) = Aα−nUαµ(x),

so that
Cα(f(E)) 5 An−αν(Rn) = An−αµ(Rn).

Thus (8.1) follows.

For a set E, we define the radial projection to S by

Ẽ = {ξ ∈ S : rξ ∈ E for some r > 0}.

Lemma 8.2. If E is α-thin at the origin, then

(8.2) Cα(
∞⋂
k=1

∞⋃
j=k

Ẽj) = 0,

where Ej = E ∩B(0, 2−j+1)−B(0, 2−j).

Proof. We show the case α < n only. In this case, by Theorem 7.1,

Cα(2jEj) = 2j(n−α)Cα(Ej).

By considering the contraction mapping: x → x/|x| from Rn − B to S, Lemma 8.1
yields

Cα(Ẽj) = Cα((2jEj)
∼) 5 Cα(2jEj).

Hence it follows that
Cα(Ẽj) 5 2j(n−α)Cα(Ej)

and then by the subadditivity of Cα

Cα(
∞⋃
j=k

Ẽj) 5
∞∑
j=k

2j(n−α)Cα(Ej).

Since E is α-thin at 0 by assumption, the right-hand side tends to zero as k →∞ and
then (8.2) follows.

Theorem 8.1. Let µ be a measure on Rn for which |Uαµ| 6≡ ∞. Then there exists
a set E j S such that Cα(E) = 0 and

(8.3) lim
r→0

Uαµ(rξ) = Uαµ(0) whenever ξ ∈ S− E.
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Proof. By Theorem 5.1, there exists a set E such that E is α-thin at 0 and

(8.4) lim
x→0,x∈Rn−E

Uαµ(x) = Uαµ(0).

As in Lemma 8.2, we consider the set

E∗ =
∞⋂
k=1

 ∞⋃
j=k

Ẽj

 .
Then Cα(E∗) = 0 by Lemma 8.2. Further, if ξ ∈ S−E∗, then we can find k such that

ξ 6∈
∞⋃
j=k

Ẽj,

that is,

rξ 6∈
∞⋃
j=k

Ej = E ∩B(0, 2−k+1) whenever 0 < r < 2−k+1,

which together with (8.4) implies that (8.3) holds for this ξ.

In the same way we have by Theorem 5.3,

Theorem 8.2. Let µ be a measure on Rn for which |Uαµ| 6≡ ∞. Then there exists
a set E j S such that Cα(E) = 0 and

lim
r→0

[Uα(r)]−1Uαµ(rξ) = µ({0}) whenever ξ ∈ S− E.

2.9 Energy integral

In case α < n, for measures µ and ν, we define the mutual α-energy by the integral

Eα(µ, ν) =
∫

Uαµ(x) dν(x);

We call Eα(µ) = Eα(µ, µ) the α-energy of µ, and set

Eα = {µ : Eα(µ) <∞}.

By the Riesz composition formula, we have the following inequality.

Theorem 9.1. For measures µ and ν,

Eα(µ, ν) 5
√
Eα(µ)

√
Eα(ν).
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Lemma 9.1. Let {µj} j Eα. If Eα(µj) are bounded, then there exist µ0 ∈ Eα and
a subsequence {µj(k)} such that {µj(k)} converges vaguely to µ0 and

(9.1) lim
k→∞

Eα(µj(k), ν) = Eα(µ0, ν) for all ν ∈ Eα .

Proof. In view of Corollary 1.2, {Uα/2µj} is bounded in L2. Hence, by Theorem
12.9 in Chapter 1, we can find a subsequence {µj(k)} such that {Uα/2µj(k)} converges
to a function f0 weakly in L2, that is,

lim
k→∞

∫
Uα/2µj(k) g dx =

∫
f0 g dx for all g ∈ L2.

For an open ball B = B(a, r), let χB denote the characteristic function of B. Then we
see that UαχB is continuous on Rn and vanishes at infinity, so that χB ∈ Eα. Further,
since UαχB(x) = (2r)α−n|B| = c for x ∈ B = B(a, r), we note that

µj(B) 5 c−1
∫

UαχB dµj 5 c−1
√
Eα(χB)

√
Eα(µj).

Thus {µj(B)} is bounded, so that we can find a subsequence {µj(k′)} of {µj(k)} which
converges vaguely to a measure µ0. Let ϕ ∈ C∞0 (Rn). Setting ψ = Uα/2ϕ, we show
that

(9.2) lim
k′→∞

∫
ψ dµj(k′) =

∫
ψ dµ0 =

∫
Uα/2µ0 ϕ dy.

If fN is a continuous function on Rn such that fN = 1 on B(0, N), fN = 0 outside
B(0, 2N) and 0 5 fN 5 1 on Rn, then

lim
k′→∞

∫
ψ fN dµj(k′) =

∫
ψ fN dµ0.

Since |ψ(x)| 5M(1+|x|)α/2−n, we see that |ψ(1−fN)| 5MUα/2χB(a,1) on Rn whenever
N is large enough, say N = N(a), so that∫

|ψ(1− fN)| dµj 5M
∫

Uα/2χB(a,1) dµj = M
∫
B(a,1)

Uα/2µj dy.

Hence we have for large N ,

lim sup
k′→∞

∣∣∣∣∫ ψ dµj(k′) −
∫

ψ dµ0

∣∣∣∣
5 lim sup

k′→∞

∫
|ψ(1− fN)| dµj(k′) +

∫
|ψ(1− fN)| dµ0

5 M lim sup
k′→∞

(∫
B(a,1)

Uα/2µj(k′)(y) dy +
∫
B(a,1)

Uα/2µ0(y) dy

)

5 M

(∫
B(a,1)

f0(y) dy +
∫
B(a,1)

Uα/2µ0(y) dy

)

5 M


(∫

B(a,1)
[f0(y)]2 dy

)1/2

+

(∫
B(a,1)

[Uα/2µ0(y)]2 dy

)1/2
 .
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Letting |a| → ∞, we obtain (9.2). Now we find

lim
k′→∞

∫
ψ dµj(k′) = lim

k′→∞

∫
Uα/2ϕ dµj(k′)

= lim
k′→∞

∫
Uα/2µj(k′) ϕ dy =

∫
f0 ϕ dy.

Hence it follows that Uα/2µ0 = f0. If we note that

lim
k′→∞

Eα(µj(k′), ν) = a(α/2, α/2) lim
k′→∞

∫
Uα/2µj(k′)(y)Uα/2ν(y) dy

= a(α/2, α/2)
∫

f0(y)Uα/2ν(y) dy

= a(α/2, α/2)
∫

Uα/2µ0(y)Uα/2ν(y) dy

= Eα(µ0, ν)

for ν ∈ Eα, then (9.1) holds, and the proof is completed.

Denote by Eα be the family of all measures µ with finite α-energy, and by Eα the
space of all differences of measures in Eα. If λ = µ− ν for µ, ν ∈ Eα, then define

Eα(µ− ν) = Eα(µ− ν, µ− ν)

= Eα(µ, µ)− 2Eα(µ, ν) + Eα(ν, ν)

= a(α/2, α/2)
∫

[Uα/2µ− Uα/2ν]2 dx.

In view of Theorem 9.1, Eα(·) is a norm in Eα. In fact we have

Lemma 9.2. For µ, ν ∈ Eα,

(9.3)
∣∣∣∣√Eα(µ)−

√
Eα(ν)

∣∣∣∣ 5 √Eα(µ− ν).

Lemma 9.3. The mutual α-energy Eα(·, ·) defines an inner product in the space
Eα.

In fact, Eα(µ − ν) = 0, and Eα(µ − ν) = 0 if and only if µ = ν, with the aid of
Corollary 2.5. Further, if λ1, λ2 ∈ Eα, then

(9.4) |Eα(λ1, λ2)| 5
√
Eα(λ1)

√
Eα(λ2).

Theorem 9.2. Let µj ∈ Eα for each j. If {µj} is a Cauchy sequence in Eα, that
is, lim

j,k→∞
Eα(µj − µk) = 0, then there exists µ0 ∈ Eα for which

lim
j→∞

Eα(µj − µ0) = 0.
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Proof. By Lemma 9.2, {Eα(µj)} is a Cauchy sequence, so that by Lemma 9.1,
there exists µ0 ∈ Eα such that

lim
j→∞

Eα(µj − µ0, ν) = 0

for any ν ∈ Eα. We have

Eα(µj − µ0) = lim
k→∞

Eα(µj − µk, µj − µ0)

5 lim sup
k→∞

√
Eα(µj − µk)

√
Eα(µj − µ0)

5 lim sup
k→∞

√
Eα(µj − µk){

√
Eα(µj) +

√
Eα(µ0)},

which tends to zero as j →∞, or

lim
j→∞

Eα(µj − µ0) = 0.

Remark 9.1. The space Eα is not complete with respect to the norm Eα.

In fact, letting µr =
1

|B(0, r)|
χB(0,r), we note that

Uαµr(x) = rα(Uαµ1)(x/r).

Hence Uαµr converges to Uαµ1 uniformly on Rn as r → 1. Choose r(j) so that r(j) ↓ 1
and |Uαµr(j) − Uαµ1| 5 2−j on Rn. Now define

λk = kµ1 −
k∑
j=1

µr(j)

for each positive integer k. Then

Eα(λk − λk+1) =
∫

[Uαµ1 − Uαµr(k+1)] d(µ1 − µj(k+1))

5
∫
|Uαµ1 − Uαµr(k+1)| d(µ1 + µj(k+1)) 5 2−k,

which implies that {Eα(λk)} is a Cauchy sequence. Suppose {Eα(λk − λ)} → 0 for
some signed measure λ. Then we see that for any ϕ ∈ C∞0 (Rn),

lim
k→∞

∫
ϕ dλk =

∫
ϕ dλ

with the aid of Theorem 2.9. On the other hand, if ϕm ∈ C∞0 (Rn), ϕm = 1 on
B(0, 2)−B(0, r(m)) and ϕm = 0 on B(0, r(m+ 1)) ∪ (Rn −B(0, 3)), then∫

ϕm dλ = lim
k→∞

∫
ϕm dλk = −m.

On the other hand, ∣∣∣∣∫ ϕm dλ
∣∣∣∣ 5 ∫

B(0,3)
d|λ| <∞,

which yields a contradiction.
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2.10 Gauss variation

If a property holds on G except for a set of Cα-capacity zero, then we say that the
property holds α-q.e. on G.

Throughout this section, let α < n.

Theorem 10.1. If K is a compact set in Rn with Cα(K) > 0, then there exists a
measure µK ∈ Eα(K) = Eα ∩M(K) such that

(i) UαµK(x) = 1 α-q.e. on K;

(ii) UαµK(x) 5 1 for any x ∈ SµK .

Proof. Denoting by M1(K) the family of all unit measures in M(K), we set

Eα,1(K) = Eα ∩M1(K).

Now consider the quantity

A = inf{Eα(µ) : µ ∈ Eα,1(K)}.

Since cα(K) = Cα(K) > 0 with the aid of Theorem 4.3, Eα,1(K) is seen to be non-
empty, so that A is finite. Hence there exists a sequence {µj} j Eα,1(K) such that
{µj} converges vaguely to µ0 and

A = lim
j→∞

Eα(µj).

Noting that

A 5 Eα((µj + µk)/2) = 2−1Eα(µj) + 2−1Eα(µk)− 4−1Eα(µj − µk),

we insist that

Eα(µj − µk)→ 0 as j, k →∞.

Thus, in view of Theorem 9.2, we see that µ0 ∈ Eα and

lim
j→∞

Eα(µj − µ0) = 0.

Further note that µ0 is supported by K, µ0(K) = 1 and

(10.1) A = Eα(µ0) > 0.

On the other hand, if 0 < t < 1 and µ ∈ Eα,1(K), then (1 − t)µj + tµ ∈ M1(K), so
that

A 5 Eα((1− t)µj + tµ).



2.10 Gauss variation 99

This proves, by letting j →∞, that

−2tEα(µ0, µ0 − µ) + t2Eα(µ0 − µ) = 0.

By dividing both sides by t and then letting t→ 0, we obtain

Eα(µ0, µ0 − µ) 5 0,

or

(10.2) A = Eα(µ0, µ0) 5 Eα(µ0, µ).

From (10.2), we can show that Uαµ0(x) = A on K except for a set of cα-capacity zero,
so that

Uαµ0(x) = A α-q.e. on K.

Suppose Uαµ0(x0) > A for x0 ∈ Sµ0 . By the lower semicontinuity, we can find a
ball B = B(x0, r0) for which we see that

Uαµ0(x) > A whenever x ∈ B .

Taking ψ ∈ C∞0 (B) such that 0 5 ψ 5 1 on Rn and ψ(x0) > 0, we define ν0(t) =
(1− tψ)µ0 for |t| < 1 and a0(t) = ν0(t)(Rn). Then, considering ν0(t)/a0(t) ∈ Eα,1(K),
we have by (10.2)

A 5 Eα(µ0, ν0(t)/a0(t)).

Consequently,

A 5 Eα(µ0, ν0(t)/a0(t)) = A/a0(t)− t/a0(t)
∫

Uαµ0 ψ dµ0.

Letting t ↑ 0 and t ↓ 0, we have∫
Uαµ0 ψ dµ0 = A

∫
ψ dµ0,

which follows a contradiction. Thus

Uαµ0(x0) 5 A

as required. Finally, in view of (10.1), we see that

µ0({x ∈ Sµ0 : Uαµ0(x0) < A}) = 0.

Thus µK = µ0/A satisfies all the required conditions.

Remark 10.1. As seen above,

Cα(K) 5 µK(K) 5 2n−αCα(K).
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In case α 5 2, it will be shown, by applying maximum principle for subharmonic
functions, that

µK(K) = Cα(K) = [inf{Eα(µ) : µ ∈ Eα,1(K)}]−1 .

Theorem 10.2. If G is a non-empty open set in Rn such that Cα(G) < ∞, then
there exists a measure µG ∈ Eα supported by G such that

(i) UαµG(x) = 1 for any x ∈ G;

(ii) UαµG(x) 5 1 for any x ∈ SµG ;

(iii) µG({x : UαµG(x) < 1}) = 0.

In fact, take a sequence {Kj} of compact sets in G such that

Kj j Int(Kj+1) and
∞⋃
j=1

Kj = G.

For each j, choose µj = µKj as in Theorem 10.1. In view of Remark 10.1,

Eα(µj) = µj(Kj) 5 2n−αCα(Kj) 5 2n−αCα(G),

and thus {Eα(µj)} is bounded. In view of Lemma 9.1, we may assume that {µj}
converges vaguely to a measure µ0 ∈ Eα. Since {Eα(µj)} is nondecreasing, Theorem
9.2 implies that

lim
j→∞

Eα(µj − µ0) = 0.

As in the proof of (9.2), we have

1 5 Eα(µ0, ν) whenever ν ∈ Eα,1(Kj).

Now applying this with ξB = |B|−1χB for a closed ball B in G, we see that µ0 satisfies
(i). Assertion (ii) can be proved in the same way as in the proof of Theorem 10.1, and
then µ0 satisfies (iii).

Theorem 10.3 (Gauss-Frostman). Let K be a compact set in Rn and f be a
positive continuous function on K. Then there exists a measure µf,K ∈ Eα(K) such
that

(i) Uαµf,K = f α-q.e. on K;

(ii) Uαµf,K 5 f on Sµf,K .



2.10 Gauss variation 101

Proof. If Cα(K) = 0, then we may take µ = 0; note here that Cα(K) = 0 if and
only if Eα(K) = {0}. Hence we may assume that Cα(K) > 0. Consider the Gauss
integral

V (µ) = Eα(µ)− 2
∫

f dµ

and consider the quantity

A = inf{V (µ) : µ ∈ Eα(K)}.

Clearly, A 5 0. Further, by Theorem 10.1, we have for µ ∈ Eα(K)∫
f dµ 5 (max f)Eα(µK , µ) 5 (max f)

√
Eα(µK)

√
Eα(µ),

from which it follows that
A = −(max f)2Eα(µK).

Thus A is finite. Hence there exists a sequence {µj} j Eα(K) such that

A = lim
j→∞

V (µj).

Since {Eα(µj)} is bounded, by Lemma 9.1 we may assume the existence of µ0 ∈ Eα(K)
such that

lim
j→∞

Eα(µj, ν) = Eα(µ0, ν)

for any ν ∈ Eα. Noting that

A 5 [V (µj) + V (µk)]/2− 4−1Eα(µj − µk),

we insist that {µj} is a Cauchy sequence and

lim
j→∞

Eα(µj − µ0) = 0.

Further note that

(10.3) A = V (µ0).

On the other hand, if 0 < t < 1 and ν ∈ Eα(K), then µ0 + tν ∈ Eα(K), so that

(10.4) Eα(µ0, ν) =
∫

f dν.

Similarly, if 0 < t < 1, then (1− t)µ0 ∈ Eα(K), which yields

(10.5)
∫

Uαµ0 dµ0 =
∫

f dµ0.

In view of (10.4), we see that

Uαµ0 = f α-q.e. on K.
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Further, it follows from (10.5) that

Uαµ0 5 f on Sµ0 .

Corollary 10.1. Let F be a closed set in Rn. If µ ∈ Eα, then there exists a
unique measure µF ∈ Eα(F ) = Eα ∩M(F ) such that

(i) UαµF = Uαµ α-q.e. on F ;

(ii) UαµF 5 Uαµ on SµF .

Proof. The above proof is applicable to the case f = Uαµ and hence we can find
µ0 ∈ Eα(F ) such that

(10.6) Eα(µ0, ν) = Eα(µ, ν) whenever ν ∈ Eα(F )

and

(10.7) Eα(µ0, µ0) = Eα(µ, µ0).

In view of these properties, we see that µ0 has the required properties. To show the
uniqueness, let µ1 ∈ Eα(F ) satisfy (i) and (ii). Then, replacing ν by µ1 in (10.6), we
have

Eα(µ0, µ1) = Eα(µ, µ1) = Eα(µ1, µ1),

and, conversely,
Eα(µ1, µ0) = Eα(µ, µ0) = Eα(µ0, µ0).

Hence it follows that
Eα(µ0 − µ1) 5 0,

so that µ1 = µ0.

In the logarithmic case, we show the following results.

Theorem 10.4. If K is a compact set in B with Cn(K) > 0, then there exist a
number A and a measure µ ∈ En,1(K) such that

(i) Unµ = A n-q.e. on K;

(ii) Unµ 5 A on Sµ.

Proof. As in the proof of Theorem 10.1, consider the quantity

L = inf
{∫ (∫

log(2/|x− y|) dµ(y)
)
dµ(x) : µ ∈ En,1(K)

}
.
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Since Cn(K) > 0, we see that L is finite. Hence, in the same way as in the proof of
Theorem 10.1, we find µ0 ∈ En,1(K) such that∫

log(2/|x− y|) dµ0(x) = L for n-q.e. x ∈ K,

∫
log(2/|x− y|) dµ0(y) 5 L for any x ∈ Sµ0

and

µ0

({
x :

∫
log(2/|x− y|) dµ0(y) < L

})
= 0.

Now we may take A = L− log 2.

Theorem 10.5. Let K be a compact set in Rn and f be a positive continuous
function on K. If Cn(K) > 0, then there exist a measure µ ∈ En,1(K) and a number γ
such that

(i) Unµ = f + γ n-q.e. on K;

(ii) Unµ 5 f + γ on Sµ.

For this purpose, let

V (µ) =
∫

Unµ(x) dµ(x)− 2
∫

f dµ

and consider the quantity

A = inf{V (µ) : µ ∈ En,1(K)}.

The remaining part of the proof is similar to that of Theorem 10.3.



Chapter 3

Harmonic functions

In the planar domains, real and imaginary parts of holomorphic functions are harmonic
by Cauchy-Riemann equations. Harmonic functions are characterized by the mean-
value property, and superharmonic functions satisfy the super-mean-value property.
The goal is the study of Dirichlet problem. In this chapter we deal with the classical
Dirichlet problem for the Laplace operator.

3.1 Harmonic functions

A locally integrable function u on G is called harmonic in G if it has the following
mean-value property:

u(x) =
1

|B|

∫
B
u(y) dy

for any ball B = B(x, r) with closure in G. It is easy to see that harmonic functions
are continuous.

Theorem 1.1. Let u ∈ L1
loc(G). Then the following are equivalent.

(1) u is harmonic in G.

(2) u ∈ C(G) and

u(x) =
1

|S(x, r)|

∫
S(x,r)

u(y) dS(y) whenever B(x, r) j G.

(3) u ∈ C2(G) and ∆u = 0 in G.

(4) u ∈ C(G) and
∫

u(x)∆ϕ(x) dx = 0 for any ϕ ∈ C∞0 (G).

Proof. (1) ⇒ (3) : Let ψ be a function in C∞0 (B) such that ψ is radial and∫
ψ dx = 1. For δ > 0, set

ψδ(x) = δ−nψ(x/δ)

104
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and consider the function defined by the convolution

u ∗ ψδ(x) =
∫

u(x− y)ψδ(y) dy,

which is well defined in Gδ = {x ∈ G : dist(x, ∂G) > δ}. If x ∈ Gδ, then we have by
Corollary 7.2 in Chapter 1

u ∗ ψδ(x) =
∫

u(x− y)ψδ(y) dy

= −
∫ (∫

B(0,r)
u(x− y) dy

)
ψ′δ(r) dr

= −
∫

(σnr
nu(x))ψ′δ(r) dr

= σnu(x)
∫

ψδ(r) d(rn)

= u(x)
∫

ψδ(y) dy = u(x).

It thus follows that u ∈ C2(G). The above considerations also imply

∆(u ∗ ψδ)(x) = (u ∗∆ψδ)(x)

= u(x)
∫

∆ψδ(y) dy = 0

on Gδ, which shows that ∆u = 0 in G. Hence (1) implies (3).
(3)⇒ (2) : For any fixed x ∈ G, define

Nx(y) = U2(x− y) =


|x− y|2−n in case n = 3,

log(1/|x− y|) in case n = 2.

Then easy computations imply that ∆Nx = 0 in Rn − {x}. Applying Green’s formula
in the ring domain R(a, b) = {y : a < |x− y| < b}, we have

0 =
∫
R(a,b)

{(∆u)Nx − u(∆Nx)} dy =
∫
∂R(a,b)

{unNx − u(Nx)n} dS(y),

where un denotes the normal derivative of u on the boundary. Here we note that in
case n = 3, ∫

S(x,r)
unNx dS = r2−n

∫
S(x,r)

un dS

= r2−n
∫
S(x,r)

∆u dy = 0

and ∫
S(x,r)

u(Nx)n dS = (2− n)r1−n
∫
S(x,r)

u dS.
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Thus we have

b1−n
∫
S(x,b)

u dS = a1−n
∫
S(x,a)

u dS.

The right-hand side tends to ωnu(x) as a→ 0, and hence

u(x) =
1

|S(x, b)|

∫
S(x,b)

u dS.

The case n = 2 is treated similarly, and hence (2) follows.
Applying polar coordinates about x, we see that (1) follows from (2). Thus (1), (2)

and (3) are equivalent to each other.
Since the implication (3)⇒ (4) is trivial, we have only to show that (4) implies one

of (1) ∼ (3). In fact we show that (4) implies (1).
(4)⇒ (1) : As in the first part of the proof, we consider the convolution u ∗ ψδ. If

(4) holds, then

∆(u ∗ ψδ)(x) =
∫

u(y)∆ψδ(x− y) dy = 0

for x ∈ Gδ, so that u∗ψδ is harmonic in Gδ in view of the implication (3)⇒ (1). Since
u ∗ ψδ is convergent to u locally uniformly in G as δ → 0, u ∗ ψδ and then u have the
mean-value property. Thus (4) implies (1), and the proof is completed.

Remark 1.1. Since ∆Nx = 0 on Rn − {x}, Nx is harmonic in Rn − {x} by the
implication (3) ⇒ (1). The function N(y) = N0(y) is called the fundamental solution
for the Laplacian, that is,

∆N = −anωnδ0

in the sense of distributions, where δ0 denotes the Dirac measure at the origin and

an =


n− 2 n = 3,

1 n = 2.

In fact, if ϕ ∈ C∞0 , then Green’s formula implies that

(1.1) ϕ(x) = − 1

anωn

∫
N(x− y)∆ϕ(y) dy.

Remark 1.2. If T is a distribution on G such that ∆T = 0 on G, that is, T is a
harmonic distribution on G, then the above proof shows that T ∗ψδ is harmonic in Gδ

and hence

(T ∗ ψδ) ∗ ψδ′ = T ∗ ψδ
in Gδ+δ′ . By letting δ → 0, we see that

T = T ∗ ψδ′
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on Gδ′ , so that T is considered as a usual harmonic function on G. This fact is known
as Weyl’s lemma.

The classical Dirichlet problem is that of finding a harmonic function u on G such
that

(1.2) u(x) = f(x) for all x ∈ ∂G

for a function f defined on the boundary. Here (1.2) is understood as

(1.3) u(x) ≡ lim
y→x,y∈G

u(y) = f(x) for all x ∈ ∂G.

If a solution u exists for a finite-valued initial data f , then f is continuous on ∂G
(see Theorem 6.1 given later). Further, by minimum and maximum principles (see
Corollary 2.2 given later), a solution is unique if it exists.

Green’s formula gives a good tool to solve the Dirichlet problem.

Theorem 1.2. Let D be a bounded domain for which Green’s formula holds. If
u ∈ C1(D) and u is harmonic in D, then

(1.4) u(x) =
1

anωn

∫
∂D
{unNx − u(Nx)n} dS(y)

for every x ∈ D.

Let B = B(a,R) be a ball. For x, consider the inversion of x with respect to
S(a,R):

x∗ = a+R2 x− a
|x− a|2

.

If x ∈ B(a,R) and y ∈ S(a,R), then we see that

|x∗ − y| = |x∗ − a||x− y|/R.

Since Nx∗(y) is harmonic in B(a,R), we have

(1.5)
∫
∂D
{unNx∗ − u(Nx∗)n} dS(y) = 0

in B(a,R). Consider the function

Gx(y) = Nx(y)−
(
|x∗ − a|
R

)n−2

Nx∗(y).

If u ∈ C1(B(a,R)) and u is harmonic in B(a,R), then we have by (1.4) and (1.5)

u(x) = − 1

anωn

∫
S(a,R)

u(y)(Gx)n(y) dS(y).
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Computing the normal derivative (Gx)n on S(a,R), we have the following result.

Theorem 1.3. If u is harmonic in B(a,R) and u is continuous on B(a,R), then

u(x) =
1

ωnR

∫
S(a,R)

R2 − |x− a|2

|x− y|n
u(y) dS(y)

for every x ∈ B(a,R).

In fact, if 0 < r < R, then

u(x) =
1

ωnr

∫
S(a,r)

r2 − |x− a|2

|x− y|n
u(y) dS(y)

for every x ∈ B(a, r), and hence the required result follows by letting r → R.

We say that

P (x, y) = PB(x, y) =
1

ωnR

R2 − |x− a|2

|x− y|n

is the Poisson kernel for B = B(a,R), which has the following properties :

(P1) For y ∈ S(a,R), P (·, y) is harmonic in B(a,R).

(P2) For y ∈ S(a,R), P (·, y) vanishes on S(a,R)− {y}.

(P3) For x ∈ B(a,R), ∫
S(a,R)

P (x, y) dS(y) = 1.

The last assertion can be obtained by considering u ≡ 1.

Theorem 1.4. If f is continuous on S(a,R), then

u(x) =
∫
S(a,R)

P (x, y)f(y) dS(y)

is the Dirichlet solution in B(a,R) for f .

Proof. It is easy to see that u is harmonic in B(a,R). Since f is continuous on
S(a, r), f is bounded, that is,

|f | 5M <∞ on S(a,R).

Let x0 ∈ S(a,R). Given ε > 0, find δ > 0 such that

|f(y)− f(x0)| < ε whenever |y − x0| < δ.
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Then (P2) gives∫
S(a,R)−B(x0,δ)

P (x, y)|f(y)− f(x0)| dS(y)

5 2M
∫
S(a,R)−B(x0,δ)

P (x, y) dS(y)→ 0 as x→ x0, x ∈ B(a,R).

Hence we have by (P3),

lim sup
x→x0,x∈B(a,R)

|u(x)− f(x0)|

5 lim sup
x→x0,x∈B(a,R)

∫
S(a,R)∩B(x0,δ)

P (x, y)|f(y)− f(x0)| dS(y)

5 ε lim sup
x→x0,x∈B(a,R)

∫
S(a,R)

P (x, y) dS(y) = ε,

which implies that
lim

x→x0,x∈B(a,R)
|u(x)− f(x0)| = 0

as required.

Theorem 1.5. Let u be a harmonic function on B(a,R). If u = 0 on B(a,R),
then there exists a measure µ supported by S(a,M) for which

(1.6) u(x) =
∫
S(a,R)

P (x, y) dµ(y)

whenever x ∈ B(a,R).

Proof. In view of Theorem 1.3, if 0 < r < R, then

u(x) =
∫
S(a,r)

PB(a,r)(x, y)u(y) dS(y)

whenever x ∈ B(a, r). Note, in view of the mean-value property, that∫
S(a,r)

u(y) dS(y) = |S(a, r)|u(a),

which is bounded. Hence there exist a measure µ and a sequence {rj} such that rj ↑ R
and the measure dµj = u dS|B(a,rj) converges vaguely to µ as j → ∞. If x ∈ B(a,R)
is fixed, then PB(a,rj)(x, ·) is uniformly convergent to PB(a,R)(x, ·) near S(a,R), so that

u(x) =
∫

PB(a,rj)(x, y) dµj(y)

→
∫

PB(a,R)(x, y) dµ(y) as j →∞.

Thus (1.6) holds, and the theorem is obtained.
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As applications of Poisson integral representation, we can show the following Har-
nack inequality for harmonic functions.

Theorem 1.6 (Harnack’s inequality). If u is a positive harmonic function on the
ball B(a,R), then(

R

R + r

)n−2 R− r
R + r

u(a) 5 u(x) 5
(

R

R− r

)n−2 R + r

R− r
u(a)

whenever r = |x− a| < R.

Proof. Let 0 < r < R′ < R. By Theorem 1.3, we see that

u(x) =
1

σnR′

∫
B(0,R′)

R′2 − r2

|x− y|n
u(y) dS(y).

Note here that
R′2 − r2

(R′ + r)n
5
R′2 − r2

|x− y|n
5

R′2 − r2

(R′ − r)n

for x ∈ S(a, r) and y ∈ S(a,R′). Since u is positive on B(a,R), we have

R′2 − r2

(R′ + r)nωnR′

∫
S(a,R′)

u(y) dS(y) 5 u(x) 5
R′2 − r2

(R′ − r)nωnR′
∫
S(a,R′)

u(y) dS(y).

By mean-value property, we find(
R′

R′ + r

)n−2
R′ − r
R′ + r

u(a) 5 u(x) 5

(
R′

R′ − r

)n−2
R′ + r

R′ − r
u(a),

which yields the required inequalities by letting R′ ↑ R.

Theorem 1.7 (Harnack’s principle). If {uj} is an increasing sequence of harmonic
functions on a domain D, then it converges to a harmonic function locally uniformly
in D if lim

j→∞
uj 6≡ ∞.

Proof. Denote the limit function by u. First we see from Lebesgue’s monotone
convergence theorem that u has mean-value property in D. Further, if u(a) < ∞ for
some a ∈ D, then Harnack’s inequality implies that(

R

R + r

)n−2 R− r
R + r

{u(a)− uj(a)} 5 u(x)− uj(x)

5
(

R

R− r

)n−2 R + r

R− r
{u(a)− uj(a)}

on B(a,R) j D. Hence {uj} converges to u uniformly on such ball. Since D is
connected, this must be true for all balls in D, and it follows that u is harmonic in D
and {uj} converges to u locally uniformly in D.
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If there is no a for which u(a) <∞, then u ≡ ∞.

Theorem 1.8. Let {uj} be a sequence of harmonic functions on a domain D. If
{uj} is uniformly bounded in D, that is,

M = sup
j
‖uj‖∞ <∞,

then there exists a subsequence {uj(k)} which converges locally uniformly in D.

Proof. Denote the gradient of v by ∇v. Let B(a, 2R) j D. By mean-value
property, we have for x ∈ B(a,R) j D

|∇uj(x)| =
1

|B(x,R)|

∣∣∣∣∣
∫
B(x,R)

∇uj(y) dy

∣∣∣∣∣
=

1

|B(x,R)|

∣∣∣∣∣
∫
S(x,R)

ujn dy

∣∣∣∣∣
5

1

|B(x,R)|
M |S(x,R)| = nM

R
,

where n denotes the normal on S(x,R). Hence it follows that

|uj(x)− uj(y)| 5
(

sup
B(a,R)

|∇uj|
)
|x− y| 5 nM

R
|x− y|

whenever x, y ∈ B(a,R). This implies that {uj} is equiuniformly continuous onB(a,R)
and, in particular, equicontinuous on D. By appealing the Ascoli-Arzelà theorem, we
can choose a subsequence {uj(k)} which converges locally uniformly in D.

3.2 Superharmonic functions

We say that a function s on G is superharmonic if

(S.1) s is lower semicontinuous in G;

(S.2) −∞ < s 6≡ ∞ on any component of G;

(S.3) s has the super-mean-value property in G, that is,

s(x) =
1

|B(x, r)|

∫
B(x,r)

s(y) dy whenever B(x, r) j G.

We say that s is subharmonic in G if −s is superharmonic in G. Then u is harmonic
in G if and only if u is superharmonic and subharmonic in G.

Lemma 2.1. If s is superharmonic in G, then it is locally integrable in G.
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Proof. By considering each component of G, at first, we may assume that G is
connected. Consider the set

E =
{
x ∈ G :

∫
B
|s(y)| dy <∞ for some ball B = B(x, r) with B j G

}
.

Since s is lower semicontinuous and s > −∞ on G, s is locally bounded below on G.
Since (S.2), together with (S.3), assures the existence of x ∈ G for which

∞ > s(x) =
1

|B(x, r)|

∫
B(x,r)

s(y) dy

whenever B(x, r) j G, so that ∫
B(x,r)

|s(y)|dy <∞

for such ball B(x, r). Thus E is not empty. It is not so difficult to see that E is open
and closed in the relative topology of G. Since G is connected by assumption, E = G,
so that s is locally integrable in G.

Theorem 2.1. Let s be a function on G satisfying (S.1) and (S.2). Then the
following are equivalent.

(1) s is superharmonic in G.

(2) s(x) =
1

|S(x, r)|

∫
S(x,r)

s(y) dS(y) whenever B(x, r) j G.

(3) u ∈ L1
loc(G), s(x) = lim

r→0

1

|B(x, r)|

∫
B(x,r)

s(y) dy for every x ∈ G and

∫
s(x)∆ϕ(x) dx 5 0 for any nonnegative function ϕ ∈ C∞0 (G).

Proof. First suppose s ∈ C2(G). If s is superharmonic in G, then we show that
∆s 5 0 in G, so that (1) implies (3) in this case. In fact, if x ∈ G, then by Taylor’s
formula, we see that

1

|B(x, r)|

∫
B(x,r)

s(y) dy = s(x) +
∆s(x)

2(n+ 2)
r2 + o(r2)

for small r, so that (S.3) yields
∆s(x) 5 0.

Conversely, if ∆s 5 0, then we apply Green’s formula with s and Nx − c in the ring
domain R(a, b) to obtain

0 =
∫
R(a,b)

{(∆s)(Nx − c)− s(∆Nx)} dy =
∫
∂R(a,b)

{sn(Nx − c)− s(Nx)n} dS(y),
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where c is a constant so chosen that Nx = c on S(x, b). Here note that∫
∂R(a,b)

sn(Nx − c) dS(y) = −(U2(a)− c)
∫
B(x,a)

∆s dy = 0,

so that we obtain

1

|S(x, b)|

∫
S(x,b)

s(y) dS(y) 5
1

|S(x, a)|

∫
S(x,a)

s(y) dS(y).

By letting a tend to zero, we establish

1

|S(x, b)|

∫
S(x,b)

s(y) dS(y) 5 s(x).

Consequently (1), (2) and (3) is equivalent for s ∈ C2(G).
Now we conquer the general case, and suppose (1) holds. By (2.1),

s(x) =
1

|B(x, r)|

∫
B(x,r)

s(y) dy = inf
B(x,r)

s,

so that (3) holds by the lower semicontinuity of s. Since s ∈ L1
loc(G) by Lemma 2.1,

as in the proof of Theorem 1.1, we may consider the convolution s ∗ ψδ; here we may
assume that ψ′ 5 0. Since (1) holds, we have for B(x, r) j Gδ,∫

B(x,r)
(s ∗ ψδ)(y) dy =

∫ (∫
B(x,r)

s(y − z) dy

)
ψδ(z) dz

5
∫
|B(x, r)| s(x− z)ψδ(z) dz

= |B(x, r)|(s ∗ ψδ)(x),

which implies that s ∗ ψδ is superharmonic in Gδ. Thus∫
(s ∗ ψδ)∆ϕ dx 5 0

for any ϕ ∈ C∞0 (Gδ) such that ϕ = 0. Letting δ → 0 and noting that s ∗ ψδ → s in
L1
loc(G), we have ∫

s∆ϕ dx 5 0,

and hence (3) is fulfilled. Now the implication (1)⇒ (3) is proved.
Conversely, if (3) holds, then

∆(s ∗ ψδ) = s ∗ (∆ψδ) =
∫

s(y)∆ψδ(x− y) dy 5 0

on Gδ, so that s ∗ ψδ is superharmonic in Gδ by the above considerations given for C2

functions. Hence

(s ∗ ψδ)(x) =
1

|B(x, r)|

∫
B(x,r)

(s ∗ ψδ)(y) dy
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whenever B(x, r) j Gδ. On the other hand,

s ∗ ψδ(x) =
∫

s(x− y)ψδ(y) dy

= −
∫ (∫

B(0,r)
s(x− y) dy

)
ψ′δ(r) dr

5 sup
0<r<δ

1

|B(x, r)|

∫
B(x,r)

s(y) dy.

Thus we have

1

|B(x, r)|

∫
B(x,r)

s ∗ ψδ dy 5 s ∗ ψδ(x) 5 sup
0<r<δ

1

|B(x, r)|

∫
B(x,r)

s(y) dy.

If follows from (3) and the fact that s ∗ ψδ → s in L1
loc(G) as δ → 0 that

s(x) = lim sup
δ→0

(s ∗ ψδ)(x) = lim inf
δ→0

(s ∗ ψδ)(x)

= lim inf
δ→0

1

|B(x, r)|

∫
B(x,r)

s ∗ ψδ dy

=
1

|B(x, r)|

∫
B(x,r)

s(y) dy.

This implies, with the aid of (3) again, that

s(x) = lim
δ→0

(s ∗ ψδ)(x).

Thus Fatou’s lemma gives

s(x) = lim
δ→0

(s ∗ ψδ)(x)

= lim inf
δ→0

1

|S(x, r)|

∫
S(x,r)

s ∗ ψδ dS(y)

=
1

|S(x, r)|

∫
S(x,r)

s(y) dS(y).

Thus (3) implies (2) and then (1).

Remark 2.1. Note that

∆Uα(x) = U ′′α(|x|) +
n− 1

r
U ′α(|x|)

= (α− n)(α− 2)|x|α−n−2

for x 6= 0. Hence, the α-kernel Uα(x) is superharmonic in Rn if 2 5 α 5 n. Moreover,
Uα is subharmonic in Rn − {0} if 0 < α 5 2.
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Corollary 2.1. Suppose Uαµ 6≡ ∞, µ ∈ M. Then Uαµ is superharmonic in Rn

in case 2 5 α 5 n, and Uαµ is subharmonic outside the support of µ in case 0 < α 5 2.

Remark 2.2. We compute the potential

u(x) =
1

|S|

∫
S
N(x− y)dS(y).

In view of Corollary 2.1, u is harmonic outside S. Since u can be considered as a
function of r = |x|, we see by polar coordinates that

(rn−1u′(r))′ = 0.

Hence rn−1u′(r) is constant, so that u is of the form c1N(r) + c2 for some constants
c1 and c2. If we note that u is continuous at the origin and u(x) − N(x) vanishes at
infinity, then it follows that

(2.1) u(x) = min{N(1), N(|x|)}.

Remark 2.3. If u is harmonic in G, then |u|p is subharmonic in G when 1 5
p < ∞; in fact, by the mean-value property and Hölder’s inequality, we have for any
B = B(x, r) with closure in G,

|u(x)|p =

(
1

|B|

∫
B
|u(y)| dy

)p

5
1

|B|p
(∫

B
dy
)p−1 ∫

B
|u(y)|p dy

=
1

|B|

∫
B
|u(y)|p dy.

In general, if ϕ is increasing and convex on the real line and s is subharmonic in G,
then ϕ(s) is subharmonic in G, because Jensen’s inequality yields

ϕ(s(x)) 5 ϕ

(
1

|B|

∫
B
s(y) dy

)
5

1

|B|

∫
B
ϕ(s(y)) dy

for any ball B = B(x, r) with closure in G.

Remark 2.4. If f(z) is holomorphic in the plane region G, then log |f | is subhar-
monic in G. Hence, noting that ϕ(t) = ept is increasing and convex for p > 0, we see
that |f |p = exp(p log |f |) is subharmonic in G for all p > 0.

Theorem 2.2 (minimum principle). Let s be superharmonic in a bounded domain
D, and set s(y) = lim inf

x→y,x∈D
s(x) for y ∈ ∂D. Then

(2.2) inf
D

s = inf
∂D

s;
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if s attains minimum inside D, then s is constant.

Proof. Denote by M the left-hand side of (2.2) and by N the right-hand side of
(2.2). Then M 5 N , clearly. Suppose M < N . By the lower semicontinuity of s, there
exists a point x0 ∈ D such that M = s(x0), from which it is seen that M is finite. Now
consider the set

E = {x ∈ D : s(x) = M}.
Since x0 ∈ E, E is not empty. Further it is easy to see that E is (relatively) closed in
D. In view of the super-mean-value property, we have for x ∈ E,∫

B(x,r)
[s(y)− s(x)] dy 5 0

whenever B(x, r) j D. Since s(y) =M = s(x) on D,

(2.3) s = M

holds for almost every y ∈ B(x, r). Hence it follows from (3) of Theorem 2.1 that
(2.3) holds everywhere on B(x, r). Therefore E is open, and then E = D by the
connectedness of D. This means that s is constant and hence N = M , from which a
contradiction follows. The second assertion can be proved similarly.

If an open set G is not bounded, then we define ∂∗G = ∂G ∪ {∞} and u(∞) =
lim inf
|x|→∞,x∈G

u(x) for a function u on G; if G is bounded, then we set ∂∗G = ∂G.

Corollary 2.2. Let s be superharmonic in an open set G. If s = 0 on ∂∗G, then
s = 0 on G.

Corollary 2.3. Let G be a bounded domain in Rn, and let u be a continuous
function on G. If u is harmonic in G and attains maximum or minimum inside G, then
it is constant.

Next we are concerned with the representation for superharmonic functions. First
we show the following result, which is an easy consequence of (1.1).

Lemma 2.2. Let µ be a measure on Rn such that |U2µ| 6≡ ∞. Then

∆U2µ = −anωnµ

in the sense of distributions.

If s is superharmonic in G, then µ = −(anωn)−1∆s is called the Riesz measure of
s.

Theorem 2.3 (Riesz decomposition theorem). Let s be a superharmonic function
on G, and denote the Riesz measure of s by µ. Then for each relatively compact open
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subset D of G, there exists a harmonic function hD on D such that

s =
∫
D
N(x− y) dµ(y) + hD on D.

With the aid of Theorems 8.1 and 8.2, we have the following results.

Corollary 2.4. If s is a superharmonic function on G, then, for any x ∈ G, there
exists a set E = Ex j S such that C2(E) = 0 and

lim
r→0

s(x+ rξ) = s(x) whenever ξ ∈ S− E.

Corollary 2.5. Let µ be the Riesz measure of a superharmonic function s on G.
Then, for any x ∈ G, there exists a set E = Ex j S such that C2(E) = 0 and

lim
r→0

[N(r)]−1s(x+ rξ) = µ({x}) whenever ξ ∈ S− E.

Lemma 2.4. If s is superharmonic in B(a,R), then

s(x) =
∫
S(a,r)

PB(a,r)(x, y)s(y) dS(y)

whenever x ∈ B(a, r), 0 < r < R.

Proof. Since s is lower semicontinuous on S(a, r), by Lemma 1.1 in Chapter 2,
there exists a sequence {fj} of continuous functions on S(a, r) which increases to s.
Define

uj(x) =
∫
S(a,r)

PB(a,r)(x, y)fj(y) dS(y).

Then, in view of Theorem 1.3, uj is harmonic in B(a, r) and continuous on B(a, r).
Note that

lim inf
x→y,x∈B(x,r)

s(y) = s(y) = fj(y) = lim
x→y,x∈B(x,r)

uj(x)

for y ∈ S(a, r), so that minimum principle implies that

s = uj on B(a, r).

By letting j →∞ and applying Lebesgue’s monotone convergence theorem, we obtain
the required result.

Corollary 2.6. Let s be lower semicontinuous on G. Then s is superharmonic
in G if and only if for any harmonic function h on a bounded open set G′ with closure
in G, s = h on ∂G′ implies s = h on G′.
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Proof. The only if part is an easy consequence of minimum principle of Theorem
2.2. To show the if part, let B(a, r) be a ball with closure in G. In the proof of Lemma
2.4, s = uj on S(a, r), so that s = uj on B(a, r) by the assumption. Thus it follows
that

s(x) =
∫
S(a,r)

PB(a,r)(x, y)s(y) dS(y)

for any x ∈ B(a, r). In particular, if x = a, then

s(x) =
1

|S(a, r)|

∫
S(a,r)

s(y) dS(y).

Thus s has the super-mean-value property in G, and hence it is superharmonic in G.

The function Gx(y) having appeared in the proof of Theorem 1.2 is called Green’s
function for B = B(a,R), which is sometimes written as

Gx(y) = G(x, y) = GB(x, y)

and has the following properties :

(G1) For x ∈ B, G(x, ·) is harmonic in B − {x} and superharmonic in B.

(G2) G(x, y) is symmetric, that is, G(x, y) = G(y, x) on B ×B.

(G3) For x ∈ B, G(x, ·) vanishes on ∂B.

(G4) G(x, y) 5M
(R2 − |x− a|2)(R2 − |y − a|2)

|x− y|n
.

Lemma 2.5. Let µ be a measure on B = B(a,R) such that

(2.4)
∫
B

(R2 − |y − a|2) dµ(y) <∞.

Then the Green potential

Gµ(x) =
∫
B
G(x, y) dµ(y)

is superharmonic in B.

Theorem 2.3. Let s be a superharmonic function on B = B(a,R). If s = 0 on B,
then there exist µ ∈M(B) and ν ∈M(∂B) such that

s(x) =
∫
B
G(x, y) dµ(y) +

∫
∂B

P (x, y) dν(y)

whenever x ∈ B.
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Proof. Let µ denote the Riesz measure of s on B. For 0 < r < R, consider

(2.5) ur(x) = s(x)−
∫
B(a,r)

G(x, y) dµ(y).

Then, in view of Lemmas 2.3 and 2.5, ur is harmonic in B(a, r) and superharmonic
in B. Since lim inf

x→z,x∈B
ur(x) = 0, minimum principle implies that ur = 0 on B. In

particular,

s(0) =
∫
B(a,r)

{N(y)−N(R)} dµ(y),

so that ∫
B(a,r)

(R− |y − a|) dµ(y) <∞.

It follows from Lemma 2.5 that the Green potential Gµ(x) is superharmonic in B and

GµB(a,r)(x) ↑ Gµ(x) 5 s on B.

Since ur decreases as r ↑ R, the limit function u = lim
r→R

ur satisfies the mean-value

property on B, so that u must be harmonic in B. In view of (2.5), we see that

s(x) = u(x) +
∫
B
G(x, y) dµ(y).

Since u = 0 on B, in view of Theorem 1.5, it is of the form

u(x) =
∫
∂B

P (x, y) dν(y)

for some measure ν on ∂B. Thus the theorem is established.

3.3 Boundary limits of superharmonic functions

For ξ ∈ S, define the truncated cone Γ(ξ, θ) of vertex at ξ with half-angle θ, 0 < θ <
π/2, by

Γ(ξ, θ) = {x : (x− ξ,−ξ) = |x− ξ| cos θ} ∩B(ξ, 1).

We note here that if δ > 0 is small enough, then there exists a positive constant c = c(δ)
satisfying

(3.1) 1− |x|2 > c|x− ξ|

and

(3.2) |x− y| > c|y − ξ|

whenever x ∈ Γ(ξ, θ) ∩B(ξ, δ) and y ∈ S ∩B(ξ, δ).
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Lemma 3.1. h be a nonnegative nondecreasing function on [0,∞) such that

(3.3) h(r)r1−β 5M

and

(3.4)
∫ 1

r
h(t)t−β−1 dt 5Mh(r)r−β whenever 0 < r < 1

for some β > 0, where M is a positive constant. If µ is a measure on Rn satisfying

(3.5) lim
r→0

[h(r)]−1µ(B(ξ, r)) = 0,

then
lim
r→0

∫
B(ξ,1)

r

(r + |ξ − y|)β
dµ(y) = 0.

Proof. Set
ε(r) = sup

0<t<r
[h(t)]−1µ(B(ξ, t)) = 0.

Then it follows from (3.5) that
lim
r→0

ε(r) = 0.

Note here that

lim sup
r→0

∫
B(ξ,r)

r

(r + |ξ − y|)β
dµ(y) 5 lim sup

r→0
r1−βµ(B(ξ, r))

5 lim sup
r→0

ε(r)h(r)r1−β = 0.

On the other hand,

lim sup
r→0

∫
B(ξ,1)−B(ξ,r)

r

(r + |ξ − y|)β
dµ(y) 5 lim sup

r→0
r
∫ 1

r
t−β dµ(B(ξ, t))

= lim sup
r→0

r
∫ 1

r
µ(B(ξ, t))d(−t−β)

= lim sup
r→0

r
∫ δ

r
µ(B(ξ, t))d(−t−β)

= lim sup
r→0

rε(δ)
∫ δ

r
h(t)d(−t−β) 5Mε(δ),

from which it follows that

lim
r→0

∫
B(ξ,1)−B(ξ,r)

r

(r + |ξ − y|)β
dµ(y) = 0.

Lemma 3.2. Let
u(x) =

∫
S
P (x, y) dµ(y)
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for µ ∈M(S). If ξ ∈ S and

(3.6) lim
r→0

µ(B(ξ, r))

|S ∩B(ξ, r)|
= 0,

then
lim

x→ξ,x∈Γ(ξ,θ)
u(x) = 0

for any θ ∈ (0, π/2); in this case, u is said to have nontangential limit zero at ξ.

Proof. For δ > 0, write

u(x) 5
∫

S∩B(ξ,δ)
P (x, y) dµ(y) +

∫
S−B(ξ,δ)

P (x, y) dµ(y)

= u1(x) + u2(x).

First we note that
lim

x→ξ,x∈B
u2(x) = 0.

In view of (3.1) and (3.2), for x ∈ Γ(ξ, θ) ∩B(ξ, δ) and y ∈ S ∩B(ξ, δ), we find

u1(x) 5M
∫

B∩B(ξ,δ)

|x− ξ|
(|x− ξ|+ |y − ξ|)n

dµ(y)

with a positive constant M , if δ is small enough. Now, applying Lemma 3.1 with
h(r) = |S ∩B(ξ, r)|, we have

lim
x→ξ,x∈Γ(ξ,θ)

u1(x) = 0.

Thus the lemma is proved.

By considering the derivative of µ with respect to the surface measure dS|S, we can
write

(3.7) µ = f dS|S + σ,

where σ is singular and f is defined by

(3.8) f(y) = lim
r→0

µ(B(ξ, r))

|S ∩B(ξ, r)|
,

which exists for almost every ξ ∈ S. Moreover, note that

(3.9) lim
r→0

∫
S∩B(ξ,r)

|f(y)− f(ξ)|dS(y) = 0

for almost every ξ ∈ S; if this is true, then such ξ is called a Lebesgue point for f (see
Corollary 10.1 in Chapter 1).
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Theorem 3.1. Let µ ∈M(S) and write it as (3.7). If we set

u(x) =
∫

S
P (x, y) dµ(y),

then
lim

x→y,x∈Γ(ξ,θ)
u(x) = f(ξ) whenever 0 < θ < π/2,

for almost every ξ ∈ S; that is, u has a nontangential limit at almost every boundary
point.

Proof. Letting dS denote the surface measure on the unit sphere, we note first
(cf. Theorem 10.3 in Chapter 1) that

lim
r→0

σ(B(ξ, r))

S(B(ξ, r))
= 0

for almost every ξ ∈ S, so that Lemma 3.2 shows that
∫

S
P (x, y) dσ(y) has nontan-

gential limit zero at almost every ξ ∈ S. Since∣∣∣∣∫
S
P (x, y)f(y)dS(y)− f(ξ)

∣∣∣∣ 5 ∫
S(0,r)

P (x, y)|f(y)− f(ξ)|dS(y),

it follows from Lemma 3.2 that

lim
r→0

∫
S∩B(ξ,r)

P (x, y) |f(y)− f(ξ)| dS(y) = 0

as long as (3.9) holds. Thus the theorem is proved.

Next we deal with fine boundary limits for Green’s potentials in the unit ball B.

Theorem 3.2. Let µ be a measure on B such that Gµ(x) 6≡ ∞ on B. Then for
almost every ξ ∈ S, there exists a set E(ξ) j B which is 2-thin, or simply thin, at ξ
such that

lim
x→ξ,x∈Γ(ξ,θ)−E

Gµ(x) = 0 whenever 0 < θ < π/2;

that is, Gµ(x) has nontangential fine limit zero at almost every boundary point.

Before giving a proof, we prepare the following lemmas.

Lemma 3.3. Let µ ∈M(B) be as in Theorem 3.2. For δ > 0, set

A(δ) =

{
ξ ∈ S :

∫
B

(1− |y|2)1+δ

|ξ − y|n−1+δ
dµ(y) =∞

}
.

Then A(δ) has (n− 1)-dimensional measure zero.
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In fact,

∫
S

(∫
B

(1− |y|2)1+δ

|ξ − y|n−1+δ
dµ(y)

)
dS(ξ)

=
∫

B
(1− |y|2)1+δ

(∫
S
|ξ − y|−n+1−δ dS(ξ)

)
dµ(y)

5
∫

B
(1− |y|2)1+δ

(∫
S
M [(1− |y|2) + |ξ − (y/|y|)|]−n+1−δ dS(ξ)

)
dµ(y)

5 M
∫

B
(1− |y|2) dµ(y) <∞.

Lemma 3.4. Let ν be a measure on B with finite total mass. If we set

F =
{
ξ ∈ S : lim sup

r→0
r1−nν(B ∩B(ξ, r)) > 0

}
,

then E has (n− 1)-dimensional measure zero.

Proof. Let 0 < δ < 1 and consider

F (δ) =
{
ξ ∈ S : lim sup

r→0
r1−nν(B ∩B(ξ, r)) > δ

}
.

We have only to show that |F (δ)| = 0. For any ε > 0 and ξ ∈ F (δ), there exists
r = r(ξ) such that 0 < r < ε and

r1−nν(B ∩B(ξ, r)) > δ.

By a covering lemma (see Theorem 10.1 in Chapter 1), we can choose a disjoint sub-
family {B(ξj, rj)} for which ⋃

j

B(ξ, 5rj) k F (δ).

Note here that

ν(
⋃
j

B ∩B(ξ, rj)) =
∑
j

ν(B ∩B(ξ, rj))

= δ
∑
j

rn−1
j

= Mδ
∑
j

|S ∩B(ξj, 5rj)|

= Mδ|F (δ)|.

On the other hand, since B(ξ, rj) j B−B(0, 1− ε),

ν(
⋃
j

B ∩B(ξ, rj)) 5 ν(B−B(0, 1− ε))→ 0
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as ε→ 0, so that it follows that
|F (δ)| = 0

as required.

Proof of Theorem 3.2. Let ξ ∈ S− (A(δ) ∪ F ). For θ ∈ (0, π/2), take θ′ such
that θ < θ′ < π/2. Then find c > 0 for which

B(x, c(1− |x|)) j Γ(ξ, θ′) whenever x ∈ B ∩ Γ(ξ, θ).

Write

Gµ(x) =
∫
B(x,c(1−|x|))

G(x, y) dµ(y) +
∫

B−B(x,c(1−|x|))
G(x, y) dµ(y)

= g1(x) + g2(x).

Note that

g2(x) 5M
∫

B−B(x,c(1−|x|))

(1− |x|2)(1− |y|2)

[|ξ − y|+ (1− |x|)]n
dµ(y).

Since ξ 6∈ F , Lemma 3.1 proves, as in the proof of Theorem 3.1,

lim
x→ξ,x∈Γ(ξ,θ)

g2(x) = 0.

On the other hand,

g1(x) 5M
∫
B(x,c(1−|x|))

N(x− y) dµ(y).

Since ξ 6∈ A(δ), we see that∫
Γ(ξ,θ′)∩B(ξ,ε)

N(ξ − y) dµ(y) <∞.

In view of fine limit results (see Theorems 5.1 and 6.2), we can find a set E(θ) j Γ(ξ, θ)
which is thin at ξ such that

lim
x→ξ,x∈Γ(ξ,θ)−E(θ)

g1(x) = 0.

Letting {θj} be a sequence which converges to π/2, we can find {rj} such that

E =
⋃
j

E(θj) ∩B(ξ, rj)

is thin at ξ. Since E has all the required properties, the theorem is obtained.

Corollary 3.1. Let µ be a measure on B such that Gµ(x) 6≡ ∞ on B. Then for
almost every ξ ∈ S, Gµ(x) has limit zero along almost every ray terminating at ξ and
passing a point of B.
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Corollary 3.2. Let s be a nonnegative superharmonic function on B. Then, for
almost every ξ ∈ S, s has a finite limit along almost every ray terminating at ξ and
passing a point of B.

Theorem 3.3. Let µ be a measure on B such that Gµ(x) 6≡ ∞ on B. Then

lim
r→1

Gµ(rξ) = 0

for almost every ξ ∈ S.

Proof. Consider the set

E =

{
ξ ∈ S : lim sup

r→1

∫
B(rξ,(1−r)/2)

N(rξ − y) dµ(y) > 0

}
.

In view of the proof of Theorem 3.2, we have only to show that E is of surface measure
zero. This can be carried out in the same way as in the proof of Lemma 3.4. In fact,
consider for δ > 0,

E(δ) =

{
ξ ∈ S : lim sup

r→1

∫
B(rξ,(1−r)/2)

N(rξ − y) dµ(y) > δ

}
.

For given ε > 0 and ξ ∈ E(δ), there exists r = r(ξ) such that 1− ε < r < 1 and∫
B(rξ,(1−r)/2)

N(rξ − y) dµ(y) > δ.

Then we see that∫
B(rξ,(1−r)/2)

N(rξ − y) dµ(y) =
∫ (1−r)/2

0
N(t) dµ(B(rξ, t))

5 M
∫ (1−r)/2

0
µ(B(rξ, t))t1−n dt.

Hence there exists t = t(ξ) such that 0 < t < (1− r)/2 and

µ(B(rξ, t)) =M−1δ[(1− r)/2]−1tn−1,

so that ∫
B(rξ,t)

(1− |y|2) dµ(y) =Mδtn−1.

Denote by S∗(ξ) the radial projection of B(r(ξ)ξ, t(ξ)). Then {S∗(ξ)} covers E(δ).
Consequently, by a covering lemma (see Theorem 10.1 in Chapter 1), we can choose a
disjoint subfamily {S∗(ξj)} for which⋃

j

5S∗(ξj) k E(δ),
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where 5S∗(ξj) denotes the spherical cap centered at ξj and expanded 5 times S∗(ξj).
Note here that∑

j

t(ξj)
n−1 5 [Mδ]−1

∑
j

∫
B(r(ξj)ξj ,t(ξj))

(1− |y|2) dµ(y)

5 [Mδ]−1
∑
j

∫
B−B(0,1−2ε)

(1− |y|2) dµ(y),

which tends to zero as ε→ 0. Hence we find

|E(δ)| = 0

as required.

Corollary 3.3. Let s be a nonnegative superharmonic function on B. Then
s(rξ) has a finite limit as r → 1 for almost every ξ ∈ S.

Theorem 3.4. Let n = 2 and µ be a measure on the unit disc B such that
Gµ(x) 6≡ ∞ on B. If γ is a curve in B tending to a boundary point ξ, then

lim inf
x→ξ,x∈γ

(1− |x|)Gµ(x) = 0.

Proof. For simplicity, let d(x) = 1−|x| denote the distance of x from the boundary.
As in the proof of Theorem 3.2, we write

Gµ(x) =
∫
B(x,d(x)/2)

G(x, y) dµ(y) +
∫

B−B(x,d(x)/2)
G(x, y) dµ(y)

= g1(x) + g2(x).

In view of (G4), we have

d(x)|g2(x)| 5M
∫

B−B(x,d(x)/2)

d(x)2

|x− y|2
d(y)dµ(y).

Since d(x)/|x − y| is bounded on B − B(x, d(x)/2), we apply Lebesgue’s dominated
convergence theorem to obtain

lim
x→S

d(x)g2(x) = 0.

To treat g1, we use the Green capacity CG defined by

CG(E) = inf ν(B)

for E j B, where the infimum is taken over all measures ν on B for which∫
B
G(x, y) dν(y) = 1 whenever x ∈ E.
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Since Gµ(x) 6≡ ∞, ∫
B
d(y) dµ(y) <∞.

Hence we can take a sequence {aj} of positive numbers such that lim
j→∞

aj =∞ and

∑
j

aj

∫
Bj

d(y) dµ(y) <∞,

where Bj = {x : 2−j−1 < d(x) < 2−j+2}. Now we consider the sets

Ej = {x : 2−j 5 d(x) < 2−j+1, d(x)g1(x) > a−1
j }.

If x ∈ Ej, then

a−1
j < d(x)|g1(x)| 5M2−j

∫
Bj

G(x, y) dµ(y).

Hence it follows from the definition of capacity that

CG(Ej) 5Maj2
−jµ(Bj) 5Maj

∫
Bj

d(y) dµ(y),

so that ∑
j

CG(Ej) <∞.

Moreover, setting E =
⋃
j

Ej, we see that

lim
x→S,x∈B−E

d(x)g2(x) = 0.

Let L be the line {(t, 0) : 0 < t < 1} and Lj = {(t, 0) : 2−j < 1− t < 2−j+1}. If x ∈ Lj,
then ∫

Lj
G(x, (r, 0)) dr 5M

∫
Lj

log
2d(x)

|t− r|
dr = Md(x),

and hence we have

CG(L ∩Bj) = [Md(x)]−1|Lj| = M > 0.

Now we see that

CG(γ ∩Bj) = CG(Lj) =M.

This implies that γ ∩ Ej is not empty for large j, and thus it follows that

lim inf
x→ξ,x∈γ

d(x)g2(x) = 0.
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3.4 Kelvin transform

In section 3.1, we defined the inversion with respect to the spherical surface S(a,R) by

x∗ = a+
R2

|x− a|2
(x− a).

Note here that

(4.1) |x∗ − y∗| = |x− y|
|x− a||y − a|

.

For a function u on an open set G j Rn − {a}, define the Kelvin transform of u with
respect to S(a,R) by

u∗(x∗) =

(
R

|x∗ − a|

)n−2

u(x).

Further set G∗ = {x∗ : x ∈ G}. If u ∈ C2(G), then we see that

∆x∗u
∗(x∗) =

(
R

|x∗ − a|

)n+2

∆u(x).

Theorem 4.1. Let G j Rn − {a}. If u is harmonic in G, then u∗ is harmonic in
G∗.

Corollary 4.1. If s is superharmonic in G, then s∗ is superharmonic in G∗.

This is an easy consequence of Theorem 4.1 and Corollary 2.6. In fact, suppose
s∗ = u∗ on ∂U∗ for a harmonic function u∗ on a bounded open set U∗ with closure in
G∗. In view of Theorem 4.1, the Kelvin transform u is harmonic in U . Since s = u on
∂U , it follows from Theorem 2.2 that s = u on U , or s∗ = u∗ on U∗. Hence Corollary
2.6 implies that s∗ is superharmonic in G∗.

Let a = (−1, 0, ..., 0) and b = a/2. Consider the inversion with respect to S(a, 1).
If x∗ ∈ B(b, 1/2), then

1

4
− |b− x∗|2 =

x1

|x− a|2
,

so that B(b, 1/2)∗ is the upper half space H = {y = (y1, ..., yn) : y1 > 0}. Recall that
Poison’s kernel for B = B(b, 1/2) is given by

PB(x∗, y∗) =
2

ωn

1/4− |x∗ − b|2

|x∗ − y∗|n
.

If u is a positive harmonic function on H, then u∗ is harmonic in B by Theorem 4.1
and is of the form

u∗(x∗) =
∫
S(b,1/2)

PB(x∗, y∗) dµ∗(y∗)
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for some positive measure µ∗ on S(b, 1/2). Hence

u(x) =
u∗(x∗)

|x− a|n−2

=
2x1

ωn
µ∗({a}) +

2x1

ωn

∫
∂H

|y − a|n

|x− y|n
dµ∗(y∗)

=
2x1

ωn
µ∗({a}) +

2x1

ωn

∫
∂H

1

|x− y|n
dµ(y),

where
µ(E) =

∫
E∗
|y∗ − a|−n dµ∗(y∗)

for a Borel set E j H. Here note that∫
∂H
|y − a|−n dµ(y) = µ∗(S(b, 1/2)− {a}) <∞.

Thus we have the following representation of positive harmonic functions on H.

Theorem 4.2. If u is a positive harmonic function on H, then there exist a
nonnegative number c and a measure µ on ∂H such that

u(x) = cx1 +
2x1

ωn

∫
∂H

1

|x− y|n
dµ(y)

for x ∈ H.

Corollary 4.2. If x ∈ H, then

2x1

ωn

∫
∂H

1

|x− y|n
dy = 1.

Green’s function for B = B(b, 1/2) is given by

G(x, y) = |x− y|2−n −
(
|x̃− b|

1/2

)n−2

|x̃− y|2−n,

where x̃ denotes the inversion of x with respect to S(b, 1/2). Then note that

|x− a| = 2|x− b||x̃− a|

and

x̃∗ = a+
x̃− a
|x̃− a|2

= a+
[b+ (x− b)/4|x− b|2]− a

|x̃− a|2

= a+
x− (4|x− b|2 + 1)b

|x− a|2
.
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Thus we see that
x̃∗ = x∗,

where y denotes the reflection of y with respect to the hyperplane ∂H.

Theorem 4.3. If s is a positive superharmonic function on H, then there exist a
nonnegative number c, a measure µ on ∂H and a measure ν on H such that

s(x) = cx1 +
2x1

ωn

∫
∂H

1

|x− y|n
dµ(y) +

∫
H
GH(x, y) dν(y)

for x ∈ H, where

GH(x, y) =


|x− y|2−n − |x− y|2−n n = 3,

log(|x− y|/|x− y|) n = 2,∫
∂H
|y − e|−n dµ(y) <∞

and ∫
H
y1|y − e|−n dν(y) <∞.

Proof. In view of Corollary 4.1, s∗ is superharmonic in B = B(b, 1/2), and hence
by Theorem 2.3, s∗ is of the form

s∗(x∗) =
∫
S(b,1/2)

PB(x∗, y∗) dµ∗(y∗) +
∫
B(b,1/2)

GB(x∗, y∗) dν∗(y∗).

By Theorem 4.2, the first integral is of the form

|x− a|n−2

(
cx1 +

2x1

ωn

∫
∂H

1

|x− y|n
dµ(y)

)
.

Similarly,
GB(x∗, y∗) = |x− a|n−2|y − a|n−2GH(x, y),

so that the second integral is of the form

|x− a|n−2
(∫

H
GH(x, y) dν(y)

)
,

where ∫
H
y1|y − a|−n dν(y) =

∫
B

(1/4− |y∗ − b|2) dν∗(y∗) <∞.

Remark 4.1. In Theorem 4.2, PH(x, y) =
2

ωn

x1

|x− y|n
is called the Poisson kernel

for H, and GH(x, y) is called Green’s function for H.
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3.5 Balayage

In this section, let 0 < α 5 2 and α < n. It is important to note here that every
potential is subharmonic outside its support.

Theorem 5.1 (maximum principle). Suppose Uαµ < ∞ µ-a.e. and s is positive
superharmonic in Rn. If Uαµ 5 s µ-a.e. on Sµ, then Uαµ 5 s everywhere on Rn.

Proof. In view of Theorems 1.4 and 1.5 in Chapter 2, for given ε > 0, we can find
a compact set K j Sµ such that µ(Sµ −K) < ε, Uα(µ|K) is continuous and

Uαµ 5 s on K.

Then s− Uα(µ|K) is superharmonic outside K, lim inf
|x|→∞

s− Uα(µ|K) = 0 and

Uα(µ|K) 5 Uαµ 5 s on K.

Thus minimum principle for superharmonic functions implies that

s− Uα(µ|K) = 0 on Rn −K,

so that Uα(µ|K) 5 s on Rn. By considering a sequence {Kj} of compact sets for which
Kj ↑ Sµ, we obtain the required inequality.

Corollary 5.1. Suppose Uαµ < ∞ µ-a.e. . If Uαµ 5 1 µ-a.e. on Sµ, then
Uαµ 5 1 everywhere on Rn.

With the aid of Theorem 10.1 in Chapter 2 we obtain the following result.

Theorem 5.2. If K is a compact set in Rn, then there exists a unique measure
γK supported by K such that

(i) UαγK(x) = 1 α-q.e. on K;

(ii) UαγK(x) 5 1 on Rn.

The above measure γK is called the equilibrium measure of K; UαγK is called the
equilibrium potential of K.

Suppose Uαµ <∞ µ-a.e. and

(5.1) Uαµ 5 Uαδa µ-a.e. on Sµ,

where a ∈ Rn − Sµ. By considering the inversion with respect to S(a, 1), we see that

Uαµ(x) = |x∗ − a|n−α
∫
|x∗ − y∗|α−n|y∗ − a|n−α dµ(y)

= |x∗ − a|n−αUαµ∗(x∗)
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for a measure µ∗ with compact support. By (5.1),

Uαµ
∗ 5 1 µ∗-a.e. on Sµ∗ .

Thus maximum principle implies that the inequality holds everywhere on Rn, so that

Uαµ 5 Uαδa on Rn.

Now, applying Theorem 10.3 in Chapter 2 with f = Uαδa, we have the following
result.

Theorem 5.3. If a is not contained in a compact set K, then there exists a unique
measure δa,K ∈ Eα(K) such that

(i) Uαδa,K = Uαδa α-q.e. on K;

(ii) Uαδa,K 5 Uαδa on Rn.

We say that δa,K is the balayage of δa, or the sweeping of δa to K.

Lemma 5.1. For ϕ ∈ C∞0 (Rn), δa,K(ϕ) is the difference of lower semicontinuous
functions on Rn −K.

In fact, for x ∈ Rn −K,

Uαδa,K(x) =
∫

Uαδa,K dδx =
∫

Uαδx dδa,K

=
∫

Uαδx,K dδa,K =
∫

Uαδa,K dδx,K

=
∫

Uαδa dδx,K = Uαδx,K(a),

so that Uαδa,K(x) is continuous on Rn − K. Hence we see that
∫

Uαµ dδa,K =∫
Uαδa,K dµ is lower semicontinuous on Rn − K for any µ ∈ Eα. Since ϕ ∈ Eα,

δa,K(ϕ) is the difference of lower semicontinuous functions on Rn −K.

Lemma 5.2. Let µ be a measure such that Sµ ∩K = ∅ and Uαµ 6≡ ∞, and set

µK(ϕ) =
∫

δa,K(ϕ) dµ(a)

for ϕ ∈ C∞0 (Rn). Then µK defines a measure on Rn.

Proof. Let B be a ball. If ϕ ∈ C∞0 (Rn), then we can find M > 0 such that

|ϕ| 5MUαχB.
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Hence we have

|δa,K(ϕ)| 5 M
∫

UαχB dδa,K = M
∫

Uαδa,K dχB

5 M
∫

Uαδa dχB = MUαχB(a),

so that ∫
|δa,K(ϕ)| dµ(a) 5M

∫
B
Uαµ dx <∞.

Corollary 5.2. Let µ be a measure such that Sµ ∩K = ∅ and Uαµ 6≡ ∞. Then
there exists a unique measure µK ∈ Eα(K) such that

(i) UαµK = Uαµ α-q.e. on K;

(ii) UαµK 5 Uαµ on Rn.

In fact, the measure µK in Corollary 10.1 in Chapter 2 has the required properties,
and the uniqueness is easy.

Theorem 5.4 (domination principle). Suppose µ ∈ Eα and ν ∈M. If Uαµ 5 Uαν
µ-a.e. on Sµ, then Uαµ 5 Uαν everywhere on Rn.

Proof. As in the proof of Theorem 5.1, we may assume that K = Sµ is compact
and Uαµ is continuous. Then we have for a ∈ Rn −K,

Uαµ(a) =
∫

Uαδa dµ =
∫

Uαδa,K dµ

=
∫

Uαµ dδa,K 5
∫

Uαν dδa,K

=
∫

Uαδa,K dν 5
∫

Uαδa dν = Uαν(a),

which was to be proved.

By Corollary 10.1 in Chapter 2, we have

Corollary 5.3. Let F be a closed set in Rn. If µ ∈ Eα, then there exists a unique
measure µF ∈ Eα(F ) such that

(i) UαµF = Uαµ α-q.e. on F ;

(ii) UαµF 5 Uαµ on Rn.

Theorem 5.5. Let F be a closed set in Rn. If Uαµ 6≡ ∞, then there exists a
unique measure µF supported by F such that
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(i) UαµF = Uαµ α-q.e. on F ;

(ii) UαµF 5 Uαµ on Rn;

(iii)
∫

UαµF dν =
∫

UανF dµ for any ν ∈ Eα.

Proof. Let Fj = F ∩ B(0, j) and take a sequence {fj,k} of positive continuous
functions on Fj which increases to Uαµ. By Theorem 10.3 in Chapter 2, we can find a
measure µj,k ∈ Eα(Fj) such that

(5.2) Uαµj,k = fj,k α-q.e. on Fj,

(5.3) Uαµj,k 5 fj,k on Sµj,k .

Since fj,k 5 Uαµ on Fj, we have by domination principle,

(5.4) Uαµj,k 5 Uαµ on Rn.

Moreover, we see that {Uαµj,k} increases with k. Since UαχB = AB > 0 on a ball B,
we have

ABµj,k(B) 5
∫

UαχB dµj,k

=
∫

Uαµj,k dχB

5
∫
B
Uαµ dy <∞,

so that we may assume that {µj,k} converges vaguely to a measure µj ∈M(Fj). Since
Uαµj = lim inf

k→∞
Uαµj,k α-q.e., (5.2) and (5.4) imply that

Uαµj = Uαµ α-q.e. on Fj,

and
Uαµj 5 Uαµ on Rn.

By the choice of {fj,k}, we can show that {Uαµj} increases and

ABµj(B) 5
∫
B
Uαµ dy <∞

for any ball B, so that {µj} converges vaguely to a measure µ0 supported by F . As
seen above, we have

Uαµ0 = Uαµ α-q.e. on F ,

and
Uαµ0 5 Uαµ on Rn.
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Thus µ0 satisfies (i) and (ii). To show that µ0 satisfies (iii), we have only to note that∫
Uαµj,k dν =

∫
Uαν dµj,k

=
∫

UανF dµj,k

=
∫

Uαµj,k dνF

and let k →∞ and then j →∞.

We say that µF is the balayage of µ to F .

Remark 5.1. Let F be a closed set in Rn and suppose Uαµ 6≡ ∞. Then there
exists a sequence {µj} in Eα(F ) for which each Uαµj is continuous on Rn and Uαµj
increases to UαµF .

Remark 5.2. Suppose Uαµ 6≡ ∞ and Uαν 6≡ ∞. Then

(5.5)
∫

UαµF dν =
∫

UανF dµ.

3.6 The classical Dirichlet problem

If D is a domain of Rn and f is a function on ∂D, then the classical Dirichlet problem
is that of finding a function h which is harmonic in D and

(6.1) lim
x→ξ,x∈D

h(x) = f(ξ)

for all ξ ∈ ∂D. If a solution exists, then it is unique.

Theorem 6.1. If the classical Dirichlet problem has a solution h, then the bound-
ary function f is continuous.

In fact, let ξj ∈ ∂D tend to ξ and f(ξj) tend to `. For each j, we can find xj ∈ D
such that |xj − ξj| < 1/j and |h(xj)− f(ξj)| < 1/j. Then xj → ξ and

f(ξ) = lim
j→∞

h(xj) = lim
j→∞

f(ξj) = `,

so that f is continuous at ξ.

First we consider the Dirichlet problem in the case n = 3 and α = 2. Let D be a
bounded domain in Rn, and F = Rn −D.

Lemma 6.1. If a ∈ D, then the balayage δa,F is supported by the boundary ∂D.
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In fact, Uαδa,F = Uαδa is harmonic outside D, so that

δa,F (Rn −D) = 0.

Theorem 6.2. If f is continuous on F , then

(5.1) Hf (x) =
∫

f(y) dδx,F (y)

is harmonic in D.

Proof. If f = U2µ with µ ∈ E2, then Theorem 5.5 gives

Hf (x) =
∫

U2µ dδx,F =
∫

U2µF dδx,F

=
∫

U2δx,F dµF =
∫

U2δx dµF = U2µF (x).

Since SµF j F , U2µF is harmonic in D, and so is Hf . For a general continuous function
f on F , given ε > 0, take ϕ ∈ C∞0 (Rn) such that

|f − ϕ| < ε on F.

Then ϕ ∈ E2 and Hϕ is harmonic in D as seen above. Moreover, since δx,F (Rn) 5
δx(R

n) = 1 by Theorem 1.7 in Chapter 2, we have

|Hf −Hϕ| 5
∫
|f − ϕ| dδx,F < ε.

Thus it is seen that Hf is a uniform convergence limit of harmonic functions on D, so
that Hf is harmonic in D.

We say that x0 ∈ ∂D is regular if δx,F converges vaguely to δx0 as x→ x0, x ∈ D;
we say that x0 is irregular if x0 is not regular.

Corollary 6.1. Suppose every boundary point of D is regular. Then for a given
continuous function f on F , Hf is the Dirichlet solution on D.

Theorem 6.3. The following are equivalent for x0 ∈ F .

(i) x0 is regular;

(ii) For y ∈ D, U2δx0,F (y) = U2δx0(y);

(iii) δx0,F = δx0 .
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Proof. First we show that (i) implies (ii). First note that (5.5) gives

(6.2) sy(x) ≡ U2δx,F (y) =
∫

U2δx,F dδy =
∫

U2δy,F dδx = U2δy,F (x)

for any x and y, which implies that sy(x) is superharmonic in Rn. On the other hand,
if y ∈ D is fixed, then |y − z|2−n is continuous on F , so that

lim
x→x0,x∈D

sy(x) = lim
x→x0,x∈D

∫
|y − z|2−n dδx,F (z)

=
∫
|y − z|2−n dδx0(z)

= U2δy(x0).

Since sy(x) = U2δy(x) 2-q.e. on F , or, simply, q.e. on F , the super-mean-value property
implies that

sy(x0) = U2δy(x0),

so that (ii) is fulfilled.
To show the implication (ii) ⇒ (iii), we note first that

U2δx0,F (x) = U2δx,F (x0) = U2δx(x0) = U2δx0(x)

holds q.e. on F . Hence the equality holds q.e. on Rn by (ii), so that δx0,F = δx0 and
(iii) holds.

Finally we show that (iii) implies (i). Note by (6.2) that

lim inf
x→x0

U2δx,F (z) = U2δx0,F (z) = U2δx0(z)

for any z. Hence, if µ ∈ E2 and U2µ is continuous, then

lim inf
x→x0

∫
U2µ dδx,F = lim inf

x→x0

∫
U2δx,F dµ =

∫
U2δx0 dµ = U2µ(x0)

and ∫
U2µ dδx,F =

∫
U2δx,F dµ 5

∫
U2δx dµ = U2µ(x),

so that
lim
x→x0

∫
U2µ dδx,F = U2µ(x0).

Hence, for ϕ ∈ C∞0 (Rn), we have

lim
x→x0

∫
ϕ dδx,F =

∫
ϕ dδx0 ,

which implies that δx,F → δx0 vaguely as x→ x0.

Corollary 6.2. Let E be the set of all points of ∂D which are irregular. Then
C2(E) = 0, that is, E is polar.
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In fact, for any y ∈ D, it suffices to note that

E j {x ∈ ∂D : U2δx,F (y) < U2δx(y)}.

Corollary 6.3. Suppose U2µ 6≡ ∞. If x0 is regular, then

U2µF (x0) = U2µ(x0).

Theorem 6.4. Let x0 ∈ ∂D. Then x0 is irregular if and only if F is thin at x0.

Proof. Suppose x0 is irregular. Then for fixed y ∈ D,

U2δx0,F (y) < U2δx0(y).

If F is not thin at x0, then we can find F ′ j F for which

U2δx0,F (y) = U2δy,F (x0)

= lim
x→x0,x∈F ′

U2δy,F (x)

= lim
x→x0,x∈F ′

U2δx,F (y)

= lim
x→x0,x∈F ′

U2δx(y)

= U2δx0(y),

which yields a contradiction. Thus F is thin at x0.
Suppose F is thin at x0. Then there exists a measure µ such that

lim inf
x→x0,x∈F

U2µ(x) > U2µ(x0).

By the lower semicontinuity, we can find r > 0 such that

U2µ(x) > η > U2µ(x0) for any x ∈ K − {x0},

where K = F ∩B(x0, r). Consider the equilibrium measure γK in Theorem 5.2. Then

U2µ > ηU2γK q.e. on K,

so that maximum principle implies that

U2µ = ηU2γK on Rn.

In particular, U2µ(x0) = ηU2γK(x0). If x0 is regular, then, since the balayage of γK to
F is itself, Corollary 5.3 gives

U2γK(x0) = 1,
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so that
U2µ(x0) = η.

Thus a contradiction follows.

Corollary 6.4. Let x0 ∈ ∂D. If F contains a cone with vertex at x0, then x0 is
regular.

Corollary 6.5. If D is a ball B, then Hf is equal to the Poisson integral of f for
B. Further,

G(x, y) = U2δx(y)− U2δx,F (y)

is equal to Green’s function for B, where F = Rn −B.

Corollary 6.6. If D has an irregular boundary point, then there is no solution
even if f is continuous on F .

3.7 Dirichlet problem in the plane

In view of Theorem 10.5 in Chapter 2, we have the following.

Theorem 7.1. Let K be a compact set in R2 with C2(K) > 0. Then for a ∈
R2 −K, there exist a unique measure δa,K ∈ E2,1(K) and a number γa,K such that

(i) U2δa,K = U2δa + γa,K q.e. on K;

(ii) U2δa,K 5 U2δa + γa,K on R2.

Note here that
γa,K = lim

|x|→∞
{U2δa,K(x)− U2δa(x)} = 0.

For a ∈ R2 −D, apply Theorem 7.1 with K = D. Then δa,K is supported on ∂D,
since (i) of Theorem 7.1 implies that U2δa,K is harmonic in D. Hence it follows that
C2(∂D) > 0. If x ∈ D, then

U2δx,∂D = U2δx + γx,∂D q.e. on ∂D.

Since lim
|y|→∞

{U2δx,∂D(y)− U2δx(y)} = 0, we see that

γx,∂D = 0.

Now define Green’s function for D by

G(x, y) = U2δx(y)− U2δx,∂D(y).
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Theorem 7.2. For x, y ∈ D, G(x, y) = G(y, x).

Proof. In view of (i) of Theorem 7.1,∫
U2δx,∂D dδy,∂D =

∫
U2δx dδy,∂D = U2δy,∂D(x)

and ∫
U2δy,∂D dδx,∂D =

∫
U2δy dδx,∂D = U2δx,∂D(y).

Thus the required equality follows.

As before, we say that x0 ∈ ∂D is regular if δx,∂D → δx0 vaguely as x→ x0, x ∈ D.

Theorem 7.3. Let x0 ∈ ∂D. Then x0 is regular if and only if

(7.1) lim
x→x0,x∈D

G(x, y) = 0

for any y ∈ D.

Proof. If x0 is regular, then

lim
x→x0,x∈D

G(x, y) = lim
x→x0,x∈D

G(y, x) = 0.

Conversely, (7.1) holds for some y ∈ D. Let {xj} be a sequence in D tending to x0,
and consider

uj(x) = G(xj, x).

Note that each uj is positive and harmonic in D − {xj}. Since {uj(y)} tends to zero,
by Harnack’s inequality, we see that {uj} tends to zero locally uniformly on D. Hence,
if ϕ ∈ C∞0 , then we write ϕ = U2ψ and have∫

ϕ dδxj ,∂D =
∫

U2ψ dδxj ,∂D =
∫

U2δxj ,∂D ψ dz

=
∫

U2δxj ψ dz −
∫

uj ψ dz

= ϕ(xj)−
∫

uj ψ dz.

Applying Lebesgue’s dominated convergence theorem, we have

lim
x→x0,x∈D

∫
ϕ dδxj ,∂D = ϕ(x0),

which implies that δxj ,∂D → δx0 vaguely as j → ∞. Hence it follows that δx,∂D → δx0

vaguely as x→ x0, x ∈ D.

Corollary 7.1. Let E be the set of all points of ∂D which are irregular. Then
C2(E) = 0, that is, E is polar.
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Corollary 7.2. Suppose every boundary point of D is regular. Then, for a
continuous function f on ∂D, Hf is the Dirichlet solution for D and f .

As in Theorem 6.4, we can show the following characterization of regular (or irreg-
ular) boundary points.

Theorem 7.4. Let x0 ∈ ∂D. Then x0 is irregular if and only if F is thin at x0.

Corollary 7.3. Let x0 ∈ ∂D. If F contains a continuum γ for which x0 ∈ γ,
then x0 is regular.

3.8 Removable singularities

For an open set G, let H(G) be a class of functions on G. A compact set K j G is
removable for H if any function in H(G) which is harmonic in G −K is harmonic in
G. In this section we consider the the Hölder space Λα for H.

For a positive number α, take the nonnegative integer k for which

k < α 5 k + 1.

We denote by Λα(G) the Hölder space of all functions u ∈ Ck(G) such that in case
α < k + 1,

|Dµu(x)−Dµu(y)| 5M |x− y|α−k

whenever x, y ∈ G and |µ| = k ; in case α = k + 1,

|Dµu(x+ y) +Dµu(x− y)− 2Dµu(x)| 5M |y|

whenever x, x± y ∈ G and |µ| = k.

Lemma 8.1. If u ∈ Λα(G), then for any ball B = B(x, r) j B(x, 2r) j G there
exists a polynomial PB of degree at most α such that

1

|B|

∫
B
|u(y)− PB(y)|dy 5 Arα−k,

where A is a positive constant independent of B.

Proof. We show this only when α = 1. Take a mollifier ψ ∈ C∞0 (Rn) such that∫
ψ(x)dx = 1, ψ = 0 outsideB(0, 1) and 0 5 ψ 5 1 on Rn. Letting ψr(y) = r−nψ(y/r),

we consider ur = u ∗ ψr. Then∫
B
|u(y)− ur(y)|dy 5 2−1 sup

z∈B(0,r)

∫
B
|2u(y)− u(y − z)− u(y + z)|dy 5Mr1+n.
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Further, we have

|∇2ur(y)| = |u ∗ (∇2ψr)(y)|

5 Mr−2−n
∫
B(0,r)

|2u(y)− u(y − z)− u(y + z)|dz 5Mr−1,

so that Taylor’s theorem implies that |ur(y) − P (y)| 5 Mr for all y ∈ B, where
P (y) = ur(x) + (y − x) · ∇ur(x). Now it follows that

1

|B|

∫
B
|u(y)− P (y)|dy 5Mr,

as required.

Lemma 8.2 (Partition of unity). Let {B(xj, rj)}, 1 5 j 5 N , be a finite family
of open balls such that {B(xj, rj/5)} is mutually disjoint. Then there exists a family
{ψj} j C∞0 (Rn) with the following properties :

(i) ψj = 0 on Rn and ψj = 0 outside B(xj, 2rj).

(ii)
N∑
j=1

ψj 5 1 on Rn and
N∑
j=1

ψj = 1 on
N⋃
j=1

B(xj, rj).

(iii) |Dµψj| 5Mµr
−|µ|
j on Rn for any multi-index µ.

Proof. Without loss of generality, we may assume that r1 = r2 = · · · = rN .
First take a function ϕ ∈ C∞0 (Rn) such that ϕ = 1 on B, ϕ = 0 outside B(0, 2) and
0 5 ϕ 5 1 on Rn. Letting ϕj(x) = ϕ((x− xj)/rj), we define ψ1 = ϕ1 and

ψk = ϕk
k−1∏
j=1

(1− ϕj)

for k = 2, 3,... . Then ψk ∈ C∞0 (Rn) and ψk = 0 outside B(xk, 2rk). By induction we
see that

k∑
j=1

ψj = 1−
k∏
j=1

(1− ϕj),

which shows that
k∑
j=1

ψj = 1 for x ∈
k⋃
j=1

B(xj, rj).

For a multi-index µ = (µ1, ..., µn), note that

|Dµψk(x)| 5M
∑

ν1,...,νn

 k∑
j1=1

|Dν1ϕj1(x)|

× · · · ×
 k∑
jn=1

|Dνnϕjn(x)|


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where ν1,...,νn are multi-indices such that ν1 + · · · + νn = µ. Note also that for each
positive integer m, {j : 2m−1rk 5 rj < 2mrk and x ∈ B(xj, 2rj)} has at most A
members, where A depends only on the dimension n, since {B(xj, rj/5)} is mutually
disjoint. Hence we have

k∑
j=1

|Dνiϕj(x)| 5
k∑
j=1

Mr
−|νi|
j 5MA

∞∑
m=1

(2m−1rk)
−|νi| 5Mr

−|νi|
k ,

so that

|Dµψk(x)| 5Mr
−|ν1|−···−|νn|
k = Mr

−|µ|
k .

Theorem 8.1. Let h be a measure function on [0,∞) and let u be a locally
integrable function on G such that

(8.1) F (u) ≡ sup
B(x,r)

r−2h(r)−1 inf
v

∫
B(x,r)

|u(y)− v(y)|dy <∞,

where the infimum is taken over all superharmonic functions v on B(x, r). Consider
the set S(u) of all x ∈ G such that

lim sup
r→0

r−2−n
∫
B(x,r)

|u(y)− v(y)|dy > 0

for some superharmonic function v on a neighborhood of x. If Hh(S(u)) = 0, then u
can be corrected on a set of measure zero to be superharmonic in G.

Proof. We shall show that ∆u 5 0 on G in the sense of distributions, that is,

(8.2)
∫
G
u(x)∆ϕ(x)dx 5 0

for any nonnegative ϕ ∈ C∞0 (G). Since Hh(S(u)) = 0 by assumption, for any ε > 0
there exists {B(xj, rj)} such that

⋃
j

B(xj, rj) k S(u) and
∑
j

h(rj) < ε. Further, for

each x ∈ G−S(u), there exist r(x) > 0 and a superharmonic function vx on B(x, 2r(x))
such that ∫

B(x,2r(x))
|u(y)− vx(y)|dy < εr(x)2+n.

Let ϕ ∈ C∞0 (G) be nonnegative. Then

Sϕ j

⋃
j

B(xj, rj)

 ∪
 ⋃
x∈G−S(u)

B(x, r(x))

 ,
we can choose a finite covering {Bj} of Sϕ such that {Bj} = {Bj′} ∪ {Bj′′}, where
Bj′ = B(xj′ , rj′), Bj′′ = B(xj′′ , rj′′) with rj′′ = r(xj′′), xj′′ ∈ G− S(u), and {5−1Bj} is
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mutually disjoint. Now take {ψj} for {Bj} as in Lemma 8.2. Then∫
u(x)∆(ψj′ϕ)(x)dx 5

∫
[u(x)− v(x)]∆(ψj′ϕ)(x)dx

5
∫
|u(x)− v(x)||∆(ψj′ϕ)(x)|dx

5 Mh(rj′)[F (u) + 1]

for some v which is superharmonic in 2Bj′ . Similarly, we have∫
u(x)∆(ψj′′ϕ)(x)dx 5

∫
[u(x)− vxj′′ (x)]∆(ψj′′ϕ)(x)dx

5
∫
|u(x)− vxj′′ (x)||∆(ψj′′ϕ)(x)|dx 5Mε[rj′′ ]

n.

Now it follows that∫
u(x)∆ϕ(x)dx =

∑
j

∫
u(x)∆(ψjϕ)(x)dx

5 M
∑
j′

h(rj′) +Mε
∑
j′′

[rj′′ ]
n 5Mε,

which shows (8.2), as required.

Corollary 8.1. Let K be a compact subset of G, and 0 < α < 2. If u ∈ Λα(G)
is harmonic in G − K and Hn−2+α(K) = 0, then u is harmonic in G, that is, K is
removable for Λα(G).

In fact, let h(r) = rn−2+α. If 0 < α < 1, then the constant function is harmonic
and

r−2h(r)−1 inf
v

∫
B(x,r)

|u(y)− v(y)|dy 5 Mr−2h(r)−1
∫
B(x,r)

|y − x|αdy

= M(n+ α)−1ωn <∞;

in case 1 5 α < 2, with the aid of Lemma 8.1, we see that (8.1) holds. Since S(u) j K,
we apply Theorem 8.1 with ± u to obtain the required assertion.

Corollary 8.2. Let K be a compact subset of G such that Hn−2(K) = 0. If u is
harmonic in G−K and in BMO(G), that is,

sup
B

1

|B|

∫
B
|u(y)− uB|dy <∞,

where the supremum is taken over all balls B in G and uB =
1

|B|

∫
B
u(y)dy, then u can

be corrected on a set of measure zero to be harmonic in G.

We discuss the converse of Corollary 8.1.
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Proposition 8.1. Let K be a compact subset of Rn such that Hn−2+α(K) > 0,
where 0 < α < 2. Then there exists u ∈ Λα(Rn) such that u is harmonic in Rn −K
and u is not harmonic in Rn.

Proof. In view of Frostman’s theorem, we can find a nonnegative measure µ on
K such that µ(K) > 0 and

(8.3) µ(B(x, r)) 5 rn−2+α for all B(x, r).

In case n > 2, consider the potential

u(x) =
∫
|x− z|2−ndµ(z).

Since Sµ j K, u is harmonic outside K. If |j| < α, then (8.3) yields∫
B(a,r)

|DjN(x− z)|dµ(z) 5 M
∫
B(a,r)

|x− z|2−|j|−ndµ(z)

5 M
∫
B(x,r)

|x− z|2−|j|−ndµ(z)

+M
∫
B(a,r)

|a− z|2−|j|−ndµ(z) 5Mrα−|j|

for every ball B(a, r). On the other hand, if α = |j|+ 1 and r = 2|y|, then∫
Rn−B(x,r)

|DjN(x+ y − z) +DjN(x− y − z)− 2DjN(x− z)|dµ(z)

5 M
∫

Rn−B(x,r)
|x− z|−|j|−ndµ(z) 5Mrα−|j|;

if α < |j|+ 1 and r = 2|y|, then∫
Rn−B(x,r)

|DjN(x+ y − z)−DjN(x− z)|dµ(z)

5 M
∫

Rn−B(x,r)
|x− z|1−|j|−ndµ(z) 5Mrα−|j|.

Thus it follows that u ∈ Λα(Rn).
What remains is to show the case n = 2. In view of (8.3), µ has no point mass, so

that there exist two disjoint compact subsets K1 and K2 of K such that µ(Ki) > 0 for
i = 1, 2. Set

ν =
µ|K1

µ(K1)
− µ|K2

µ(K2)
and u(x) =

∫
log

1

|x− z|
dν(z).

Since ν(Rn) = 0,

u(x) =
∫

log
r

|x− z|
dν(z)
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for any r > 0. Hence, noting that |ν|(B(x, r)) 5Mrα, we have∣∣∣∣∣
∫
B(a,r)

Dj log(r/|x− z|) dν(z)

∣∣∣∣∣ 5Mrα−|j|

for |j| < α. Since the integration over Rn − B(x, r) with r = 2|y| can be estimated as
in the first case, it follows that u ∈ Λα(Rn).

Finally we treat the case α = 0.

Theorem 8.2. Let K be a compact subset of G for which C2(K) = 0. If u is
bounded and harmonic in G −K, then u can be extended to a harmonic function on
G.

Proof. Since C2(K) = 0, there exists a measure µ with compact support such
that U2µ =∞ on K. For any ε > 0, uε = u+ εU2µ is superharmonic outside K. If we
define uε =∞ on K, then uε is lower semicontinuous on G and it has super-mean-value
property at each point of G. Thus uε is superharmonic in G. Now define

U(x) = lim inf
j→∞

u1/j(x)

and
U(x) = lim inf

y→x
U(y)

for x ∈ G. Then U = u outside K by the continuity of u. Further U is lower
semicontinuous on G. On the other hand, Fatou’s lemma implies that

1

|B|

∫
B
U(z)dz =

1

|B|

∫
B
U(z)dz =

1

|B|

∫
B

lim inf
j→∞

u1/j(z) dz

5 lim inf
j→∞

1

|B|

∫
B
u1/j(z) dz 5 lim inf

j→∞
u1/j(y) = U(y)

for any ball B = B(y, r) with closure in G. Since U is essentially bounded, by letting
y → x, we have

1

|B(x, r)|

∫
B(x,r)

U(z)dz 5 U(x)

whenever B(x, r) j G. Thus U is superharmonic in G, and hence it is a superharmonic
extension of u to G. Similarly, −u also has a superharmonic extension V on G. Then
U + V is superharmonic in G. Moreover, U + V vanishes outside K, and hence it
vanishes almost everywhere on G. Thus U = −V on G, each of which is a harmonic
extension of u to G.

In view of the above proof, we have the following result.

Theorem 8.3. Let x0 ∈ G and u be harmonic in G− {x0}. If

lim
x→x0

N(x− x0)u(x) = 0,

then u can be extended to a harmonic function on G.



Chapter 4

Riesz potentials of functions in Lp

In this chapter we study several properties of potentials of functions in Lp. Our main
aim is to give a proof of Sobolev’s inequality. There are various ways of proving
Sobolev’s inequality, and we show a proof of applying the Marcinkiewicz interpolation
theorem.

4.1 The Marcinkiewicz interpolation theorem

We introduce a notion of nonincreasing rearrangements of functions. First let f be a
measurable function on Rn. Define

mf (r) = |{x : |f(x)| > r}|

and
f ∗(t) = inf{r = 0 : mf (r) 5 2|t|}.

Then it is easy to note that f ∗ is nonincreasing and

(1.1) f ∗(mf (r)/2) 5 r.

Since mf is continuous from the right, we see that

(1.2) mf (f ∗(t)) 5 2|t|.

Lemma 1.1. f ∗ is continuous from the right on [0,∞).

Proof. First note that f ∗(t+) ≡ sup{s:s>t} f
∗(s) 5 f ∗(t). Further, (1.2) gives

mf (f ∗(t+)) 5 mf (f
∗(t+ s)) 5 2(t+ s) whenever t = 0 and s > 0.

Hence, mf (f ∗(t+)) 5 2t, which proves f ∗(t) 5 f ∗(t+). Thus it follows that

f ∗(t+) = f ∗(t).

147
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Lemma 1.2. mf∗(r) = mf (r) for all r = 0.

Proof. Since f ∗ is nonincreasing on [0,∞),

(1.3) mf∗(r) = 2 sup{t = 0 : f ∗(t) > r}.

Hence (1.1) gives
mf (r) = mf∗(r).

Conversely, if 2|t| > mf∗(r), then f ∗(t) 5 r, so that (1.2) gives

mf (r) 5 mf (f
∗(t)) 5 2|t|.

Thus, mf (r) 5 mf∗(r) by letting 2|t| → mf∗(r), and the proof is completed.

Lemma 1.3. Let {fj} be a sequence of measurable functions on Rn such that
|fj(x)| increases to f(x) for each x ∈ Rn. Then mfj and f ∗j increase to mf and f ∗,
respectively.

Proof. Clearly, mfj 5 mf , and Lebesgue’s monotone convergence theorem implies
that

mf (r) = lim
j→∞

mfj(r).

Further, f ∗j (t) 5 f ∗j+1(t) 5 f ∗(t). If we set g(t) = lim
j→∞

f ∗j (t), then g(t) 5 f ∗(t). Note

that
mf (g(t)) = lim

j→∞
mfj(g(t)) 5 lim

j→∞
mfj(f

∗
j (t)) 5 2|t|,

which implies that f ∗(t) 5 g(t). Thus it follows that

f ∗(t) = g(t),

as required.

Theorem 1.1. If 1 5 p <∞, then

(1.4)
∫

Rn
|f(x)|pdx =

∫
R1

f ∗(t)pdt.

Proof. In view of Lemma 1.2, we have∫
|f(x)|pdx =

∫
mf (r)d(rp) =

∫
mf∗(r)d(rp) =

∫
f ∗(t)pdt.

Theorem 1.2. If k is a nonnegative and nonincreasing function on (0,∞), then∫
k(|x− y|)|f(y)|dy 5

∫
k(|t|)f ∗(t)dt.
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Proof. If f is a characteristic function of a set I with measure 2`, that is, f = χI ,
then ∫

k(|x− y|)f(y)dy =
∫
I
k(|x− y|)dy 5

∫ `

−`
k(|t|)dt =

∫
k(|t|)f ∗(t)dt.

Let f =
m∑
j=1

ajχIj , where 0 < a1 < a2 < · · · < am and {Ij} are mutually disjoint.

Then, writing bi = ai − ai−1 with a0 = 0 and Ji = Ii ∪ Ii+1 ∪ · · · ∪ Im, we see that

f =
m∑
i=1

biχJi and f ∗ =
m∑
i=1

biχ
∗
Ji
.

Hence, by the above considerations, we have∫
k(|x− y|)f(y)dy =

m∑
j=1

bi

∫
Ji
k(|x− t|)dt

5
m∑
i=1

bi

∫
k(|t|)χ∗Ji(t)dt =

∫
k(|t|)f ∗(t)dt.

Now the general case follows from considering a sequence {fj} of step functions which
increases to f .

We here prepare the well-known Hardy’s inequalities, which is an easy consequence
of the following result.

Lemma 1.4. Let K(x, y) be a nonnegative measurable function on R+ ×R+ with
R+ = (0,∞), which is homogeneous of degree −1, that is,

K(λx, λy) = λ−1K(x, y) for all λ, x, y ∈ R+.

Further

(1.5) AK ≡
∫ ∞

0
K(1, y)y−1/pdy <∞.

For a nonnegative measurable function f on R+, set

Kf(x) =
∫ ∞

0
K(x, y)f(y)dy.

Then we have for 1 5 p 5∞
‖Kf‖p 5 AK‖f‖p.

Proof. Note by the homogeneity that

Kf(x) =
∫ ∞

0
K(1, y)f(xy)dy.
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Now we apply Minkowski’s inequality for integral to have

‖Kf‖p 5
∫ ∞

0
K(1, y)‖f(·y)‖pdy

=
(∫ ∞

0
K(1, y)y−1/pdy

)
‖f‖p = AK‖f‖p.

Theorem 1.3 (Hardy’s inequalities). If f is a nonnegative measurable function f
on R+ and r > 0, then{∫ ∞

0

(∫ x

0
f(y)dy

)p
x−r−1dx

}1/p

5 p/r
(∫ ∞

0
[yf(y)]py−r−1dy

)1/p

and {∫ ∞
0

(∫ ∞
x

f(y)dy
)p
xr−1dx

}1/p

5 p/r
(∫ ∞

0
[yf(y)]pyr−1dy

)1/p

.

To prove the first inequality, consider

K(x, y) =


x−(r+1)/py−1+(r+1)/p when 0 < y < x,

0 when y = x

Then K satisfies all the conditions on K required in Lemma 1.4

Let 1 5 pj 5 qj 5 ∞, j = 0, 1, p0 < p1 and q0 6= q1. Let T be a quasi-linear
transformation which is defined on Lp0(Rn) + Lp1(Rn), that is,

|T (f1 + f2)(x)| 5 κ(|Tf1(x)|+ |Tf2(x)|)

holds almost everywhere, where κ is a positive constant independent of f1 and f2. We
say that T is of weak type (p, q) if

|{x : |Tf(x)| > λ}| 5M

(
‖f‖p
λ

)q

whenever f ∈ Lp(Rn) and λ > 0; we say that T is of (strong) type (p, q) if

‖Tf‖q 5M‖f‖p for all f ∈ Lp(Rn).

Clearly, if T is of type (p, q), then T is of weak type (p, q).

Theorem 1.4 (the Marcinkiewicz interpolation theorem). Suppose T is of weak
type (pj, qj) for j = 0 and 1, that is,

|{x : |Tf(x)| > λ}| 5
(
Aj‖f‖pj

λ

)qj
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for f ∈ Lpj(Rn) and λ > 0, j = 0, 1. If 0 < θ < 1,

1

p
=

1− θ
p0

+
θ

p1

and
1

q
=

1− θ
q0

+
θ

q1

,

then T is of type (p, q), that is,

‖Tf‖q 5 A‖f‖p with A = A(p0, p1, q0, q1, θ).

Proof. Set
m(t) = |{x : |Tf(x)| > t}|

and
h∗(r) = inf{t = 0 : m(t) 5 2|r|}.

Then we have by Theorem 1.1 that

(1.6) ‖h∗‖p =
(∫ ∞
−∞

[h∗(r)]pdr
)1/p

=
(∫

Rn
|h(x)|pdx

)1/p

= ‖h‖p.

On the other hand, it is useful to note that

(1.7)
(∫ ∞

0
[r1/ph∗(r)]q2dr/r

)1/q2

5M
(∫ ∞

0
[r1/ph∗(r)]q1dr/r

)1/q1

for 0 < p 5∞, where 1 5 q1 5 q2 5∞. To show this, we see that∫ ∞
0

[r1/ph∗(r)]q1dr/r =
∫ t

t/2
[r1/ph∗(r)]q1dr/r =M [t1/ph∗(t)]q1

for t > 0, which proves the case q2 =∞. In case q1 5 q2 <∞,∫ ∞
0

[r1/ph∗(r)]q2dr/r 5

(
sup
t>0

[t1/ph∗(t)]q2−q1
)∫ ∞

0
[r1/ph∗(r)]q1dr/r.

Let

σ =
1/q0 − 1/q

1/p0 − 1/p
=

1/q − 1/q1

1/p− 1/p1

.

For f ∈ Lp(Rn), write f = f t + ft, where

f t(x) =


f(x) when |f(x)| > f ∗(tσ),

0 otherwise

and ft = f − f t. We see that

(f t)∗(y) 5 f ∗(y) when 0 5 y 5 tσ,

(f t)∗(y) = 0 when y > tσ,

(ft)
∗(y) 5 f ∗(tσ) when 0 5 y 5 tσ,

(ft)
∗(y) 5 f ∗(y) when y = tσ.
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Since T is of weak type (pj, qj), j = 0, 1, we have

(Tf)∗(t) 5 Ajt
−1/qj‖f‖pj .

Moreover, since f ∈ Lp(Rn) and p0 < p < p1, it follows that f t ∈ Lp0(Rn) and
ft ∈ Lp1(Rn). Now we find

(Tf)∗(t) 5 κ[(Tf t)∗(t/2) + (Tft)
∗(t/2)]

5 κ
[
A0(t/2)−1/q0‖f t‖p0 + A1(t/2)−1/q1‖ft‖p1

]
.

In view of (1.7), we obtain

‖Tf‖q = ‖(Tf)∗‖q =
(

2
∫ ∞

0
[r1/q(Tf)∗(r)]qdr/r

)1/q

5 M
(∫ ∞

0
[r1/q(Tf)∗(r)]pdr/r

)1/p

.

On the other hand,

‖f t‖p0 =
(

2
∫ ∞

0
[y1/p0(f t)∗(y)]p0dy/y

)1/p0

5 M
∫ ∞

0
y1/p0(f t)∗(y)dy/y

5 M
∫ tσ

0
y1/p0f ∗(y)dy/y

and, similarly,

‖ft‖p1 5Mtσ/p1f ∗(tσ) +M
∫ ∞
tσ

y1/p1f ∗(y)dy/y.

Thus it follows from Hardy’s inequalities that

‖Tf‖q 5 M
(∫ ∞

0
[t1/q−1/q0‖f t‖p0 ]pdt/t

)1/p

+M
(∫ ∞

0
[t1/q−1/q1‖ft‖p1 ]pdt/t

)1/p

5 M

{∫ ∞
0

(
t1/q−1/q0

∫ tσ

0
y1/p0(f t)∗(y)dy/y

)p
dt/t

}1/p

+M
(∫ ∞

0
[t1/q−1/q1+σ/p1f ∗(tσ)]pdt/t

)1/p

+M
{∫ ∞

0

(
t1/q−1/q1

∫ ∞
tσ

y1/p1(ft)
∗(y)dy/y

)p
dt/t

}1/p

5 M
{∫ ∞

0

(
r1/p−1/p0

∫ r

0
y1/p0f ∗(y)dy/y

)p
dr/r

}1/p

+M‖f ∗‖p

+M
{∫ ∞

0

(
r1/p−1/p1

∫ ∞
r

y1/p1f ∗(y)dy/y
)p
dr/r

}1/p

5 M‖f ∗‖p = M‖f‖p.



4.2 Sobolev’s inequality 153

For a locally integrable function f , we recall the definition of maximal function

Mf(x) = sup
r>0

1

|B(x, r)|

∫
B(x,r)

|f(y)|dy.

Hölder’s inequality gives
Mf(x) 5 [M(|f |p)(x)]1/p.

Hence in view of Theorem 10.2 in Chapter 1, we see that the mapping f → Mf is of
weak type (p, p) whenever 1 < p <∞.

Corollary 1.1. If 1 < p <∞, then

‖Mf‖p 5 Ap‖f‖p

for every f ∈ Lp(Rn).

This can also be proved by a direct application of Theorem 10.2 in Chapter 1.

4.2 Sobolev’s inequality

In case 0 < α < n, we consider the Riesz potential Uαf of order α for a measurable
function f , which is in fact defined by

Uαf(x) = Uα ∗ f(x) =
∫
|x− y|α−nf(y) dy;

this is also called the α-potential of f . Here we assume that Uα|f | 6≡ ∞, which is
equivalent to

(2.1)
∫

(1 + |y|)α−n|f(y)| dy <∞

in view of Theorem 1.1 in Chapter 2. If this is the case, then we see easily that Uαf is
locally integrable on Rn. This fact can be extended in the following manner, which is
widely known as Sobolev’s theorem.

Theorem 2.1. Let
1

p∗
=

1

p
− α

n
.

(i) If 1/q > 1/p∗ and q > 0, then

(∫
K
|Uαf(x)|q dx

)1/q

5MK‖f‖p

for any compact set K.
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(ii) If 1 < p <∞ and 1/p∗ > 0, then

(2.2)
(∫
|Uαf(x)|p∗ dx

)1/p∗

5M‖f‖p.

Remark 2.1. Inequality (2.2) is known as Sobolev’s inequality.

Our proof can be carried out by an application of the Marcinkiewicz interpolation
theorem.

Proof of Theorem 2.1. We may assume that f is nonnegative. For R > 0,
write

Uαf(x) =
∫
B(x,2R)

|x− y|α−nf(y) dy +
∫

Rn−B(x,2R)
|x− y|α−nf(y) dy

= u1(x) + u2(x).

If x ∈ B(0, R), then

u2(x) 5
∫

Rn−B(0,R)
(|y|/2)α−nf(y) dy,

which implies that u2 is bounded on B(0, R). Let 0 < δ < 1 and

(2.3) δ(n− α)p′ < n.

By Hölder’s inequality we have

u1(x) 5

(∫
B(x,2R)

|x− y|δ(α−n)p′ dy

)1/p′

×
(∫

B(x,2R)
|x− y|(1−δ)(α−n)pf(y)p dy

)1/p

= MR[δ(α−n)p′+n]/p′
(∫

B(x,2R)
|x− y|(1−δ)(α−n)pf(y)p dy

)1/p

.

Now it follows from Minkowski’s inequality for integral that

(∫
u1(x)qdx

)1/q

5 MR[δ(α−n)p′+n]/p′

×


∫ (∫

B(y,2R)
|x− y|(1−δ)(α−n)p(q/p) dx

)p/q
f(y)p dy


1/p

5 MR[δ(α−n)p′+n]/p′+[(1−δ)(α−n)q+n]/q‖f‖p,
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as long as

(2.4) (1− δ)(α− n)q + n > 0.

If 1/q > 1/p− α/n, then we can find δ satisfying both (2.3) and (2.4), and (i) follows.
Next let 1/q = 1/p∗ = 1/p− α/n > 0. To obtain Sobolev’s inequality, we return to

the estimate for u2. In fact, since αp < n, we have by Hölder’s inequality

u2(x) 5

(∫
Rn−B(x,2R)

|x− y|(α−n)p′ dy

)1/p′ (∫
Rn−B(x,2R)

f(y)p dy

)1/p

5 MR[(α−n)p′+n]/p′‖f‖p.

For any λ > 0, choose R > 0 so that

MR[(α−n)p′+n]/p′‖f‖p = λ.

Then it follows that

|{x : Uαf(x) > 2λ}| 5 |{x : u1(x) > λ}|

5
∫ (

u1(x)

λ

)p
dx

5 M
(
Rαλ−1‖f‖p

)p
= M

(
‖f‖p
λ

)p∗
.

This implies that f → Uαf is of weak type (p, p∗). In view of the Marcinkiewicz
interpolation theorem, the mapping is seen to be of (strong) type (p, p∗), which means
the required Sobolev inequality.

Theorem 2.2. Let 0 < α− n

p
< 1. If f is a function in Lp(Rn) satisfying (2.1),

then
|Uαf(x)− Uαf(z)| 5M |x− z|α−n/p‖f‖p.

Proof. For r = |x− z|, write

Uαf(z) =
∫
B(x,2r)

|z − y|α−nf(y) dy +
∫

Rn−B(x,2r)
|z − y|α−nf(y) dy

= u1(z) + u2(z).

Since (α− n)p′ + n > 0, we have by Hölder’s inequality

|u1(z)| 5
(∫

B(x,2r)
|z − y|(α−n)p′ dy

)1/p′ (∫
B(x,2r)

|f(y)|p dy
)1/p

5

(∫
B(x,2r)

|x− y|(α−n)p′ dy

)1/p′

‖f‖p

= Mr[(α−n)p′+n]/p′‖f‖p.
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On the other hand,

|u2(x)− u2(z)| 5Mr
∫

Rn−B(x,2r)
|x− y|α−n−1|f(y)| dy.

Since (α− n− 1)p′ + n < 0, we have as above

|u2(x)− u2(z)| 5 Mr

(∫
Rn−B(x,2r)

|x− y|(α−n−1)p′ dy

)1/p′

×
(∫

Rn−B(x,2r)
|f(y)|p dy

)1/p

5 Mr[(α−n)p′+n]/p′‖f‖p.

Thus the required result follows.

Theorem 2.3. Let αp = n and G be a bounded open set in Rn. Then there exist
two positive constants A1 and A2 such that for any f ∈ Lp(G),

1

|G|

∫
G

exp

[
Uαf

A1‖f‖p

]p′
dx 5 A2.

Proof. Let R be chosen so that |G| = |B(0, R)| = σnR
n. Then for 0 < β < n,∫

G
|x− y|−βdy 5

∫
B(x,R)

|x− y|−βdy = ωnR
−β+n/(n− β).

Assume that f = 0 on G and 1 < p < q <∞. Then, in view of the estimates of u1 in
the proof of Theorem 2.1, we have

Uαf(x) 5
(
ωnR

δ(α−n)p′+n/[n+ δ(α− n)p′]
)1/p′

×
(∫

G
|x− y|(1−δ)(α−n)pf(y)pdy

)1/p

and, by applying Minkowski’s inequality for integral,(∫
G

[Uαf ]qdx
)1/q

5
(
ωnR

δ(α−n)p′+n/[n+ δ(α− n)p′]
)1/p′

×
(
ωnR

(1−δ)(α−n)q+n/[n+ (1− δ)(α− n)q]
)1/q
‖f‖p.

Here, let 1/r = 1− 1/p+ 1/q and δ = r/p′. Then it follows that

(∫
G

[Uαf ]qdx
)1/q

5 ω1/r
n R(α−n)+n/r[n+ r(α− n)]−1/r‖f‖p.



4.3 Spherical means in Lq 157

Since (α− n) + n/r = n/q and 1/r < 1,

(2.5)
∫
G

[Uαf ]qdx 5 [K1q]
q/r[|G|/σn]‖f‖qp

with K1 = ωn/n. If m is a positive integer such that m > p − 1, then, by (2.5) with
q = mp′, we have

1

m!

∫
G

(
Uαf

C‖f‖p

)p′m
dx 5 K1p

′[|G|/σn]
mm

(m− 1)!

(
K1p

′

Cp′

)m

for C > 0. Hence it follows that

∫
G

∞∑
m=m0

1

m!

(
Uαf

C‖f‖p

)p′m
dx 5 K1p

′[|G|/σn]
∞∑

m=m0

mm

(m− 1)!

(
K1p

′

Cp′

)m

for m0 > p− 1. The sum is convergent if Cp′ > eK1p
′. The lower term m < m0 can be

evaluated by (2.5).

4.3 Spherical means in Lq

For q > 0 and a Borel measurable function u on Rn, consider the spherical means over
the surface S(0, r), which is defined by

Sq(u, r) =

(
1

|S(0, r)|

∫
S(0,r)

|u(x)|q dS(x)

)1/q

.

By a simple modification of the proof of Theorem 2.1, we have the following inequality
(see also Theorem 4.2 given later).

Theorem 3.1. Let αp > 1 and
1

p̃
=

n− αp
p(n− 1)

> 0. Then

(∫
S(0,R)

|Uαf(x)|p̃ dS(x)

)1/p̃

5MR‖f‖p.

We consider

κ(r) =


r(αp−n)/p αp < n,

{log(1/r)}1/p αp = n.

Theorem 3.2. Let 1 < αp 5 n, q > 0 and 1/q > 1/p̃. If f is a function in Lp(Rn)
satisfying (2.1), then

lim
r→0

[κ(r)]−1Sq(Uαf, r) = 0.
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Proof. We may assume that f is nonnegative and q > p, because Sq is nonde-
creasing for q. Write for r = |x| > 0,

Uαf(x) =
∫

Rn−B(0,2r)
|x− y|α−nf(y) dy +

∫
B(0,2r)

|x− y|α−nf(y) dy

= u1(x) + u2(x).

For any fixed a > 0, we see from (2.1) that
∫

Rn−B(0,a)
|x− y|α−nf(y) dy is bounded

near the origin, so that we may assume that f vanishes outside B(0, a). If x ∈ S(0, r),
then

u1(x) 5
∫
B(0,a)−B(0,2r)

(|y|/2)α−nf(y) dy

5 2n−α
(∫

B(0,a)−B(0,2r)
|y|(α−n)p′ dy

)1/p′ (∫
B(0,a)

f(y)p dy

)1/p

5 Mκ(r)

(∫
B(0,a)

f(y)p dy

)1/p

.

Hence it follows that

lim sup
x→0

[κ(|x|)]−1u1(x) 5M

(∫
B(0,a)

f(y)p dy

)1/p

,

which implies that the left hand-side is zero by letting a→ 0. Let 0 < δ < 1 and

(3.1)
n− αp
p(n− α)

< δ <
n− 1

q(n− α)
.

Since (1− δ)(α− n) + n/p′ > 0, as in the proof of Theorem 2.1, we have

u2(x) 5

(∫
B(0,2r)

|x− y|(1−δ)(α−n)p′ dy

)1/p′

×
(∫

B(0,2r)
|x− y|δ(α−n)pf(y)p dy

)1/p

5 Mr[(1−δ)(α−n)p′+n]/p′
(∫

B(0,2r)
|x− y|δ(α−n)pf(y)p dy

)1/p

.

Since δ(α− n)q + n− 1 > 0, we note that

Sq([Uα(· − y)]δ, r) 5Mrδ(α−n)
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for any y. Now it follows from Minkowski’s inequality for integral that

Sq(u2, r) 5 MR[(1−δ)(α−n)p′+n]/p′

×
(∫

B(0,2r)
[Sq(Uα(· − y)δ, r)]pf(y)p dy

)1/p

5 Mκ(r)

(∫
B(0,2r)

f(y)p dy

)1/p

,

which gives
lim
r→0

[κ(r)]−1Sq(u2, r) = 0.

Thus Theorem 3.2 is obtained.

Theorem 3.3. Let q > 0 and
n− αp− 1

p(n− 1)
<

1

q
5

1

p̃
. If f is a function in Lp(Rn)

satisfying (2.1), then
lim inf
r→0

[κ(r)]−1Sq(Uαf, r) = 0.

Before proving this fact, we note the following lemma, which is a consequence of
fine limit result (see Theorem 5.3 in Chapter 2).

Lemma 3.1. Let 0 < β < 1 and µ be a measure on the real line R for which
Uβµ 6≡ ∞. Then

lim inf
r→0

r1−βUβµ(r) = µ({0}).

Proof. In view of Theorem 5.3 in Chapter 2, there exists a set E j (0,∞) such
that E is thin at 0 and

(3.2) lim
r→0,r∈R+−E

r1−βUβµ(r) = µ({0}).

If Ij = [2−j, 2−j+1), then
2βjCβ(Ij) = c

for some constant c > 0. This implies that Ij −Ej 6= ∅ for large j, which together with
(3.2) implies the required assertion.

Now we give a proof of Theorem 3.3. As in the proof of Theorem 3.2, we may
assume that f is nonnegative, and write Uαf = u1 + u2. First we have

lim
r→0

[κ(r)]−1Sq(u1, r) = 0.

Let 0 < δ < 1 and
n− 1

q(n− α)
< δ < 1
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and

(3.3)
n− αp
p(n− α)

< δ <
n− 1

q(n− α)
+

1

p(n− α)
.

As in the proof of Theorem 3.2, we have

Sq(u2, r) 5 Mr[(1−δ)(α−n)p′+n]/p′
(∫

B(0,2r)
Sq([Uα(· − y)]δ, r)f(y)p dy

)1/p

.

Set β = −p[n− 1− δ(n− α)q]/q and note that

Sq([Uα(· − y)]δ, r) 5M

∣∣∣∣∣ |y| − rr

∣∣∣∣∣
−β

for any y. Hence we see from Minkowski’s inequality for integral that

Sq(u2, r) 5Mκ(r)

∫
B(0,2r)

∣∣∣∣∣ |y| − rr

∣∣∣∣∣
−β

f(y)p dy

1/p

.

Now Lemma 3.1 gives
lim inf
r→0

[κ(r)]−1Sq(u2, r) = 0,

and Theorem 3.3 is proved.

4.4 Restriction property

For a point x ∈ Rn, we write

x = (x1, x2, ..., xn) = (x1, x
′), x′ = (x2, ..., xn).

Theorem 4.1. Let 0 < β = α− 1/p < 1. Then

(∫ ∫
|x′−y′|<1

|Uαf(0, x′)− Uαf(0, y′)|p

|x′ − y′|n−1+βp
dx′dy′

)1/p

5M‖f‖p.

To show Theorem 4.1, we need the following easy results.

Lemma 4.1. If a < 1, then∫
|(z1, z

′)|a−ndz′ = M |z1|a−1.
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Lemma 4.2. If α < 2, then∫
{x′:|x′|>2|h′|}

||(z1, x
′ + h′)|α−n − |(z1, x

′)|α−n|dx′ 5M |h′||z1|α−2.

In fact, note that

||x+ h|α−n − |x|α−n| 5M |h||x|α−n−1

whenever |h| 5 2|x|, and apply Lemma 4.1.

Proof of Theorem 4.1. Note that

Uαf(0, x′) =
∫

R1

∫
Rn−1

|(−z1, x
′ − z′)|α−nf(z1, z

′)dz1dz
′

and

|Uαf(0, x′ + h′)− Uαf(0, x′)|

5
∫ (∫ ∣∣∣|(−z1, x

′ + h′ − z′)|α−n − |(−z1, x
′ − z′)|α−n

∣∣∣ |f(z1, z
′)|dz′

)
dz1.

Hence we have by Young’s inequality

‖Uαf(0, ·+ h′)− Uαf(0, ·)‖p

5
∫ (∫ ∣∣∣|(−z1, x

′ + h′)|α−n − |(−z1, x
′)|α−n

∣∣∣ dx′)(∫ |f(z1, z
′)|pdz′

)1/p

dz1.

In case α < 1, in view of Lemmas 4.1 and 4.2, we have

‖Uαf(0, ·+ h′)− Uαf(0, ·)‖p 5 M
∫
|z1|<|h′|

|z1|α−1‖f(z1, ·)‖pdz1

+M |h′|
∫
|z1|=|h′|

|z1|α−2‖f(z1, ·)‖pdz1

= M [I1(h′) + I2(h′)].

By Hardy’s inequality, we obtain∫
Rn−1

[I1(h′)]p

|h′|n−1+βp
dh′ 5 M

∫ ∞
0

r−αp
(∫ r

0
|z1|α−1‖f(z1, ·)‖pdz1

)p
dr

5 M
∫ ∞

0
|z1|−αp[|z1|α‖f(z1, ·)‖p]pdz1 = M‖f‖pp.

In the same way we find∫
Rn−1

[I2(h′)]p

|h′|n−1+βp
dh′ 5 M

∫ ∞
0

r(1−α)p
(∫ ∞

r
|z1|α−2‖f(z1, ·)‖pdz1

)p
dr

5 M
∫ ∞

0
|z1|(1−α)p[|z1|α−1‖f(z1, ·)‖p]pdz1 = M‖f‖pp.
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Thus the case α < 1 is proved.
In case α = 1, we must replace I1 by

J1(h′) =
∫
|z1|<|h′|

log(2|h′|/|z1|)‖f(z1, ·)‖pdz1

5 M
∫
|z1|<|h′|

[|h′|/|z1|]ε‖f(z1, ·)‖pdz1

for 0 < ε < 1 and apply Hardy’s inequality. In case 1 < α < 2,

I1 5M |h′|
∫
|z1|<|h′|

[|h′|+ |z1|]α−2‖f(z1, ·)‖pdz1,

which can be treated similarly.

Theorem 4.2. Let αp > 1 and 1/p̃ = (n− αp)/p(n− 1) > 0. Then(∫
|Uαf(0, x′)|p̃dx′

)1/p̃

5M‖f‖p.

In fact, we have by Hölder’s inequality

|Uαf(0, x′)| 5
∫

Rn−1

(∫
R1
|(−z1, x

′ − z′)|p′(α−n)dz1

)1/p′

×
(∫

R1
|f(z1, z

′)|pdz1

)1/p

dz′

5 M
∫

Rn−1
|x′ − z′|α−n+1/p′

(∫
R1
|f(z1, z

′)|pdz1

)1/p

dz′.

Now apply Sobolev’s inequality to establish the required inequality.

4.5 Inverse property

Recall from Theorem 2.9 in Chapter 2 that if ϕ ∈ C∞0 (Rn), then

(5.1) ϕ(x) = Uα[ψ(α, ·)](x);

for example, in case 0 < α < 2,

(5.2) ψ(α, x) = γα
−1 lim

ε→0

∫
Rn−B(0,ε)

ϕ(x+ t)− ϕ(x)

|t|n+α
dt.

Theorem 5.1. If 0 < α < 2 and f ∈ Lp(Rn), 1 5 p <∞, then∥∥∥∥∥
∫

Rn−B(0,ε)

Uαf(·+ t)− Uαf(·)
|t|n+α

dt

∥∥∥∥∥
p

5M‖f‖p
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for any ε > 0; moreover,

f(y) = γα
−1 lim

ε→0

∫
Rn−B(0,ε)

Uαf(x+ t)− Uαf(x)

|t|n+α
dt.

Before giving a proof, we show that

K(y) =
∫

Rn−B
[|t− y|α−n − |y|α−n]/|t|n+αdt

is integrable on Rn. First note that

(5.3) |K(y)| 5M |y|α−n for y ∈ B(0, 1/2).

Lemma 5.1. If 0 < α < 2 and |ξ| = 1, then

lim
ε→0

∫
Rn−B(0,ε)

|t+ ξ|α−n − 1

|t|n+α
dt = 0.

Proof. Consider the inversion : s = t/|t|2; then t = s/|s|2. We can write∫
Rn−B(0,ε)

|t+ ξ|α−n − 1

|t|n+α
dt =

∫
B(0,1/ε)

[|ξ + s/|s|2|α−n − 1]|s|α−nds

=
∫
B(0,1/ε)

[||s|ξ + s/|s||α−n − |s|α−n]ds

=
∫
B(0,1/ε)

[|s+ ξ|α−n − |s|α−n]ds,

so that

lim
ε→0

∫
Rn−B(0,ε)

|t+ ξ|α−n − 1

|t|n+α
dt = lim

N→∞

∫
B(0,N)

[|t+ ξ|α−n − |t|α−n]dt.

Further we see that∫
B(0,N)

|t+ ξ|α−ndt =
∫
B(ξ,N)

|s|α−nds

=
∫
B(0,N)

|s|α−nds+
∫
B(ξ,N)−B(0,N)

|s|α−nds−
∫
B(0,N)−B(ξ,N)

|s|α−nds

=
∫
B(0,N)

|t|α−ndt+
∫
B(0,N)−B(ξ,N)

[|ξ − t|α−n − | − t|α−n]dt.

Here note that∣∣∣∣∣
∫
B(0,N)−B(ξ,N)

[|ξ − t|α−n − | − t|α−n]dt

∣∣∣∣∣ 5 MNα−n−1|B(0, N)−B(ξ,N)|

5 MNα−2.
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Hence it follows that

lim
N→∞

∫
B(0,N)

[|t+ ξ|α−n − |t|α−n]dt = 0,

which proves the required equality.

Lemma 5.2. If 0 < α < 2, then∣∣∣∣∣
∫

Rn−B

|t+ y|α−n − |y|α−n

|t|n+α
dt

∣∣∣∣∣ 5M |y|α−n−2

whenever y ∈ Rn −B.

Proof. We see from Lemma 5.1 that∫
Rn−B

|t+ y|α−n − |y|α−n

|t|n+α
dt

= |y|−n
∫

Rn−B(0,1/|y|)

|s+ ξ|α−n − 1

|s|n+α
ds

= |y|−n lim
ε→0

∫
B(0,1/|y|)−B(0,ε)

|s+ ξ|α−n − 1

|s|n+α
ds

= |y|−n lim
ε→0

∫
B(0,1/|y|)−B(0,ε)

|s+ ξ|α−n − 1−
∑
j

sj(∂/∂ξj)|ξ|α−n

|s|n+α
ds,

where ξ = y/|y|. Hence it suffices to note that

∫
B(0,1/|y|)

∣∣∣∣∣∣|s+ ξ|α−n − 1−
∑
j

sj(∂/∂ξj)|ξ|α−n
∣∣∣∣∣∣

|s|n+α
ds 5 M

∫
B(0,1/|y|)

|s|2−α−nds

5 M |y|α−2.

Lemma 5.2 together with (5.3) gives the following result.

Lemma 5.3. If 0 < α < 2, then K ∈ L1(Rn).

For ε > 0, define
Kε(x) = ε−nK(x/ε).

Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1. Write∫
Rn−B(x,ε)

Uαf(x+ t)− Uαf(x)

|t|n+α
dt
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=
∫ (∫

Rn−B(0,ε)
[|t− y|α−n − |y|α−n]/|t|n+αdt

)
f(x+ y)dy

=
∫

Kε(y)f(x+ y)dy.

With the aid of Theorem 2.3 in Chapter 2, we see that∫
Kε(y)f(x+ y)dy → f(x)

∫
K(y)dy in Lp(Rn).

In view of (5.1) and (5.2), it now suffices to note that∫
K(y)dy = γα.

Remark 5.1. For general α, we need to consider the higher differences, and leave
the further considerations to the reader.



Chapter 5

Continuity properties of potentials
of functions in Lp

The study of (k, p)-capacities was systematically done by Meyers as generalizations of
α-capacities. In this chapter we give the fundamental properties of (α, p)-capacities,
and study continuity properties of potentials of functions in Lp in connection with the
capacities.

5.1 (k, p)-Capacity

We say that a function k on the interval (0,∞) is a kernel if k is finite, nonnegative,
nonincreasing and lower semicontinuous; further, in this book, assume

(k1) k(0) = lim
r→0

k(r) =∞;

(k2) k(r) 5Mk(2r) for r > 0;

(k3)
∫

B
k(|y|) dy <∞.

With the aid of (k3), the following is an easy modification of Theorem 1.1 in Chapter
2.

Lemma 1.1. Let f be a nonnegative measurable function on Rn, and set

Ukf(x) ≡
∫

k(|x− y|)f(y) dy.

Then Ukf 6≡ ∞ if and only if

(1.1)
∫

k(1 + |y|)f(y) dy <∞;

if (1.1) holds, then Ukf is locally integrable on Rn.

166
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Let 1 < p <∞. For a set E and an open set G, we define the relative (k, p)-capacity
by

Ck,p(E;G) = inf ‖f‖pp,
where the infimum is taken over all nonnegative measurable functions f such that
f = 0 outside G and Ukf(x) = 1 for all x ∈ E. If such an f does not exist, then we
set Ck,p(E;G) =∞. In case k(r) = rα−n, we write Cα,p for Ck,p.

We first show the following result (cf. Theorem 4.1 in Chapter 2).

Theorem 1.1. Ck,p(·;G) is a countably subadditive, nondecreasing and outer
capacity.

Proof. Clearly,

(1.2) Ck,p(E1;G) 5 Ck,p(E2;G) whenever E1 j E2.

Let f be a nonnegative measurable function such that f = 0 outside G and Ukf = 1
on E. Since k is lower semicontinuous, Fatou’s lemma shows that Ukf is also lower
semicontinuous, so that ω(a) = {x : Ukf > a} is open for all a. Further

Ck,p(E;G) 5 Ck,p(ω(a);G) 5 a−p
∫
G
f(y)pdy

whenever 0 < a < 1. By letting a→ 1, we have

Ck,p(E;G) 5 inf
ωkE,ω:open

Ck,p(ω;G) 5
∫
G
f(y)pdy,

which gives

(1.3) Ck,p(E;G) = inf
ωkE,ω:open

Ck,p(ω;G).

Finally, for each Ej, take a nonnegative measurable function fj such that fj = 0 outside
G and Ukfj = 1 on Ej. Consider the function

f(y) = sup
j

fj(y).

Then it is easy to see that

Ukf = Ukfj = 1 for all x ∈ Ej.

Hence
Ck,p(

⋃
j

Ej;G) 5
∫

f(y)pdy 5
∑
j

∫
fj(y)pdy,

which shows that

(1.4) Ck,p(
⋃
j

Ej;G) 5
∑
j

Ck,p(Ej;G).
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Proposition 1.1. For any E j Rn, Ck,p(E;G) = 0 if and only if there exists a
nonnegative function f ∈ Lp(G) such that

Ukf(x) =∞ whenever x ∈ E.

Proof. If Ck,p(E;G) = 0, then for any integer j we can find a nonnegative mea-
surable function fj such that fj = 0 outside G, Ukfj = 1 on Ej and∫

G
fj(y)pdy < 2−j.

Then f =
∑
j

fj belongs to Lp(G) and

Ukf(x) =
∑
j

Ukfj(x) =∞ for any x ∈ E.

Conversely, if there exists a nonnegative measurable function f ∈ Lp(G) such that
Ukf(x) =∞ for all x ∈ E, then

Ck,p(E;G) 5 a−p
∫
G
f(y)pdy

for every a > 0. By letting a→∞, we see that

Ck,p(E;G) = 0.

Proposition 1.2. If αp = n, then Cα,p(E; Rn) = 0 for any set E.

In fact, if f(y) = |y|−α(log |y|)−δ outside B(0, 2) for 1/p < δ < 1, then∫
Rn−B(0,2)

f(y)p dy <∞

and ∫
Rn−B(0,2)

(1 + |y|)α−nf(y) dy =∞.

The second assertion implies that∫
Rn−B(0,2)

|x− y|α−nf(y) dy =∞ for any x.

In view of Proposition 1.2, it is convenient to say that E is of (k, p)-capacity zero,
that is,

Ck,p(E) = 0
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if Ck,p(E ∩G;G) = 0 for any bounded open set G.

Proposition 1.3. If
∫

B
[k(|y|)]p′ dy <∞, then Ck,p(E) > 0 whenever E is not

empty.

For this purpose, it suffices to note that for any x,

∫
B(x,1)

k(|x− y|)f(y) dy 5
(∫

B
[k(|y|]p′ dy

)1/p′

‖f‖p.

Corollary 1.1. In case αp > n, Cα,p(E) = 0 if and only if E is empty.

Theorem 1.2. Ck,p(E) = 0 if and only if there exists a nonnegative function f
such that Ukf 6≡ ∞ and

Uαf(x) =∞ whenever x ∈ E.

Proof. If there exists a nonnegative function f such that Ukf 6≡ ∞ and Ukf(x) =
∞ whenever x ∈ E, then we see that∫

B(0,j)
k(|x− y|)f(y) dy =∞ whenever x ∈ E ∩B(0, j),

which implies that Ck,p(E∩B(0, j);B(0, j)) = 0. Thus Ck,p(E) = 0 follows. Conversely,
suppose Ck,p(E) = 0. Then for any j, we have

Ck,p(E ∩B(0, j);B(0, j)) = 0,

and hence we can find fj such that ‖fj‖p < 2−j,∫
k(1 + |y|)fj(y) dy < 2−j

and ∫
B(0,j)

k(|x− y|)fj(y) dy =∞ whenever x ∈ E ∩B(0, j).

Now the function f(y) = sup
j

fj(y) is seen to have all the required properties.

Corollary 1.2. If Ck,p(E;G) = 0 for a bounded open set G, then Ck,p(E) = 0.

Corollary 1.3. If αp < n and Cα,p(E; Rn) = 0, then Cα,p(E) = 0.

In fact, if αp < n, then Hölder’s inequality gives∫
(1 + |y|)α−n|f(y)| dy 5M‖f‖p.
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We say that a property holds (k, p)-q.e. on a set A if it holds for all x ∈ A except
those in a set E with Ck,p(E) = 0. In case k(r) = rα−n, “(k, p)-q.e.” may be written
as “(α, p)-q.e.” .

Theorem 1.3. Let G be a bounded open set in Rn, and let {fi} be a sequence in
Lp(G) which converges to f in Lp(G). Then there exists a set E and a sequence {i(j)}
such that Ck,p(E;G) = 0 and

lim
j→∞

Ukfi(j)(x) = Ukf(x) for (k, p)-q.e. x ∈ G.

Proof. The proof is easier than that of Theorem 4.5 in Chapter 2. For each
positive integers i and j, consider the set

Ei,j = {x : |Ukfi(x)− Ukf(x)| > j−1}.

Then we have by the definition of (k, p)-capacity

Ck,p(Ei,j;G) 5 jp
∫
G
|fi(y)− f(y)|p dy.

Since {fi} → f in Lp(G), we can find i(j) such that i(1) < i(2) < · · · and∫
G
|fi(j)(y)− f(y)|p dy 5 2−j.

Set E =
∞⋂
`=1

 ∞⋃
j=`

Ei(j),j

. Then it follows from countable subadditivity that

Ck,p(E;G) 5
∞∑
j=`

Ck,p(Ei(j),j;G) 5
∞∑
k=`

jp2−j → 0

as ` → ∞, from which Ck,p(E;G) = 0 follows. If x ∈ G − E, then we can find ` such
that

|Ukfi(j)(x)− Ukf(x)| 5 j−1 for any j = `,

which implies that
lim
j→∞

|Ukfi(j)(x)− Uαf(x)| = 0.

Corollary 1.4. If Ck,p(A;G) <∞, then there exists a unique nonnegative func-
tion f ∈ Lp(G) such that ‖f‖pp = Ck,p(A;G) and

Ukf(x) = 1 for (k, p)-q.e. x ∈ A.
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In fact, take a sequence {fj} ∈ Lp(G) such that lim
j→∞

‖fj‖pp = Ck,p(A;G) and

Ukfj(x) = 1 for any x ∈ A.

Since lim
j,`→∞

‖(fj + f`)/2‖pp = Ck,p(A;G), we see by Clarkson’s inequality that {fj} con-

verges to a function f0 in Lp(G). Then ‖f0‖pp = Ck,p(A;G) and, moreover, Theorem
1.3 implies that

Ukf0(x) = 1 for (k, p)-q.e. x ∈ A.

The uniqueness is also a consequence of Clarkson’s inequality.

Theorem 1.4. If Aj j Aj+1 and A =
∞⋃
j=1

Aj, then

lim
j→∞

Ck,p(Aj;G) = Ck,p(A;G).

Proof. We may assume that the left hand-side is finite, so that

Ck,p(Aj;G) < γ <∞.

For each j, find fj such that fj = 0 outside G, ‖fj‖pp < γ and

Ukfj(x) = 1 whenever x ∈ Aj.

Then there exist a subsequence {fj(`)} and a sequence {ai,`} of nonnegative numbers

such that
∑
i=`

ai,` = 1 and

g` =
∑
i=`

ai,`fj(i)

converges to a function f0 ∈ Lp(G). Then we see that

Ukg`(x) = 1 whenever x ∈ Aj(`).

Since ‖g`‖pp < γ, we apply Theorem 1.3 to obtain a subsequence {g`′} such that Ukg`′ →
Ukf0 for every x ∈ G− E, where Ck,p(E;G) = 0. Thus

Ukf0(x) = 1 whenever x ∈ A− E.

Hence

Ck,p(A;G) 5 Ck,p(E;G) + Ck,p(A− E;G)

5 ‖f0‖pp = lim
`→∞

‖g`‖pp 5 γ,

which implies that
Ck,p(A;G) 5 lim

j→∞
Ck,p(Aj;G).
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Thus the equality holds.

For a subset A of an open set G, we consider the inner capacity

ck,p(A;G) = sup µ(G),

where the supremum is taken over all measures µ such that Sµ j A and

‖Ukµ‖Lp′ (G) 5 1.

Then it is easy to see that

µ(G) 5
∫

Ukf(x) dµ(x) 5
∫

Ukµ(y)f(y) dy

5 ‖Ukµ‖Lp′ (G)‖f‖p 5 ‖f‖p

for a competing function f defining Ck,p(A;G), so that

(1.5) ck,p(A;G) 5 [Ck,p(A;G)]1/p.

We show below that the equality in (1.5) should hold for any Borel set A.

Lemma 1.2. If ck,p(A;G) < ∞, then there exists a measure µ supported by A for
which

µ(Rn) = ck,p(A;G)

and
‖Ukµ‖Lp′ (G) 5 1.

Recall that M1(A) denotes the family of all unit measures for which Sµ j A.
Further, consider

Lp1(G) = {f ∈ Lp(G) : f = 0 and ‖f‖p 5 1}.

Lemma 1.3. For A j G,

[ck,p(A;G)]−1 = inf
µ∈M1(A)

sup
f∈Lp1(G)

∫
Ukf(x) dµ(x).

Proof. Set γ = inf
µ∈M1(A)

‖Ukµ‖Lp′ (G). We have only to show that

(1.6) γ = [ck,p(A;G)]−1,

because ‖g‖Lp′ (G) = sup
f∈Lp1(G)

∫
f(y)g(y) dy. If γ′ > γ, then there exists µ ∈ M1(A)

for which ‖Ukµ‖Lp′ (G) < γ′. Then it follows from the definition of ck,p that

ck,p(A;G) = µ(Rn)/γ′ = 1/γ′,
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so that γ = [ck,p(A;G)]−1.
Conversely, let µ be a competing measure for ck,p(A;G). If µ(Rn) <∞, then

γ 5 [1/µ(Rn)]‖Ukµ‖Lp′ (G) 5 1/µ(Rn),

so that γ 5 [ck,p(A;G)]−1. Thus (1.6) is proved.

In the same manner we can prove

Lemma 1.4. For A j G,

[Ck,p(A;G)]−p = sup
f∈Lp1(G)

inf
µ∈M1(A)

∫
Ukf(x) dµ(x).

Now, in view of minimax lemma, we see that

ck,p(K;G) = [Ck,p(K;G)]1/p

for any compact subset K of G. By appealing the capacitability result with the aid of
Theorem 1.4, we can prove the following general result.

Theorem 1.5. For every Suslin set A, we have

ck,p(A;G) = [Ck,p(A;G)]1/p.

Theorem 1.6. Let A be a Suslin subset of G for which 0 < Ck,p(A;G) <∞. Then
there exist f ∈ Lp(G) and µ ∈M(A) such that

(i) ‖f‖pp = Ck,p(A;G);

(ii) Ukf = 1 (k, p)-q.e. on A;

(iii) µ(A) = ck,p(A;G) ( = [Ck,p(A;G)]1/p );

(iv) ‖Ukµ‖Lp′ (G) = 1;

(v) µ({x : Ukf(x) 6= 1}) = 0;

(vi) Ukµ(y) = [Ck,p(A;G)]−1/p′ [f(y)]p−1;

(vii)
∫
G
|x− y|α−n[Uαµ(y)]1/(p−1)dy 5 [ck,p(A;G)]−1 on Sµ.

Proof. By Corollary 1.3, we can find a function f satisfying (i) and

Ukf(x) = 1 for any x ∈ A− E,
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where Ck,p(E) = 0; further take a measure µ as in Lemma 1.1. In view of (1.5), we
have

µ(B) 5 ‖Ukµ‖Lp′ (G)Ck,p(B;G)

for any Borel set B j G, which implies that

µ(E) = 0.

Hence

ck,p(A;G) = µ(Rn) 5
∫

Ukf(x) dµ(x)

=
∫

Ukµ(y)f(y) dy

5 ‖Ukµ‖Lp′ (G)‖f‖p
5 ‖f‖p = [Ck,p(A;G)]1/p.

Since ck,p(A;G) = [Ck,p(A;G)]1/p, (iv) and (v) hold, and (vi) and (vii) are then seen to
hold.

5.2 Relations among (α, p)-capacities

First we compute the (α, p)-capacity of balls. For this purpose, define

hα,p(r) =


rn−αp αp < n,

{log(2R/r)}1−p αp = n,

where 0 < r 5 R; if r = R, then we define hα,p(r) = hα,p(R).

Theorem 2.1. Suppose αp 5 n. If B(a, r) j B(0, R), then

M−1hα,p(r) 5 Cα,p(B(a, r);B(0, 2R)) 5Mhα,p(r),

where M is a positive constant independent of B(a, r) and R.

Proof. Let B(a, r) j B(0, R), and consider the function

fr(y) = |a− y|−α[|a− y|n−αp]−p′/p for y ∈ B(0, 2R)−B(x, r);

set fr = 0 outside B(0, 2R). For simplicity, set h(r) = hα,p(r). If x ∈ B(a, r), then
|x− y| 5 |x− a|+ |a− y| 5 2|a− y| for y ∈ Rn −B(a, r), so that∫

|x− y|α−nfr(y) dy = 2α−n
∫
B(0,2R)−B(a,r)

|a− y|−n[|a− y|n−αp]−p′/p dy

= M [h(r)]−p
′/p.
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Hence it follows that

Cα,p(B(a, r);B(0, 2R)) 5
∫

[fr(y)/M [h(r)]−p
′/p]p dy

5 M [h(r)]p
′
∫

[fr(y)]p dy

5 M [h(r)]p
′
∫
|a− y|−αp[|a− y|n−αp]−p′ dy

5 M [h(r)]p
′+(1−p′) = Mh(r).

Conversely, take a nonnegative measurable function f such that f = 0 outside
B(0, 2R) and Uαf = 1 on B(a, r). Since B(a, r) j B(0, R), we see that

1

|B(a, r)|

∫
B(a,r)

dx 5
1

|B(a, r)|

∫
B(a,r)

(∫
|x− y|α−nf(y)dy

)
dx

=
∫ (

1

|B(a, r)|

∫
B(a,r)

|x− y|α−ndx
)
f(y)dy

5 M
∫
B(0,2R)

(r + |y|)α−nf(y)dy

5 M [hα,p(r)]
−1/p‖f‖p,

which gives the left inequality.

Lemma 2.1. Let 1 < q <∞. If Uαµ ∈ Lq, then there exists a function k on (0,∞)
such that

(i) k is positive, decreasing and continuous on (0,∞);

(ii)
∫

k(|x− y|) dµ(y) ∈ Lq;

(iii) lim
r→0

k(r)/rα−n =∞.

The proof is similar to that of Theorem 7.4 in Chapter 2, and we leave it to the
reader.

Theorem 2.2. Suppose αp 5 n. If Hhα,p(E) <∞, then Cα,p(E) = 0.

Proof. Suppose Hhα,p(E) < ∞ but Bα,p(E) > 0. Here we may assume that E is
compact, and then find a unit measure µ supported by E for which Uαµ ∈ Lp

′
. Let k

be a function as in Lemma 2.1. Since, by assumption, cα,p(E ∩B(a, 1);B(a, 2)) > 0 for
some a, we may assume, without loss of generality, that

(2.1) cα,p(E ∩B;B(0, 2)) > 0.

Let 0 < ε < 1/2 be given, and set

δ(ε) = inf
r<ε

k(r)/rα−n.
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Then it is easy to see that

Ck,p(B(a, r);B(0, 2)) 5 Ck,p(B(a, r);B(a, 2ε)) 5 [δ(2ε)]pCα,p(B(a, r);B(a, 2ε))

whenever B(a, r) j B. Now find a covering {B(aj, rj)} of E ∩ B such that 10rj < ε
and ∑

j

hα,p(rj) 5 Hhα,p(E ∩B) + ε.

By a covering lemma (see Theorem 10.1 in Chapter 1), we can choose a disjoint sub-
family {B(aj′ , rj′)} for which {B(aj′ , 5rj′)} covers E ∩B. Then we have

Ck,p(E ∩B;B(0, 2)) 5
∑
j′

Ck,p(B(aj′ , 5rj′);B(aj′ , 2ε))

5 [δ(2ε)]p
∑
j′

Cα,p(B(aj′ , 5rj′);B(aj′ , 2ε))

5 M [δ(2ε)]p
∑
j′

hα,p(rj′)

5 M [δ(2ε)]p{Hhα,p(E ∩B) + ε}.

Hence it follows that Ck,p(E ∩B;B(0, 2)) = 0, which contradicts (2.1).

Theorem 2.3. Suppose αp 5 n. If Cα,p(E) = 0, then Hγ(E) = 0 for γ > n− αp.
Proof. Let γ > n − αp and suppose Hγ(E) > 0. We may assume that E is

compact. By a theorem of Frostman used in the proof of Theorem 7.6 in Chapter 2,
we can find a positive measure µ supported by E such that

µ(B(x, r)) 5 rγ for any ball B(x, r).

Write

Uαµ(x) =
∫

rα−n dµ(B(x, r))

5 M
∫ 1

0
µ(B(x, r))rα−n−1 dr +M

5 M

(
sup
r<1

µ(B(x, r)r−γ
)1/p ∫ 1

0
[µ(B(x, r))]1/p

′
rγ/p+α−n−1 dr +M

5 M
∫ 1

0
[µ(B(x, r))]1/p

′
rγ/p+α−n−1 dr +M.

Hence, for any bounded open set G, we have by Minkowski’s inequality for integral

(∫
G

[Uαµ(x)]p
′
dx
)1/p′

5 M
∫ 1

0

(∫
G
µ(B(x, r)) dx

)1/p′

rγ/p+α−n−1 dr +M

5 M [µ(E)]1/p
′
∫ 1

0
rn/p

′
rγ/p+α−n−1 dr +M <∞,
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since n/p′ + γ/p+ α− n = [γ − (n− αp)]/p > 0. Thus it follows that cα,p(E;G) > 0 if
E j G, which gives a contradiction.

Corollary 2.1. Suppose αp 5 n. If Cα,p(E) = 0, then E has Hausdorff dimension
at most n− αp.

Theorem 2.4. Let 0 < α, β < n and 1 < p, q <∞. If αp < βq, then Cβ,q(E) = 0
implies Cα,p(E) = 0.

Proof. Suppose Cβ,q(E) = 0. If αp < βq, then Theorem 2.3 implies that Hγ(E) =
0 for any γ > n− βq. Since n− αp > n− βq, we have Hn−αp(E) = 0. Now Theorem
2.2 implies that Cα,p(E) = 0.

5.3 Continuity properties

In view of Sobolev’s theorem, if αp > n, then Uαf is continuous on Rn whenever
f ∈ Lp(Rn) and Uα|f | 6≡ ∞. In case αp 5 n, Uαf may not be continuous on Rn for
the above f . This is closely related to the fact that Cα,p({a}) = 0 for a point a if and
only if αp 5 n.

Throughout this section, assume that αp = n. Let ϕ be a positive nondecreasing
function on the interval (0,∞) satisfying

(ϕ) A−1ϕ(r) 5 ϕ(r2) 5 Aϕ(r).

Our first aim in this section is to discuss the continuity of Uαf when

(3.1)
∫

(1 + |y|)α−n|f(y)| dy <∞

and

(3.2)
∫

Φp(|f(y)|) dy <∞,

where Φp(r) = rpϕ(r).
For the sake of convenience, set

(3.3) ϕ(0) = lim
r→0

ϕ(r) = 0.

By condition (ϕ), we have the doubling condition

(ϕ1) A−1ϕ(r) 5 ϕ(2r) 5 Aϕ(r)

and for γ > 1,

(ϕ2) A−1
γ ϕ(r) 5 ϕ(rγ) 5 Aγϕ(r).
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Lemma 3.1. If γ > 0, then

(ϕ3) sγϕ(s−1) 5Mtγϕ(t−1) whenever t > s > 0.

Proof. Let 0 < s < t 5 A−1/γ . If m is the positive integer for which (t−1)2m 5
s−1 < (t−1)2m+1

, then we have by condition (γ)

ϕ(s−1) 5 ϕ((t−1)2m+1

) 5 Am+1ϕ(t−1)

5 A2m−1[Aϕ(t−1)] 5 [t−γ]2
m−1[Aϕ(t−1)] 5 s−γtγ[Aϕ(t−1)],

so that (ϕ3) holds for 0 < s < t 5 A−1/γ. Since ϕ is positive and nondecreasing, we
see that

(3.4) sγϕ(s−1) 5Mtγϕ(t−1) whenever 0 < s < t 5 1.

If we consider ψ(r) = [ϕ(r−1)]−1, then ψ satisfies the same conditions as ϕ, so that

(3.5)
sγ

ϕ(s)
5M

tγ

ϕ(t)
whenever 0 < s < t 5 1.

In particular, if we set t = 1 in (3.5), then

(3.6) M−1sγ 5 ϕ(s) whenever 0 < s < 1.

If we apply (3.6) for γ′ smaller than γ, then we see that

lim inf
t→∞

tγϕ(t−1) = lim sup
t→∞

M−1tγ−γ
′
=∞,

so that (3.4) holds for 0 < s < t and s < 1. If t > s = 1, then 0 < t−1 < s−1 5 1 and
hence (3.5) gives

t−γ

ϕ(t−1)
5M

s−γ

ϕ(s−1)
,

which implies that (3.4) holds in this case, too.

In view of (3.5), it follows also that

(ϕ4)
sγ

ϕ(s)
5M

tγ

ϕ(t)
whenever t > s > 0.

Theorem 3.1. Let ϕ satisfy the following condition :

(3.7)
∫ 1

0
[ϕ(r−1)]−1/(p−1)r−1dr <∞,
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and set

ϕ∗(r) =
(∫ r

0
[ϕ(t−1)]−1/(p−1)t−1dt

)1−1/p

.

If f satisfies (3.1) and (3.2), then Uαf is continuous on Rn and, moreover,

|Uαf(x)− Uαf(z)| = o(ϕ∗(|x− z|)) as |x− z| → 0.

Proof. Let r = |x− z| < 1/2 and write

Uαf(z) =
∫
B(x,2r)

|z − y|α−nf(y)dy +
∫

Rn−B(x,2r)
|z − y|α−nf(y)dy

= u1(z) + u2(z).

For 0 < γ < α, we have by Hölder’s inequality

|u1(z)| 5
∫
B(z,3r)

|z − y|α−n−γdy

+
∫
{x:B(z,3r);|f(y)|>|z−y|−γ}

[|z − y|α−nϕ(|z − y|−γ)−1/p] [|f(y)|ϕ(|f(y)|)1/p]dy

5 Mrα−γ +

(∫
B(z,3r)

[|z − y|α−nϕ(|z − y|−γ)−1/p]p
′
dy

)1/p′

×
(∫

B(z,3r)
[|f(y)|ϕ(|f(y)|)1/p]pdy

)1/p

= Mrα−γ +M
(∫ 3r

0
[ϕ(t−γ)]−p

′/pt−1dt
)1/p′

(∫
B(z,3r)

Φp(|f(y)|)dy
)1/p

,

so that we have by (ϕ2)

|u1(z)| 5Mrα−γ +Mϕ∗(r)

(∫
B(x,4r)

Φp(|f(y)|)dy
)1/p

.

On the other hand, we note that

||x− y|α−n − |z − y|α−n| 5Mr|x− y|α−n−1 whenever y ∈ Rn −B(x, 2r),

so that ∫
Rn−B(x,2r)

||x− y|α−n − |z − y|α−n||f(y)| dy

5 Mr
∫

Rn−B(x,2r)
|x− y|α−n−1|f(y)| dy.
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Hence for α− 1 < γ < α, we have as above

|u2(x)− u2(z)| 5 Mr
∫

Rn−B(x,2r)
|x− y|α−n−1|f(y)| dy

5 Mr
∫

Rn−B(x,2r)
|x− y|α−n−1−γ dy +Mrϕ(r−γ)−1/p

×
∫
{x:Rn−B(x,2r);|f(y)|>r−γ}

|x− y|α−n−1[|f(y)|ϕ(|f(y)|)1/p]dy

5 Mrα−γ +Mr[ϕ(r−γ)]−1/p

(∫
Rn−B(x,2r)

|x− y|(α−n−1)p′dy

)1/p′

×
(∫

Rn−B(x,2r)
Φp(|f(y)|)dy

)1/p

5 Mrα−γ +Mϕ(r−γ)−1/p
(∫

Φp(|f(y)|)dy
)1/p

.

By (ϕ), we see that

ϕ∗(r) =
(∫ r

r2
[ϕ(t−1)]−1/(p−1)t−1dt

)1/p′

=M [ϕ(r−1)]−1/p[log(1/r)]1/p
′
.

Further, by an application of (ϕ4) with [ϕ(r−1)]−1,

(3.8) Msα−γ 5 [ϕ(s−1)]−1 whenever 0 < s < 1.

Thus we establish

|u2(x)− u2(z)| 5Mϕ∗(r)[log(1/r)]−1/p′
(∫

Φp(|f(y)|)dy
)1/p

.

Now it follows that

|Uαf(x)− Uαf(z)| 5 Mrα−γ +Mϕ∗(r)

(∫
B(x,4r)

Φp(|f(y)|)dy
)1/p

+Mϕ∗(r)[log(1/r)]−1/p′
(∫

Φp(|f(y)|)dy
)1/p

,

which together with (3.8) proves the required result.

Remark 3.1. Consider the function

ϕ(r) = [log(1 + r)]δ.

Then ϕ satisfies (3.7) if and only if δ > p− 1. The same is true for

ϕ(r) = [log(1 + r)]p−1[log(1 + log(1 + r))]δ,
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and so on.

Remark 3.2. If
∫ 1

0
[ϕ(r−1)]−1/(p−1)r−1dr =∞, then we can find a nonnegative

function f satisfying (3.2) for which Uαf(0) =∞.

In fact, let

ψ(r) =
∫ 1

r
[ϕ(t−1)]−1/(p−1)t−1dt

and consider the function

f(y) = [ψ(|y|)]−1/p[logψ(|y|)]−δ|y|−α[ϕ(|y|−1)]−p
′/p

for y ∈ B(0, r0), where 1/p < δ < 1. Then by change of variables t = ψ(r), we have∫
B(0,r0)

|y|α−nf(y)dy = M
∫ ∞
t0

t−1/p[log t]−δdt =∞,

where t0 = ψ(r0). Since f(y) 5M |y|−α,

Φp(f(y)) 5
{
t−1/p(log t)−δ|y|−α[ϕ(|y|−1)]−p

′/p
}p
ϕ(M |y|−α)

5 Mt−1(log t)−δp[ϕ(|y|−1)]−p
′+1|y|−n,

so that, in the same way as above, we have∫
B(0,r0)

Φp(f(y))dy 5M
∫ ∞
t0

t−1(log t)−δpdt <∞.

5.4 Fine limits

In this section, let αp 5 n. In this case, Uαf may not be continuous by Remark 3.1,
when f ∈ Lp. We are concerned with weak limits, which are an extension of fine limits
of potentials of measures.

First we begin with maximum principle for nonlinear potentials.

Theorem 4.1 (maximum principle for nonlinear potentials). Let G be an open set
in Rn. If ∫

G
|x− y|α−n[Uαµ(y)]1/(p−1)dy 5 1

for any x ∈ Sµ, then ∫
G
|x− y|α−n[Uαµ(y)]1/(p−1)dy 5M

for every x ∈ Rn, where M = (n/α)2n3p
′(n−α).



182 Continuity properties of potentials of functions in Lp

Proof. Let a ∈ Rn − Sµ and take a∗ ∈ Sµ such that 2r ≡ |a − a∗| = dist(a, Sµ).
Set

u1(x) =
∫
B(a,r)

|x− y|α−n[Uαµ(y)]1/(p−1)dy,

u2(x) =
∫
G−B(a,r)

|x− y|α−n[Uαµ(y)]1/(p−1)dy.

If y ∈ Rn −B(a, r), then |a∗ − y| 5 |a∗ − a|+ |a− y| 5 3|a− y|, so that

u2(a) 5 3n−αu2(a∗).

On the other hand, if z ∈ Sµ and y ∈ B(a, r), then |z−y| = |a−z|−|a−y| = |a−z|/2,
so that

u1(a) 5 [2n−αUαµ(a)]1/(p−1)
∫
B(a,r)

|a− y|α−ndy

5 [2n−αUαµ(a)]1/(p−1)(ωn/α)rα

5 [2n−αUαµ(a)]1/(p−1)(n/α)2n3n−α
∫
B(a,r)

|a∗ − y|α−ndy.

Since |z − y| 5 |a− z|+ |a− y| 5 (3/2)|a− z| when z ∈ Sµ and y ∈ B(a, r), it follows
that

u1(a) 5 (n/α)2n3(n−α)p′u1(a∗).

Thus Theorem 4.1 is proved.

Lemma 4.1. If µ is a measure with compact support, then∫
B(0,2R)

|x− y|α−n[Uαµ(y)]1/(p−1)dy =M
∫ R

0

(
rαp−nµ(B(x, r))

)1/(p−1)
r−1dr

for every x ∈ B(0, R).

Proof. For y ∈ B(x, r), we have

Uαµ(y) = (2r)α−nµ(B(y, 2r)) = (2r)α−nµ(B(x, r)),

so that ∫
B(0,2R)

|x− y|α−n[Uαµ(y)]1/(p−1)dy

=
∫ R

0
|B(x, r)|

(
(2r)α−nµ(B(x, r))

)1/(p−1)
d(−rα−n)

= M
∫ R

0

(
rαp−nµ(B(x, r))

)1/(p−1)
r−1dr.
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Theorem 4.2. Let f ∈ Lp(Rn) and set

Jα,p(x) =
∫ 1

0

(
rαp−n

∫
B(x,r)

|f(y)|pdy
)1/(p−1)

dr

r
.

Then Cα,p({x : Jα,p(x) =∞}) = 0.

Proof. Suppose Cα,p(K) > 0 for some compact set K such that K j {x :
Jα,p(x) =∞}. Then, in view of Theorems 1.6 and 4.1, we can find a positive measure
µ supported by K for which∫

G
|x− y|α−n[Uαµ(y)]1/(p−1)dy 5M,

where K j G. Let dν(y) = f(y)pdy and write, by Theorems 10.4 and 10.5 in Chapter
1,

ν = gµ+ σ,

where σ is singular and

g(x) = lim
r→0

ν(B(x, r))

µ(B(x, r))
for µ-a.e. x.

In view of Lemma 4.1, we see that Jα,p(x) < ∞ for µ-a.e. x. But, since µ(K) > 0, a
contradiction follows.

A set E is called (α, p)-thin at x0 if

∞∑
j=1

(
2j(n−αp)Cα,p(Ej;Bj)

)1/(p−1)
<∞,

where Ej = {x ∈ E : 2−j 5 |x−x0| < 2−j+1} and Bj = {x : 2−j−1 < |x−x0| < 2−j+2}.

Theorem 4.3. Let f be a function in Lp(Rn) satisfying (3.1). If Jα,p(x0) < ∞
and Uα|f |(x0) <∞, then there exists a set E for which E is (α, p)-thin at x0 and

(4.1) lim
x→x0,x∈Rn−E

Uαf(x) = Uαf(x0).

If (4.1) holds, then we say that Uαf has an (α, p)-fine limit Uαf(x0).

Corollary 4.1. If f is as in Theorem 4.3, then Uαf has an (α, p)-fine limit
(α, p)-q.e. on Rn.

Proof of Theorem 4.3. For simplicity, assume that x0 = 0 and f = 0. For
x 6= 0, write

Uαf(x) =
∫
B(x,|x|/2)

|x− y|α−nf(y)dy +
∫

Rn−B(x,|x|/2)
|x− y|α−nf(y)dy

= u1(x) + u2(x).
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If y ∈ Rn −B(x, |x|/2), then |y| 5 |x|+ |x− y| 5 3|x− y|, so that

|x− y|α−nf(y) 5 3n−α|y|α−nf(y).

Since Uαf(0) < ∞ by assumption, we can apply Lebesgue’s dominated convergence
theorem to see that

(4.2) lim
x→0

u2(x) = Uαf(0).

To deal with u1, in view of Jα,p(x0) <∞, we take a sequence {aj} such that lim
j→∞

aj =∞
and

(4.3)
∞∑
j=1

aj

(
2j(n−αp)

∫
Bj

f(y)pdy

)1/(p−1)

<∞.

Now consider the sets

Ej = {x : 2−j 5 |x| < 2−j+1, u1(x) > a
−1/p′

j }.

If x ∈ Ej and y ∈ B(x, |x|/2), then

u1(x) 5
∫
Bj
|x− y|α−nf(y)dy,

so that
Cα,p(Ej;Bj) 5 a

p/p′

j

∫
Bj

f(y)pdy.

Hence it follows from (4.3) that

∞∑
j=1

(
2j(n−αp)Cα,p(Ej;Bj)

)1/(p−1)
<∞.

This implies that E =
∞⋃
j=1

Ej is (α, p)-thin at 0. On the other hand,

lim sup
x→0,x∈Rn−E

u1(x) 5 lim sup
j→∞

a
−1/p′

j = 0.

This, together with (4.2), implies (4.1), and the proof is completed.

We have another type of fine limit result, which is better in studying the existence
of radial limits.

Theorem 4.4. Let f be a function in Lp(Rn) satisfying (3.1). If

(4.4)
∫
B(x0,1)

|x0 − y|αp−n|f(y)|pdy <∞,
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then there exists a set E for which

lim
x→x0,x∈Rn−E

Uαf(x) = Uαf(x0)

and

(4.5)
∞∑
j=1

2j(n−αp)Cα,p(Ej;Bj) <∞.

Theorem 4.5. Let f be a function in Lp(Rn) satisfying (3.1). Then there exists a
set E satisfying (4.5) for which

lim
x→x0,x∈Rn−E

[κ(|x|)]−1Uαf(x) = 0.

Proof. For simplicity, assume that x0 = 0, and f = 0, as before. Let r = |x|/2 > 0
and ε > 0, write

Uαf(x) =
∫
B(x,r)

|x− y|α−nf(y)dy +
∫
B(0,4r)−B(x,r)

|x− y|α−nf(y)dy

+
∫
B(0,ε)−B(0,4r)

|x− y|α−nf(y)dy +
∫

Rn−B(0,ε)
|x− y|α−nf(y)dy

= u1(x) + u2(x) + u3(x) + u4(x).

By Hölder’s inequality we have

u2(x) 5 rα−n
∫
B(0,4r)

f(y)dy

5 rα−n|B(0, 4r)|1/p′
(∫

B(0,4r)
f(y)pdy

)1/p

5 Mr(αp−n)/p

(∫
B(0,4r)

f(y)pdy

)1/p

and

u3(x) =
∫
B(0,ε)−B(0,4r)

(|y|/2)α−nf(y)dy

5 2n−α
(∫

B(0,ε)−B(0,4r)
|y|p′(α−n)dy

)1/p′ (∫
B(0,ε)−B(0,4r)

f(y)pdy

)1/p

5 Mκ(r)

(∫
B(0,ε)

f(y)pdy

)1/p

.

Hence it follows that

lim sup
x→0

[κ(|x|)]−1[u2(x) + u3(x) + u4(x)] 5M

(∫
B(0,ε)

f(y)pdy

)1/p

,



186 Continuity properties of potentials of functions in Lp

which implies that the left hand-side is equal to zero by the arbitrariness of ε. Take a
sequence {aj} such that lim

j→∞
aj =∞ and

∞∑
j=1

aj

∫
Bj

f(y)pdy <∞.

As in the proof of Theorem 4.3, consider the sets

Ej = {x : 2−j 5 |x| < 2−j+1, u1(x) > a
−1/p
j κ(2−j)}

and

E =
∞⋃
j=1

Ej.

Then it is easy to see that

[κ(2−j)]−pCα,p(Ej;Bj) 5 aj

∫
Bj

f(y)pdy,

so that E satisfies (4.5). Moreover,

lim sup
x→0,x∈Rn−E

[κ(|x|)]−1u1(x) 5 lim sup
j→∞

a
−1/p
j = 0.

Thus Theorem 4.5 is obtained.

5.5 Contractive property of (α, p)-capacities

First we deduce a contractive property of (α, p)-capacity, which will be used for the
study of radial limit result.

Now, let f be a measurable function on Rn. For x = (x1, x2, ..., xn) = (x1, x
′),

define the symmetrization with respect to the hyperplane {x : x1 = 0} by setting

f ∗(x) = f(·, x′)∗(x1).

If f is a characteristic function of a rectangle I with sides parallel to the coordinate
axes, then we see easily that f ∗ is also a characteristic function of a rectangle I∗ which is

obtained from I by translation. Hence, if f =
m∑
j=1

ajχIj , where 0 < a1 < a2 < · · · < am

and {Ij} are mutually disjoint rectangles with sides parallel to the coordinate axes,
then it follows that f ∗ is measurable. By a passage of limit process with the aid of
Lemma 1.3 in Chapter 4, we deduce the measurability of symmetrizations.

Lemma 5.1. If f is bounded and measurable on Rn, then f ∗ is also bounded and
measurable on Rn.
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Lemma 5.2. If f ∈ Lp(Rn), then∫
|f(x)|pdx =

∫
f ∗(x)pdx.

Lemma 5.3. If k is nonnegative and nonincreasing on (0,∞), then∫
k(|x− y|)|f(y)|dy 5

∫
k(|y|)f ∗(y)dy.

For t > 0, write

R(t) = {x = (x1, ..., xn) : |xj| < t (j = 1, 2, ..., n)}.

For a set E, denote by E∗ the projection of E to the hyperplane H.

Theorem 5.1. For E j R(t),

Cα,p(E
∗;R(t)) 5 Cα,p(E;R(t)).

Proof. Let f be a competing function for Cα,p(E;R(t)). Then Lemma 5.3 implies
that ∫

|x∗ − y|α−nf ∗(y)dy =
∫
|x− y|α−nf(y)dy = 1

for all x∗ = (0, x′) ∈ E∗, where x = (x1, x
′) ∈ E. Hence it follows from Lemma 5.2

that
Cα,p(E

∗;R(t)) 5 ‖f ∗‖pp = ‖f‖pp,

which proves the required inequality.

Let G be a bounded open set. A mapping T : G→ TG is said to be Lipschitzian if
there exists A > 0 such that

A−1|x− y| 5 |Tx− Ty| 5 A|x− y| whenever x, y ∈ G.

Lemma 5.4. If G and T are as above, then

M−1Cα,p(E;G) 5 Cα,p(TE;TG) 5MCα,p(E;G)

for any set E j G, where M = An+p(2n−α).

Proof. Let f be a competing function for Cα,p(E;G), and consider

g(z) = f(T−1z) for z ∈ TG.
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Then, if x ∈ E, then∫
|Tx− z|α−ng(z)dz =Mα−2n

∫
|x− y|α−nf(y)dy,

so that

Cα,p(TE;TG) 5Mp(2n−α)‖g‖pp 5Mn+p(2n−α)‖f‖pp.

Thus the required inequality follows.

Corollary 5.1. For r > 0,

Cα,p(rE;B(0, rN)) = rn−αpCα,p(E;B(0, N)),

where rE = {rx : x ∈ E}.

Lemma 5.5. Let G and G′ be bounded open sets in Rn, and let F be a compact
set in G ∩G′. Then

Cα,p(E;G′) 5MCα,p(E;G)

whenever E j F .

Proof. First note that η0 = Cα,p(F ;G ∩ G′) < ∞. To show this fact, assuming

that |F | > 0, we have only to see that the potential
∫
F
|x− y|α−n dy is bounded on

Rn. Let a =dist(F,G ∩ G′) and take a competing function f for Cα,p(E;G). Setting
η = Cα,p(E;G), we have for x ∈ F∫

G−B(x,a)
|x− y|α−nf(y)dy 5 aα−n|G|1/p′‖f‖p 5Mη.

Hence, if Mη < 1/2, then∫
B(x,a)

|x− y|α−nf(y)dy > 1/2 for any x ∈ E.

Since B(x, a) j G′ for x ∈ E, it follows that

Cα,p(E;G′) 5 2p
∫
G′

f(y)pdy,

so that

Cα,p(E;G′) 5 2nCα,p(E;G)

whenever η < 1/2M . If η = 1/2M , then

Cα,p(E;G′) 5 η0 5 η0(2Mη) 5 2Mη0Cα,p(E;G).

Thus the lemma is obtained.
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Theorem 5.2. For E j B(0, 2) − B, denote by Ẽ the radial projection of E to
the unit sphere S, that is,

Ẽ = {ξ ∈ S : rξ ∈ E for some r > 0}.

Then
Cα,p(Ẽ;B(0, 3)) 5MCα,p(E;B(0, 3)).

Proof. Consider the truncated cones

F = {x = (x1, x
′) : |x′| < x1/2, 1 5 |x| 5 2},

G = {x = (x1, x
′) : |x′| < x1, 1/2 < |x| < 3}.

By the subadditivity of Cα,p and Lemma 5.5, it suffices to show that

(5.1) Cα,p(Ẽ ∩ F ;G) 5MCα,p(E ∩ F ;G)

for E j B(0, 2)−B. Define the mapping T on G by setting

Tx =

(
|x|, x

′

|x|

)
;

note that G′ = TG = {y = (y1, y
′) : 1/2 < y1 < 3, |y′| < 1/

√
2}. Since T is Lips-

chitzian, Lemma 5.4 implies that

Cα,p(T (E ∩ F );G′) 5MCα,p(E ∩ F ;G).

In view of Theorem 5.1, we have

Cα,p(T (E ∩ F )∗;C) 5MCα,p(T (E ∩ F );C),

where C = {x = (x1, x
′) : −1 < x1 < 3, |x′| < 1/

√
2}. Since T (E ∩ F )∗ = T (Ẽ ∩ F ),

(5.1) holds, and the required assertion is proved.

5.6 Radial limits

As an application of Theorem 4.4, we give the following radial limit result.

Theorem 6.1. Let f be a function in Lp(Rn) satisfying (3.1) and (4.4). Then
there exists a set E j S such that Cα,p(E) = 0 and

lim
r→0

Uαf(x0 + rξ) = Uαf(x0) for any ξ ∈ S− E.

To show this result, we need the following lemma.
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Lemma 6.1. If E satisfies (4.5), then Cα,p(E
∗) = 0, where

E∗ =
∞⋂
k=1

 ∞⋃
j=k

Ẽj

 .
Proof. By Corollary 5.1, we have

2j(n−αp)Cα,p(Ej;Bj) = Cα,p(2
jEj; 2jBj),

where 2jBj j B(0, 4). In view of Theorem 5.2, we have

2j(n−αp)Cα,p(Ej;Bj) =MCα,p(Ẽj;B(0, 4)).

Hence it follows that

Cα,p(
∞⋃
j=k

Ẽj;B(0, 4)) 5M−1
∞∑
j=k

2j(n−αp)Cα,p(Ej;Bj),

which tends to zero as k →∞, and we obtain the required result.

Noting that if ξ ∈ S− E∗, then rξ 6∈ E for small r > 0, we have Theorem 6.1 as a
consequence of Lemma 6.1 and Theorem 4.4.

The following is a consequence of Theorem 4.5.

Theorem 6.2. Let f be a function in Lp(Rn) satisfying (3.1). Then there exists a
set E j S such that Cα,p(E) = 0 and

lim
r→0

[κ(r)]−1Uαf(x0 + rξ) = 0 for any ξ ∈ S− E.

It is important to discuss the limits at infinity. The radial limit results will be
obtained in the same way as Theorems 6.1 and 6.2, which will also be derived as direct
consequences of Theorems 6.1 and 6.2 by considering the inversion. Here we discuss
the limits along lines parallel to the coordinate axes.

Theorem 6.3. Let αp < n, and let f be a function in Lp(Rn). Then there exists
a set E ′ j Rn−1 such that Cα,p({0} × E ′) = 0 and

lim
x1→∞

Uαf(x1, x
′) = 0 for any x′ ∈ Rn−1 − E ′.

Proof. We may assume that f = 0. If |x| > 2r > 0, then we see that

ur(x) =
∫
B(0,r)

|x− y|α−nf(y)dy

5 rα−n|B(0, r)|1/p′‖f‖p = Mrα−n/p‖f‖p.
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On the other hand, setting

vr(x) =
∫

Rn−B(0,r)
|x− y|α−nf(y)dy

and
Ar,j = {x : vr(x) > 1/(2j)},

we have by the definition of Cα,p,

Cα,p(Ar,j) 5 (2j)p
∫

Rn−B(0,r)
f(y)pdy.

If r is sufficiently large, say r = rj, then

ur(x) < 1/(2j) whenever |x| > 2r

and
Cα,p(Ar,j) < 2−j.

Consider the sets
Bj = {x : |x| > 2rj, Uαf(x) > 1/j}.

If x ∈ Bj, then vrj(x) > 1/(2j), so that Bj j Arj ,j. Hence

Cα,p(Bj) < 2−j.

Now set

Ek =
∞⋃
j=k

Bj

and

E =
∞⋂
k=1

E∗k ,

where E∗k denotes the projection of Ek to the hyperplane {0} × Rn−1. In view of
Theorem 5.3, we have

Cα,p(E
∗
k) 5 Cα,p(Ek) 5

∞∑
j=k

Cα,p(Bj),

so that
Cα,p(E) = 0.

If (0, x′) 6∈ E, then (0, x′) 6∈ Bj for all j = k. This implies that

Uα(x1, x
′) 5 1/j whenever x1 > 2rj and j = k,

so that
lim
x1→∞

Uαf(x1, x
′) = 0

as required.
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5.7 Fine differentiability

For a point x = (x1, ..., xn) and a multi-index λ = (λ1, ..., λn), we recall

xλ = xλ1
1 · · ·xλnn ,

λ! = λ1! · · ·λn!

and
Dλ = (∂/∂x1)λ1 · · · (∂/∂xn)λn .

For a nonnegative integer m, consider the function

Uα,m(x, y) = Uα(x)−
∑
|λ|5m

xλ

λ!
[DλUα(−y)].

Here we give the estimates of Uα,m needed later.

Lemma 7.1. If y ∈ B(0, |x|/2), then

|Uα,m(x, y)| 5M |x|m|y|α−n−m.

Lemma 7.2. If y ∈ B(0, 2|x|)−B(0, |x|/2), then

|Uα,m(x, y)| 5M |x− y|α−n.

Lemma 7.3. If y ∈ Rn −B(0, 2|x|), then

|Uα,m(x, y)| 5M |x|m+1|y|α−n−m−1.

Proof. Consider the function

ψ(t) = Uα(tx− y).

By mean value theorem for analysis, we see that

ψ(1) = ψ(0) + (1/1!)ψ′(0) + · · ·+ (1/m!)ψ(m)(0) +Km+1,

where Km+1 = [1/(m+ 1)!]ψ(m+1)(t0) for some 0 < t0 < 1. Further, note that

ψ(`)(t) =
∑
|λ|=`

xλ

λ!
[DλUα(tx− y)].

If y ∈ Rn −B(0, 2|x|), then

|t0x− y| = |y| − |x| = |y|/2,
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so that

|DλUα(t0x− y)| 5M |y|α−n−|λ|.

Hence we obtain the required inequality.

Theorem 7.1. Let m be a positive integer smaller than α, and let f be a function
in Lp(Rn) satisfying (3.1). If Jα−m,p(x0) <∞ and Uα−m|f |(x0) <∞, then there exist
a set E and a polynomial P for which E is (α, p)-thin at x0 and

(7.1) lim
x→x0,x∈Rn−E

|x− x0|−m[Uαf(x)− P (x)] = 0.

If (7.1) holds, then we say that Uαf is (α, p)-finely differentiable at x0.

Corollary 7.1. If f is as in Theorem 7.1, then Uαf is (α, p)-finely differentiable
(α−m, p)-q.e. on Rn.

Proof of Theorem 7.1. For simplicity, assume that x0 = 0 and f = 0. For
x 6= 0, write

Uα,mf(x) ≡
∫

Uα,m(x, y)f(y)dy

=
∫
B(0,|x|/2)

Uα,m(x, y)f(y)dy

+
∫
B(0,2|x|)−B(0,|x|/2)

Uα,m(x, y)f(y)dy

+
∫

Rn−B(0,2|x|)
Uα,m(x, y)f(y)dy

= u1(x) + u2(x) + u3(x).

By Lemma 7.1, we have

|u1(x)| 5M |x|m
∫
B(0,|x|/2)

|y|α−n−mf(y)dy,

so that

lim
x→0
|x|−mu1(x) = 0.

For ε > 0, set

δ(ε) = sup
0<r<ε

∫
B(0,r)

|y|α−n−mf(y)dy.

Then lim
ε→0

δ(ε) = 0. By Lemma 7.3, we have

|u3(x)| 5M |x|m+1
∫

Rn−B(0,2|x|)
|y|α−n−m−1f(y)dy,
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so that

|u3(x)| 5 M |x|m+1
∫

Rn−B(0,ε)
|y|α−n−m−1f(y)dy

+M |x|m+1
∫ ε

2|x|
r−1d

(∫
B(0,r)

|y|α−n−mf(y)dy

)

5 M |x|m+1
∫

Rn−B(0,ε)
|y|α−n−m−1f(y)dy +Mδ(ε)|x|m,

so that
lim sup
x→0

|x|−m|u3(x)| 5Mδ(ε).

Thus it follows that
lim
x→0
|x|−mu3(x) = 0.

To deal with u2, in view of Jα−m,p(0) < ∞, we take a sequence {aj} such that
lim
j→∞

aj =∞ and

(7.2)
∞∑
j=1

aj

(
2j[n−(α−m)p]

∫
Bj

f(y)pdy

)1/(p−1)

<∞.

Now consider the sets

Ej = {x : 2−j 5 |x| < 2−j+1, |u2(x)| > a
−1/p′

j |x|m}.

If x ∈ Ej and y ∈ B(0, 2|x|)−B(0, |x|/2), then Lemma 7.2 gives

|u2(x)| 5M
∫
Bj
|x− y|α−nf(y)dy,

so that
Cα,p(Ej;Bj) 5 a

p/p′

j 2jmp
∫
Bj

f(y)pdy.

Hence it follows from (7.2) that

∞∑
j=1

(
2j(n−αp)Cα,p(Ej;Bj)

)1/(p−1)
<∞.

This implies that E =
∞⋃
j=1

Ej is (α, p)-thin at 0. On the other hand,

lim sup
x→0,x∈Rn−E

|x|−m|u2(x)| 5M lim sup
j→∞

a
−1/p′

j = 0.

Thus |x|−mUα,mf(x) has (α, p)-fine limit zero at the origin, and the proof is completed.
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Theorem 7.2. Let α = m be a positive integer, and let f be a function in Lp(Rn)
satisfying (3.1). Then for almost every x0, there exist a set E and a polynomial P for
which

lim
x→x0,x∈Rn−E

|x− x0|−m[Uαf(x)− P (x)] = 0

and

(7.3) lim
j→∞

2j(n−αp)Cα,p(Ej;Bj) = 0.

If (7.3) holds, then we say that E is (α, p)-semithin at x0. We also say that Umf is
(α, p)-semifinely differentiable at almost every point of Rn.

To show Theorem 7.2, we need some lemmas.

Lemma 7.4. The potential
∫
B
|x− y|m−ndy is infinitely differentiable inside a ball

B.

Proof. Let ψ ∈ C∞0 (B) which is equal to 1 on B(0, r0), 0 < r0 < 1, and write∫
B
|x− y|m−ndy =

∫
|x− y|m−nψ(y)dy +

∫
B
|x− y|m−n[1− ψ(y)]dy

= u1(x) + u2(x).

Then it is easy to see that u2 is infinitely differentiable inside B(0, r0) and u1 is infinitely
differentiable everywhere on Rn. Since r0 is arbitrary, the potential under consideration
is infinitely differentiable on B.

Lemma 7.5. Let f be a locally integrable function on Rn such that∫
Rn

(1 + |y|)−n|f(y)|dy <∞.

For |λ| = m,

Aλ(x) = lim
r→0

∫
Rn−B(x,r)

[Dλ|x− y|m−n]f(y)dy

exists for almost every x.

This is a consequence of singular integral theory, whose proof will be given in
Theorem 3.5 of Chapter 6.

Proof of Theorem 7.2. By Lemma 7.4, the function

U(x) =
∫
B(x0,1)

|x− y|m−ndy

is infinitely differentiable on B(x0, 1) and Bλ = DλU(x0) is independent of x0. Set

Cλ =


Aλ(x0) if |λ| < m,

Aλ(x0) + f(x0)Bλ if |λ| = m
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and

P (x) =
∑
|λ|5m

Cλ
λ!

(x− x0)λ.

For x ∈ B(x0, 1/2)− {x0}, write

|x− x0|−m{Umf(x)− P (x)}

= |x− x0|−m
∫

Rn−B(x0,1)
Um,m(x− x0, y − x0)f(y)dy

+|x− x0|−m
∫
B(x0,1)−B(x0,2|x−x0|)

Um,m(x− x0, y − x0)f(y)dy

−|x− x0|−m
∑
|λ|5m

(x− x0)λ

λ!

× lim
r→0

∫
B(x0,2|x−x0|)−B(0,r)

DλUm(x0 − y){f(y)− f(x0)}dy

+f(x0)|x− x0|−m

×

lim
r→0

∫
B(x0,1)−B(0,r)

Um,m(x− x0, y − y0)dy −
∑
|λ|=m

Bλ

λ!
(x− x0)λ


+|x− x0|−m

∫
B(x0,2|x−x0|)−B(x,|x−x0|/2)

Um(x− y){f(y)− f(x0)}dy

+|x− x0|−m
∫
B(x,|x−x0|/2)

Um(x− y){f(y)− f(x0)}dy

= u1(x) + u2(x)− u3(x) + u4(x) + u5(x) + u6(x).

Lemma 7.3 implies that
lim
x→x0

u1(x) = 0.

As in the proof of Theorem 7.1, set for r > 0,

δ(ε) = sup
0<t<ε

1

|B(x0, t)|

∫
B(x0,t)

|f(y)− f(x0)|dy.

Note that

(7.4) lim
ε→0

δ(ε) = 0

for almost every x0. Now assume that (7.4) holds. By Lemma 7.3, we have

|u2(x)| 5 M |x− x0|
∫
B(x0,1)−B(x0,2|x−x0|)

|x0 − y|−n−1|f(y)− f(x0)|dy

5 M |x− x0|
∫
B(x0,1)−B(x0,ε)

|x0 − y|−n−1|f(y)− f(x0)|dy

+M |x− x0|
∫
B(x0,ε)−B(x0,2|x−x0|)

|x0 − y|−n−1|f(y)− f(x0)|dy

5 M(ε)|x− x0|+Mδ(ε).
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Hence
lim sup
x→x0

|u2(x)| 5Mδ(ε),

which proves
lim
x→x0

u2(x) = 0.

Since Aλ exists and is finite for |λ| = m,

lim
r→0

∫
B(x0,2|x−x0|)−B(x0,r)

DλUm(x0 − y){f(y)− f(x0)}dy

= lim
r→0

∫
B(x0,2|x−x0|)−B(x0,r)

DλUm(x0 − y)f(y)dy

tends to zero as x→ x0. If |λ| < m, then

|x− x0|−m|(x− x0)λ|
∣∣∣∣∣
∫
B(x0,2|x−x0|)

DλUm(x0 − y){f(y)− f(x0)}dy
∣∣∣∣∣

5 M |x− x0|−m+|λ|
∫
B(x0,2|x−x0|)

|x0 − y|m−n−|λ||f(y)− f(x0)|dy 5Mδ(2|x− x0|).

Thus it follows that
lim
x→x0

u3(x) = 0.

Note that

u4(x) = f(x0)|x− x0|−m
U(x)−

∑
|λ|5m

(x− x0)λ

λ!
DλU(x0)

 .
Since U is infinitely differentiable near x0,

lim
x→x0

u4(x) = 0.

As to u5, if we note that

|u5(x)| 5M |x− x0|−n
∫
B(x0,2|x−x0|)

|f(y)− f(x0)|dy,

then
lim
x→x0

u5(x) = 0.

Finally we see as in the proof of Theorem 7.1 that

|u6(x)| 5M |x− x0|−m
∫
B(x,|x−x0|/2)

|x− y|m−n|f(y)− f(x0)|dy

has (m, p)-semifine limit zero at x0.
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5.8 Differentiability

Let ϕ be as in Section 5.3, and recall that

Φp(r) = rpϕ(r).

For the positive integer m such that m 5 α− n/p < m+ 1, assuming that

(8.1)
∫ 1

0
[rn−(α−m)pϕ(r−1)]−p

′/pdr

r
<∞,

we define

κm(r) =

(∫ r

0
[tn−(α−m)pϕ(t−1)]−p

′/pdt

t

)1/p′

.

Theorem 8.1. Let m be as above, and let f be a function on Rn satisfying (3.1)
and (3.2). Then Uαf is m times differentiable at any x0 ∈ Rn, and in fact, for some
polynomial P of degree at most m,

|x− x0|−m[Uαf(x)− P (x)] = O(κm(|x− x0|)) as x→ x0.

Proof. Without loss of generality, we may assume that x0 = 0, f = 0 on Rn and
f = 0 outside a ball B. As in the proof of Theorem 7.1, write

Uα,mf(x) = u1(x) + u2(x) + u3(x).

Recalling the considerations in the proof of Theorem 3.1, we have for 0 < γ < α−m <
1 + γ,

|x|−m|u1(x)| 5 M
∫
B(0,|x|/2)

|y|α−n−mf(y)dy

= M
∫
{y∈B(0,|x|/2):f(y)5|y|−γ}

|y|α−n−mf(y)dy

+M
∫
{y∈B(0,|x|/2):f(y)>|y|−γ}

|y|α−n−mf(y)dy

5 M
∫
B(0,|x|/2)

|y|α−n−m−γdy

+M

(∫
B(0,|x|/2)

[|y|α−n−mϕ(|y|−γ)−1/p]p
′
dy

)1/p′

×
(∫

B(0,|x|/2)
Φp(f(y))dy

)1/p

5 M |x|α−m−γ +Mκm(|x|)
(∫

B(0,|x|/2)
Φp(f(y))dy

)1/p

,
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|x|−m|u2(x)| 5 M |x|−m
∫
B(0,2|x|)

|x− y|α−nf(y)dy

5 M |x|−m+α−γ +M |x|−m
(∫ 2|x|

0
[rn−αpϕ(r−γ)]−p

′/pr−1dr

)1/p′

×
(∫

B(0,2|x|)
Φp(f(y))dy

)1/p

5 M |x|α−m−γ +Mκm(|x|)
(∫

B(0,2|x|)
Φp(f(y))dy

)1/p

and

|x|−m|u3(x)| 5 M |x|
∫
B−B(0,2|x|)

|y|α−n−m−1f(y)dy

5 M |x|α−m−γ +M |x|
(∫

B
Φp(f(y))dy

)1/p

×
(∫ ∞

2|x|
[rn−(α−m−1)pϕ(r−1)]−p

′/pdr

)1/p′

5 M |x|α−m−γ +M [|x|n−(α−m)pϕ(|x|−1)]−1/p
(∫

B
Φp(f(y))dy

)1/p

.

Here note that

(8.2) κm(r) =M [rn−(α−m)pϕ(r−1)]−1/p.

Hence the required result follows.

Remark 8.1. If n− (α−m)p = 0, then

|x− x0|−m[Uαf(x)− P (x)] = o(κm(|x− x0|)) as x→ x0,

because, in this case, (8.2) is replaced by

κm(r) =

(∫ r

r2
[ϕ(t−1)]−p

′/pdt

t

)1/p′

=M [ϕ(r−1)]−1/p[log(1/r)]1/p
′
.

Next we relax (8.1), and in fact assume that

(8.3)
∫ 1

0
[rn−αpϕ(r−1)]−p

′/pdr

r
<∞.

For a positive integer m, define

hm(r) = inf
t=r

tmp
(∫ t

0
[sn−αpϕ(s−1)]−p

′/pds

s

)−p/p′
.
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Here note that

(8.4) hm(r) 5Mrn−(α−m)pϕ(r−1)

and, in case αp > n,

(8.5) hm(r) =Mrn−(α−m)pϕ(r−1).

For an open set G and β > 0, we define

Cβ,Φp(E;G) = inf
∫
G

Φp(f(y))dy,

where the infimum is taken over all nonnegative measurable functions f such that∫
G
|x− y|β−nf(y)dy = 1 for all x ∈ E.

As before, write Cβ,Φp(E) = 0 if

Cβ,Φp(E ∩G;G) = 0 for any bounded open set G.

Lemma 8.1. If f satisfies (3.2), then

Cα−m,Φp(Ef ) = 0,

where

Ef =

{
x :

∫
B(x,1)

|x− y|α−n−m|f(y)|dy =∞
}
.

Lemma 8.2. Let h be a measure function on [0,∞) for which

lim
r→0

r−nh(r) =∞,

and set

Ef,h =

{
x : lim sup

r→0
[h(r)]−1

∫
B(x,r)

|f(y)|dy > 0

}
.

If f is locally integrable, then Hh(Ef,h) = 0.

Proof. For δ > 0, we have only to show that

Hh(Ef,h,δ ∩B(0, R)) = 0 for any R > 0,

where

Ef,h,δ =

{
x : lim sup

r→0
[h(r)]−1

∫
B(x,r)

|f(y)|dy > δ

}
.
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Let ε > 0. For each x ∈ Ef,h,δ ∩B(0, R), we can find r(x) such that 0 < r(x) < ε and∫
B(x,r(x))

|f(y)|dy > δh(r(x)).

By a covering lemma (see Theorem 10.1 in Chapter 1), we can select a mutually disjoint
family {B(xj, rj)} for which rj = r(xj) and⋃

j

B(xj, 5rj) k Ef,h,δ ∩B(0, R).

Hence we see that

H
(5ε)
h (Ef,h,δ ∩B(0, R)) 5

∑
j

h(5rj) 5M
∑
j

h(rj)

5 Mδ−1
∑
j

∫
B(xj ,rj)

|f(y)|dy

5 Mδ−1
∫
∪jB(xj ,rj)

|f(y)|dy.

On the other hand, ∫
B(xj ,rj)

|f(y)|dy > δh(rj) = δ
h(rj)

rjn
rj
n,

so that

|
⋃
j

B(xj, rj)| =
∑
j

|B(xj, rj)|

5 Mδ−1[ inf
0<r<ε

h(r)/rn]−1
∫
B(0,R+5ε)

f(y)dy.

Here the last term tends to 0 as ε→ 0, and thus by considering the absolute continuity
with respect to the n-dimensional measure,∫

∪jB(xj ,rj)
|f(y)|dy

becomes small with ε. Hence it follows that

Hh(Ef,h,δ ∩B(0, R)) = 0,

as required.

Theorem 8.2. Let m be a positive integer such that α − n/p 5 m < α, and
let f be a function on Rn satisfying (3.1) and (3.2). Then there exist E1 and E2

such that Cα−m,Φp(E1) = 0, Hhm(E2) = 0 and Uαf is m times differentiable at any
x ∈ Rn − (E1 ∪ E2).
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Proof. For simplicity, let E1 = Ef and E2 = Ef,h with f and h replaced by
Φp(|f(y)|) and hm, respectively. We show below that E1 and E2 satisfy the required
assertions. In view of Lemmas 8.1 and 8.2,

Cα−m,Φp(E1) = 0 and Hhm(E2) = 0.

Now assume that x0 6∈ E1 ∪ E2. As in the above proof, write

Uα,mf(x) = u1(x) + u2(x) + u3(x).

First we see that

|x− x0|−m|u1(x)| 5M
∫
B(x0,|x−x0|/2)

|x0 − y|α−n−m|f(y)|dy

tends to zero as x→ x0, since x0 6∈ E1. Similarly, since

lim
r→0

∫
B(x0,r)

|x0 − y|α−n−m|f(y)|dy = 0,

it follows that

lim sup
x→x0

|x− x0|−m|u3(x)|

5 M lim sup
x→x0

|x− x0|
∫

Rn−B(x0,2|x−x0|)
|x0 − y|α−n−m−1|f(y)|dy = 0.

Finally, we have for 0 < γ < α,

|x− x0|−m|u2(x)| 5 M |x− x0|−m
∫
B(x0,2|x−x0|)

|x− y|α−nf(y)dy

5 M |x− x0|−m+α−γ

+M

(
[hm(|x− x0|)]−1

∫
B(x0,2|x−x0|)

Φp(|f(y)|)dy
)1/p

.

Since x0 6∈ E2,
lim
x→x0

|x− x0|−mu2(x) = 0.

Thus the required assertion follows.

By applying the proofs of Theorems 7.2 and 8.2, we can prove the following result.

Theorem 8.3. Let m = α be a positive integer, and let f be a function on Rn

satisfying (3.1) and (3.2). Then Uαf is m times differentiable almost everywhere on
Rn.

Theorem 8.4. Let m be a positive integer smaller than α, and let f be a function
in Lp(Rn) satisfying (3.1). If Uα−m|f |(x0) <∞ and

(8.6) lim
r→0

r−[n−(α−m)p]
∫
B(x0,r)

|f(y)|pdy = 0,
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then there exists a polynomial P for which

(8.7) lim
r→0

r−m
(

1

|B(x0, r)|

∫
B(x0,r)

|Uαf(x)− P (x)|qdx
)1/q

= 0

whenever 1/q = 1/p∗ = 1/p− α/n > 0 and q > 1.

Proof. Write Uα,mf as in the proofs of Theorems 7.1 and 8.2. Then it suffices to
treat only u2. By Lemma 7.2, we have

|u2(x)| 5 M
∫
B(0,2|x|)

|x− y|α−n|f(y)|dy

= Mrα
∫
B(0,2)

|z − w|α−n|f(rw)|dw

for r = |x|. Hence it follows from Sobolev’s theorem that(
1

|B(0, r)|

∫
B(0,r)

|u2(x)|qdx
)1/q

=

(
1

|B|

∫
B
|u2(rz)|qdz

)1/q

5 Mrα
(∫

B(0,2)
|f(rw)|pdw

)1/p

5 Mrα−n/p
(∫

B(0,2r)
|f(y)|pdy

)1/p

.

Consequently,

r−m
(

1

|B(0, r)|

∫
B(0,r)

|u2(x)|qdx
)1/q

5M

(
r−[n−(α−m)p]

∫
B(0,2r)

|f(y)|pdy
)1/p

,

which tends to zero as r → 0 with the aid of (8.6).

Corollary 8.1. If f is as above, then

lim
r→0

1

|B(x, r)|

∫
B(x,r)

|Uαf(y)− Uαf(x)|qdy = 0 for (α, p)-q.e. x ∈ Rn,

whenever 1/q = 1/p∗ = 1/p− α/n > 0 and q > 1.

We say that a function u is m times Lq-mean differentiable at x0 if there exists a
polynomial P of degree at most m such that

(8.8) lim
r→0

r−m
(

1

|B(x0, r)|

∫
B(x0,r)

|u(y)− P (y)|qdy
)1/q

= 0.

Corollary 8.2. If f , m and q are as in Theorem 8.4, then Uαf is m times Lq-mean
differentiable (α−m, p)-q.e. on Rn.
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5.9 Logarithmic potentials

For a locally integrable function f on Rn, we define the logarithmic potential by

Lf(x) =
∫ (

log
1

|x− y|

)
f(y)dy.

Here assume that

(9.1)
∫

[log(2 + |y|)]|f(y)|dy <∞.

If (9.1) holds, then
−∞ < Lf 6≡ ∞.

Theorem 9.1. Let f be a function on Rn satisfying (9.1). If

(9.2)
∫

[log(2 + |f(y)|)]|f(y)|dy <∞,

then Lf is continuous on Rn.

Proof. For r > 0, we have∣∣∣∣∣
∫
B(x0,r)

[log |x− y|]f(y)dy

∣∣∣∣∣
5

∣∣∣∣∣
∫
B(x0,r)

[log |x− y|]|x− y|−1dy

∣∣∣∣∣+
∫
B(x0,r)

|[log |f(y)|]f(y)|dy

5 Mrn−1 log(1/r) +
∫
B(x0,r)

|[log |f(y)|]f(y)|dy.

This implies that Lf(0) is finite and

lim
x→x0

Lf(x) = Lf(x0).

Theorem 9.2. Let f be a function on Rn satisfying (9.1) and (9.2). Then Lf is
n times differentiable almost everywhere on Rn.

Theorem 9.3. Let 1 < p < ∞ and f be a function in Lp(Rn) satisfying (9.1). If
m is a positive integer smaller than n, then Lf is m times differentiable (n−m, p)-q.e.
on Rn. Moreover, Lf is n times differentiable a.e. on Rn and the n-th derivatives
belong to Lp(Rn).

The last assertion follows from the singular integral theory given in the next chapter.



Chapter 6

Beppo Levi functions

Beppo Levi functions are functions whose distributional derivatives are (locally) in Lp.
Beppo Levi functions can be represented as integral forms, in various ways. If this is
done, then Beppo Levi functions are seen to behave like potentials of functions in Lp.
To show the converse, we apply the singular integral theory, whose proof is also given
here.

6.1 Sobolev’s integral representation

We begin with the following lemma, which is needed later to establish an integral
representation for functions whose partial derivatives are all in the Lebesgue class
Lp(Rn).

Lemma 1.1. Let u be a locally integrable function on a domain G. If Dλu = 0 on
G for any multi-index λ with length m in the sense of distributions, then u is equal
a.e. on G to a polynomial of degree at most m− 1.

Proof. Let ψ be a nonnegative function in C∞0 (B) for which∫
ψ(x)dx = 1,

and set
ψδ(x) = δ−nψ(x/δ)

for δ > 0. Then u ∗ ψδ is defined on Gδ = {x ∈ G : dist(x, ∂G) > δ} and

Dλ(u ∗ ψδ) = (Dλu) ∗ ψδ = 0

there for |λ| = m. This implies that u ∗ ψδ is equal to a polynomial of degree at most
m − 1 on each component of Gδ. If m = 1, then, as seen above, u ∗ ψδ is constant on
each component of Gδ. Since u ∗ ψδ → u in L1

loc(G), we see that u is constant a.e. on
G. If m = 2, then each partial derivative (∂/∂xj)u is constant aj a.e. on G, so that
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u(x1, ..., xn)−
∑
j

ajxj is shown to be constant a.e. on G. In general we see that u is

equal a.e. on G to a polynomial of degree at most m− 1.

Theorem 1.1 (Sobolev’s integral representation). If ψ ∈ C∞0 (Rn), then

ψ(x) =
∑
|λ|=m

aλ

∫ (x− y)λ

|x− y|n
Dλψ(y)dy, aλ =

m

ωnλ!
.

Proof. For Θ ∈ S = S(0, 1),

ψ(0) =
(−1)m

(m− 1)!

∫ ∞
0

tm−1(∂/∂t)mψ(tΘ)dt.

Note that
1

m!
(∂/∂t)mψ(tΘ) =

∑
|λ|=m

Θλ

λ!
Dλψ(tΘ).

Hence, integrating with respect to Θ ∈ S, we have

ωnψ(0) =
(−1)m

(m− 1)!

∫
S

(∫ ∞
0

tm−1(∂/∂t)mψ(tΘ)dt
)
dΘ

= (−1)mm
∑
|λ|=m

1

λ!

∫ yλ

|y|n
Dλψ(y)dy.

Applying this with ψ(x− ·), we have the required equality.

Let u ∈ Lploc(G). If Dλu ∈ Lp(G) for any multi-index λ with length m, then u is
called a Beppo Levi function on G and written as

u ∈ BLm(Lp(G)).

We show that Sobolev’s integral representation is valid for Beppo Levi functions. First
we give a simple case which is derived from a general case mentioned later.

Theorem 1.2. Let mp < n. If u ∈ BLm(Lp(Rn)), then

u(x) =
∑
|λ|=m

aλ

∫ (x− y)λ

|x− y|n
Dλu(y)dy + P (x) a.e. on Rn

for some polynomial P of degree at most m− 1.

For a multi-index λ and a nonnegative integer `, set

kλ(x) = xλ/|x|n
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and

kλ,`(x, y) =


kλ(x− y) for |y| < 1,

kλ(x− y)−
∑
|ν|5`

xν

ν!
[(Dνkλ)(−y)] for |y| = 1.

By Lemma 7.3 in Chapter 5, we have the following estimate.

Lemma 1.2. If |y| = 1 and |y| > 2|x|, then

|kλ,`(x, y)| 5M |x|`+1|y||λ|−n−`−1.

Theorem 1.3. Let ` be the nonnegative integer such that ` 5 m− n/p < `+ 1. If
u ∈ BLm(Lp(Rn)), then

u(x) =
∑
|λ|=m

aλ

∫
kλ,`(x, y)Dλu(y)dy + P (x) a.e. on Rn

for some polynomial P of degree at most m− 1.

Proof. Denote by U the sum on the right-hand side. For f ∈ Lp(Rn) and a ball
B, note by Hölder’s inequality that∫

Rn−B
|y|m−n−`−1|f(y)|dy <∞

since (m− n− `− 1)p′ + n < 0. Hence the function∫
Rn−B

kλ,`(x, y)f(y)dy

is finite-valued and continuous on B. Moreover,∫
B
kλ,`(x, y)f(y)dy =

∫
B
kλ(x− y)f(y)dy + a polynomial,

so that it is locally integrable on Rn. Thus U is locally integrable on Rn. Let µ be a
multi-index with length m+`+1 and write µ = µ1 +µ2 with |µ1| = `+1 and |µ2| = m.
Then we have for ψ ∈ C∞0 (Rn)∫

U(x)Dµψ(x)dx =
∑
|λ|=m

aλ

∫ (∫
kλ,`(x, y)Dµψ(x)dx

)
Dλu(y)dy.

For each positive integer j, set

k
(j)
λ (x) =

xλ

|x|n + (1/j)
.



208 Beppo Levi functions

Since ` < |µ1|, we have∫
kλ,`(x, y)Dµψ(x)dx =

∫
kλ(x− y)Dµψ(x)dx

= (−1)|µ1| lim
j→∞

∫
Dµ1k

(j)
λ (x− y)Dµ2ψ(x)dx

= (−1)`+1 lim
j→∞

∫
Dµ1k

(j)
λ (z)Dµ2ψ(z + y)dz.

Noting that |Dµ1k
(j)
λ (z)| 5M |z|m−n−|µ1|, we apply Fubini’s theorem to establish∫

U(x)Dµψ(x)dx = (−1)`+1
∑
|λ|=m

aλ lim
j→∞

∫
Dµ1k

(j)
λ (z)

(∫
Dµ2ψ(z + y)Dλu(y)dy

)
dz

= (−1)`+1
∑
|λ|=m

aλ lim
j→∞

∫
Dµ1k

(j)
λ (z)

(∫
Dλψ(z + y)Dµ2u(y)dy

)
dz

= (−1)`+1
∑
|λ|=m

aλ lim
j→∞

∫ (∫
Dµ1k

(j)
λ (z)Dλψ(z + y)dz

)
Dµ2u(y)dy

=
∑
|λ|=m

aλ

∫ (∫
kλ(z)Dλ+µ1ψ(z + y)dz

)
Dµ2u(y)dy

= (−1)m
∫
Dµ1ψ(y)Dµ2u(y)dy

=
∫
u(y)Dµψ(y)dy.

Thus Lemma 1.1 implies that u− U is equal almost everywhere to a polynomial P of
degree at most m + `. If we apply a result from singular integral theory (as will be
shown later), then we see that

DµP ∈ Lp(Rn) for any µ with length m.

This implies that DµP = 0 for any µ with length m, so that the degree of P is at most
m− 1.

6.2 Canonical representation

For a number `, note that

∆|x|` = `(n+ `− 2)|x|`−2 on Rn − {0}

and
∆(log |x|) = (n− 2)|x|−2 on Rn − {0}.

In view of Theorem 2.9 in Chapter 2, if 2m < n, then

ψ(x) = bm

∫
|x− y|2m−n∆mψ(y)dy
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for every ψ ∈ C∞0 (Rn), where

bm ≡ [γ2m]−1(−4π2)−m = (−1)m
Γ((n− 2m)/2)

(m− 1)!4mπn/2
.

In general we show the following.

Theorem 2.1. If ψ ∈ C∞0 (Rn), then

ψ(x) = bm

∫
U2m(x− y)∆mψ(y)dy,

where bm is a constant and

U2m(x) =


|x|2m−n when 2m < n or 2m = n and n is odd,

|x|2m−n log(1/|x|) when 2m = n and n is even.

By writing
∆m =

∑
|λ|=m

(m!/λ!)D2λ,

Theorem 2.1 establishes the canonical representation for functions in C∞0 (Rn).

Lemma 2.1. If ψ ∈ C∞0 (Rn), then

ψ(x) =
∑
|λ|=m

bλ

∫
(DλU2m)(x− y)Dλψ(y)dy

with bλ = m!bm/λ!.

Setting k̃λ(x) = DλU2m(x), we define k̃λ,`(x, y) as before Lemma 1.2.

Theorem 2.2. Let ` be the nonnegative integer such that ` 5 m− n/p < `+ 1. If
u ∈ BLm(Lp(Rn)), then

u(x) =
∑
|λ|=m

bλ

∫
Rn

k̃λ,`(x, y)Dλu(y)dy + P (x) a.e. on Rn

for some polynomial P of degree at most m− 1.

Proof. For ψ ∈ C∞0 (Rn), we have

∫  ∑
|λ|=m

bλ

∫
Rn

k̃λ,`(x, y)Dλu(y)dy

∆mψ(x)dx

=
∑
|λ|=m

bλ

∫
Rn

(∫
k̃λ,`(x, y)∆mψ(x)dx

)
Dλu(y)dy
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=
∑
|λ|=m

bλ

∫
Rn

(
(−1)m

∫
U2m(x− y)∆m(Dλψ(x))dx

)
Dλu(y)dy

= (−1)mb−1
m

∑
|λ|=m

bλ

∫
Rn

Dλψ(y)Dλu(y)dy

= b−1
m

∑
|λ|=m

bλ

∫
Rn

[D2λψ(y)]u(y)dy

=
∫

Rn
u(y)∆mψ(y)dy,

which proves the required assertion in view of the proof of Theorem 1.3.

6.3 Theory of singular integrals

First we show the so-called Calderón-Zygmund decomposition.

Theorem 3.1. Let f be a nonnegative integrable function on Rn and t > 0. Then
there exist sets F and Ω such that

(i) Rn = F ∪ Ω, F ∩ Ω = ∅.

(ii) f(x) 5 t for almost every x ∈ F .

(iii) Ω is the union of cubes {Qj} whose interiors are mutually disjoint.

(iv) t <
1

|Qj|

∫
Qj
f(x)dx 5 2nt for all Qj.

Proof. Since f ∈ L1(Rn), we can find r0 > 0 such that

1

|Q|

∫
Q
f(x)dx 5 t for any cube Q with diameter r0.

Decompose Rn into a mesh of equal cubes with diameter r0 whose interiors are mutually
disjoint. Taking any cube Q′ in this mesh, we divide it into 2n congruent cubes {Q′′},
and collect cubes Q′′ satisfying

(3.1)
1

|Q′′|

∫
Q′′
f(x)dx > t;

here note that

(3.2) t <
1

|Q′′|

∫
Q′′
f(x)dx 5

1

2−n|Q′|

∫
Q′
f(x)dx 5 2nt.

If Q′′ does not satisfy (3.1), then we again divide it into 2n congruent cubes {Q′′′}, and
collect cubes Q′′′ satisfying (3.1). Repeating the sub-division process, we finally obtain
cubes {Qj} satisfying (3.2), and set

Ω =
⋃
j

Qj and F = Rn − Ω.
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If x ∈ F , then there exists a sequence {Q`(x)} of cubes such that x ∈ Q`(x), Q`+1(x) j
Q`(x), diam(Q`(x)) = 2−`r0 and

1

|Q`(x)|

∫
Q`(x)

f(y)dy 5 t,

so that it follows that
f(x) 5 t for a.e. x ∈ F .

Remark 3.1. In Theorem 3.1, we have

|Ω| =
∑
j

|Qj| <
1

t

∫
Ω
f(x)dx 5

1

t
‖f‖1.

Applying Plancherel’s theorem, we have the following result.

Lemma 3.1. Let K ∈ S ′ be a tempered distribution whose Fourier transform is
bounded, that is,

(3.3) K̂ ∈ L∞(Rn).

Then the convolution operator

Tf(x) = K ∗ f(x), f ∈ S,

is of type (2, 2), that is,

‖Tf‖2 5 A‖f‖2 for f ∈ S;

thus Tf is well-defined for f ∈ L2(Rn) so that

F(Tf) = K̂f̂ .

Lemma 3.2. Let K be a function in L1
loc(R

n − {0}) such that

(3.4) A ≡ sup
y

∫
{x:|x|>2|y|}

|K(x− y)−K(x)| dx <∞.

If a is a integrable function on a cube Q centered at the origin for which∫
Q
a(y) dy = 0.

Then the convolution

K ∗ a(x) =
∫
Q
K(x− y)a(y) dy

=
∫
Q

[K(x− y)−K(x)]a(y) dy,
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makes sense for almost every x ∈ Rn − Q̃, where Q̃ = 2
√
nQ, and∫

Rn−Q̃
|K ∗ a(x)| dx 5 A‖a‖1.

In fact, applying Fubini’s theorem, we have

∫
Rn−Q̃

|K ∗ a(x)| dx 5
∫

Rn−Q̃

(∫
{x:|x|>2|y|}

|K(x− y)−K(x)|dx
)
|a(y)| dy

5 A‖a‖1.

Lemma 3.3. Let k be a function in L1
loc(R

n − {0}) such that

(3.5)

∣∣∣∣∣
∫
{x:r<|x|<R}

k(x) dx

∣∣∣∣∣ < A1 whenever 0 < r < R,

(3.6)
∫
{x:r<|x|<2r}

|k(x)| dx < A2 whenever r > 0

and

(3.7) lim
r→0

∫
{x:r<|x|<1}

k(x) dx exists.

Then

K(ϕ) = p.v.
∫

k(x)ϕ(x) dx = lim
r→0

∫
{x:|x|>r}

k(x)ϕ(x) dx

defines a tempered distribution on Rn.

Proof. Write

K(ϕ) = ϕ(0) lim
r→0

∫
{x:r<|x|<1}

k(x) dx

+ lim
r→0

∫
{x:r<|x|<1}

k(x)[ϕ(x)− ϕ(0)] dx

+
∫
{x:|x|>1}

k(x)ϕ(x) dx.

Set

C1 = sup
{x:|x|<1}

|ϕ(x)− ϕ(0)|
|x|

5 sup
{|x|<1}

|∇ϕ(x)|

and

C2 = sup
{x:|x|>1}

|x||ϕ(x)|.
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Then it follows that∫
{x:r<|x|<1}

|k(x)||ϕ(x)− ϕ(0)| dx 5 C1

∞∑
j=1

∫
{x:2−j<|x|<2−j+1}

|x||k(x)| dx

5 C1

∞∑
j=1

(A22−j+1) = 2C1A2

and ∫
{x:|x|>1}

|k(x)||ϕ(x)| dx 5 C2

∞∑
j=1

∫
{x:2j−1<|x|<2j}

|x|−1|k(x)| dx

5 C2

∞∑
j=1

(A22−j+1) = 2C2A2.

Theorem 3.2. Let k be a function in L1
loc(R

n−{0}) satisfying (3.3)− (3.7). Then
there exists a constant M > 0 such that

|{x : Tf(x) > t}| 5M
‖f‖1

t
for all t > 0 and all f ∈ L1(Rn) ∩ L2(Rn).

Proof. For t > 0, letting Ω =
⋃
j

Qj and F be as in Theorem 3.1, we define

g(x) =


f(x) for x ∈ F ,

1

|Qj|

∫
Qj
f(y)dy for x ∈ Int(Qj);

note that g is defined almost everywhere. If we set b = f − g, then

b = 0 a.e. on F

and

(3.8)
∫
Qj
b(y)dy = 0 for all cubes Qj.

Note that g ∈ L2(Rn), because∫
Rn
|g(y)|2 dy =

∫
F
|f(y)|2 dy +

∑
j

∫
Qj
|g(y)|2 dy

5
∫
F
t|f(y)| dy + [2nt]2|Ω|

5 [22n + 1]t‖f‖1.

Hence it follows from Lemma 3.1 that

|{x : Tg(x) > t}| 5M [t−1‖g‖2]2 5M
‖f‖1

t
.
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Next we are concerned with b. Set

bj(x) =


b(x) for x ∈ Qj,

0 otherwise.

With the aid of (3.8), Lemma 3.2 gives∫
Rn−Q̃j

|Tbj(x)| dx 5 A‖bj‖1 5 2A
∫
Qj
|f(x)| dx.

In view of Lemma 3.1, the series
∑
j

bj and
∑
j

Tbj are seen to converge to b and Tb

in L2(Rn), respectively. Hence

|Tb(x)| 5
∑
j

|Tbj(x)| a.e.

and ∫
Rn−Ω̃

|Tb(x)| dx 5 2A
∫

Ω
|f(x)| dx,

where Ω̃ =
⋃
j

Q̃j. Since |Ω̃| 5 (2
√
n)n|Ω|, we finally obtain

|{x : Tb(x) > t}| 5 |Ω̃|+ t−1
∫

Rn−Ω̃
|Tb(x)| dx 5Mt−1‖f‖1.

Thus we finally establish

|{x : Tf(x) > t}| 5 |{x : Tg(x) > t/2}|+ |{x : Tb(x) > t/2}| 5Mt−1‖f‖1.

Theorem 3.3. Let k be a function in L1
loc(R

n−{0}) satisfying (3.3) - (3.7). Then
there exists a constant M > 0 such that

‖Tf‖ 5M‖f‖p for all f ∈ Lp(Rn).

Proof. Since Tf is both of weak type (1,1) by Theorem 3.2 and of type (2,2) by
Lemma 3.1, the interpolation techniques imply that in case 1 < p < 2,

‖Tf‖p 5 Ap‖f‖p for all f ∈ Lp(Rn).

For ϕ ∈ S, Lemma 3.3 implies that

Tϕ(x) = p.v.
∫

k(x− y)ϕ(y)dy

= lim
r→0

∫
Rn−B(x,r)

k(x− y)ϕ(y)dy
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exists for all x, and, moreover, we have for ψ ∈ S,∫
[Tϕ(x)]ψ(x) dx =

∫
ϕ(y)[Tψ(y)] dy.

Hence it follows that for 2 < p <∞,

‖Tϕ‖p = sup
‖ψ‖p′=1

∫
[Tϕ(x)]ψ(x) dx

5 ‖ϕ‖p

 sup
‖ψ‖p′=1

‖Tψ‖p′
 5 Ap′‖ϕ‖p.

Now the required result follows by approximating f ∈ Lp(Rn) by functions in S.

Theorem 3.4. Let Ω be a homogeneous function on S of degree 0 possessing the
cancellation property

(3.9)
∫

S
Ω(x)dS(x) = 0

and the smoothness property

(3.10)
∫ 1

0

ω(r)

r
dr <∞, ω(r) = sup

|x−y|<r,|x|=1,|y|=1
|Ω(x)− Ω(y)|.

For f ∈ Lp(Rn), 1 < p <∞, and ε > 0, set

Tεf(x) =
∫

Rn−B(x,ε)
K(x− y)f(y)dy, K(y) =

Ω(y/|y|)
|y|n

.

Then :

(i) ‖Tεf‖p 5 Ap‖f‖p for some positive constant Ap independent of f and ε.

(ii) Tεf → Tf in Lp(Rn) as ε→ 0 and

‖Tf‖p 5 Ap‖f‖p.

Before proving this, we prepare several lemmas.

Lemma 3.4. Set K(x) = |x|−nΩ(x/|x|). Then∫
{x:|x|>2|y|}

|K(x− y)−K(x)|dx <∞.

Proof. Write

K(x− y)−K(x) =
Ω(x− y)− Ω(x)

|x− y|n
+ Ω(x)

(
1

|x− y|n
− 1

|x|n

)
.
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We have ∫
{|x|>2|y|}

∣∣∣∣∣ 1

|x− y|n
− 1

|x|n

∣∣∣∣∣ dx 5 M |y|
∫
{|x|>2|y|}

|x|−n−1 dx

= M
∫
{|x|>2}

|x|−n−1 dx <∞.

Since |(x− y)/|x− y| − x/|x|| 5 A|y|/|x| when |x| > 2|y|, we see that∫
{|x|>2|y|}

∣∣∣∣∣Ω(x− y)− Ω(x)

|x− y|n

∣∣∣∣∣ dx 5 M
∫
{|x|>2|y|}

ω(A|y|/|x|)|x|−n dx

= M
∫ A/2

0

ω(r)

r
dr <∞.

Lemma 3.5. The Fourier transform of K(x) is a homogeneous function of degree
0, which is explicitly given by

m(y) =
∫

S
[(−πi/2)sgn(y · x) + log(1/|y · x|)]Ω(x)dS(x), |y| = 1.

Proof. Setting

Kr,R(x) =


K(x) if r < |x| < R,

0 otherwise,

we have only to show that

(i) sup |F(Kr,R)(y)| < A with a positive constant A independent of r and R.

(ii) m(y) = lim
r→0,R→∞

F(Kr,R)(y) for y 6= 0.

Using polar coordinates, we see that

F(Kr,R)(y) =
∫

S

(∫ R

r
e−2πisty′·x′t−1dt

)
Ω(x′)dS(x′),

where x = tx′ for t = |x| and y = sy′ for s = |y|. By (3.3),

F(Kr,R)(y) =
∫

S
Ir,R(y, x′)Ω(x′)dS(x′),

with

Ir,R(y, x′) =
∫ R

r
[e−2πisty′·x′ − cos(2πst)]t−1dt.

The imaginary part of Ir,R converges to

−
(∫ ∞

0

sin t

t
dt
)

sgn(y′ · x′) = (−π/2)sgn(y′ · x′)
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as r → 0 and R→∞. On the other hand, the real part of Ir,R is equal to

∫ R

r
[cos(λt)− cos(µt)]t−1dt =

∫ λR

λr

cos t

t
dt−

∫ µR

µr

cos t

t
dt

=
∫ µr

λr

cos t

t
dt−

∫ µR

λR

cos t

t
dt,

which converges to
(cos 0) log(µ/λ) = log(1/|y′ · x′|)

as r → 0 and R→∞. Moreover, we see that

|F(Kr,R)(y)| 5M
∫

S
[1 + log(1/|y′ · x′|)]|Ω(x′)|dS(x′).

Now (i) and (ii) follow.

Now Theorem 3.4 follows from Theorem 3.3 together with Lemma 3.5.

Theorem 3.5. Let Ω be a homogeneous function on S of degree 0 possessing
the cancellation property (3.9) and the smoothness property (3.10). For f ∈ Lp(Rn),
1 < p <∞, define

T ∗f(x) = sup
ε>0
|Tεf(x)|.

Then :

(i) lim
ε→0

Tεf(x) exists for almost every x.

(ii) If f ∈ L1(Rn), then T ∗f is of weak type (1, 1).

(iii) If 1 < p <∞, then
‖T ∗f‖p 5 Ap‖f‖p.

Before proving this, we prepare the following result.

Lemma 3.6. For any x ∈ Rn,

T ∗f(x) 5M(Tf)(x) + A Mf(x),

where M denotes the maximal operator.

Proof. Let ψ be a nonnegative, nonincreasing and radial function on Rn such
that

A =
∫

ψ(y) dy <∞.

We first show that

(3.11) ψ ∗ f(x) 5 AMf(x)
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for nonnegative measurable function f on Rn. In fact, letting

F (r) =
∫
B(x,r)

f(y)dy,

we see that

ψ ∗ f(x) =
∫ ∞

0
F (r) d(−ψ(r))

5
∫ ∞

0
[|B(x, r)|Mf(x)] d(−ψ(r))

= [σnMf(x)]
∫ ∞

0
rn d(−ψ(r))

= n[σnMf(x)]
∫ ∞

0
ψ(r)rn−1dr = A Mf(x).

Let ϕ be a nonnegative and radial function in C∞0 (Rn) such that ϕ = 0 outside the
unit ball B and ∫

ϕ(y) dy = 1.

Setting

Kε(x) =


K(x) for |x| > ε,

0 otherwise,

we consider the function
Φ(x) = ϕ ∗K(x)−K1(x).

If |x| 5 1, then

ϕ ∗K(x) = lim
ε→0

∫
Rn−B(0,ε)

K(y)[ϕ(x− y)− ϕ(x)]dy,

so that Φ is bounded on B by the smoothness of ϕ. If 1 < |x| 5 2, then

Φ(x) = lim
ε→0

∫
B

[K(x− y)−K(x)]ϕ(y)dy,

so that Φ is also bounded there. If |x| > 2, then

|Φ(x)| =
∣∣∣∣∫

B
[K(x− y)−K(x)]ϕ(y)dy

∣∣∣∣
so that

|Φ(x)| 5 Aω(c/|x|)|x|−n.

Since
∫ 1

0
ω(t)/t dt <∞, we see that ψ(x) = sup

{y:|y|>|x|}
|Φ(y)| is integrable. For ε > 0,

note that
Φε = K ∗ ϕε −Kε
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with ϕε(x) = ε−nϕ(x/ε). Hence it follows that

Tεf = (Tf) ∗ ϕε − f ∗ Φε,

which together with (3.11) proves the required inequality.

Proof of Theorem 3.5. Part (iii) follows from Lemma 3.6 and the Lp bounded-
ness of maximal functions. To prove (ii), decompose f ∈ L1(Rn) as g + b in the proof
of Theorem 3.2. We are only concerned with T ∗b because of (iii). We show that for
x ∈ F̃ ≡ Rn −

⋃
j

Q̃j,

(3.12) T ∗b(x) 5
∑
j

∫
Qj
|K(x− y)−K(x− yj)||b(y)|dy + A Mb(x),

where yj is the center of the cube Qj. For this purpose, note first that

Tεb(x) =
∑
j

∫
Qj

Kε(x− y)b(y)dy.

If |x− y| > ε on Qj, then∫
Qj

Kε(x− y)b(y)dy =
∫
Qj

[K(x− y)−K(x− yj)]b(y)dy.

Since x ∈ Rn − Q̃j, we have in general∣∣∣∣∣
∫
Qj

Kε(x− y)b(y)dy

∣∣∣∣∣ 5 AMb(x),

so that (3.12) follows. Hence we obtain

∫
F̃

∑
j

∫
Qj
|K(x− y)−K(x− yj)||b(y)|dy

 dx
5

∑
j

∫
Rn−Q̃j

(∫
Qj
|K(x− y)−K(x− yj)||b(y)|dy

)
dx

=
∑
j

∫
Qj

(∫
Rn−Q̃j

|K(x− y)−K(x− yj)|dx
)
|b(y)|dy 5 AB‖b‖1.

Thus we find

|{x : T ∗b(x) > t} 5 t−1
∫
F̃
T ∗b(x)dx+

∑
j

|Q̃j|

5 At−1‖b‖1 + Ct−1‖f‖1 5 At−1‖f‖1,

which proves (ii).



220 Beppo Levi functions

Finally we show (i). Consider

If (x) =
∣∣∣∣lim sup

ε→0
Tεf(x)− lim inf

ε→0
Tεf(x)

∣∣∣∣ .
If f ∈ C∞0 (Rn), then If (x) = 0 for all x. Moreover we see that

If (x) 5 2T ∗f(x).

Thus, if we write f = f1 + f2, where f1 ∈ C∞0 (Rn) and ‖f2‖p < δ, then If1(x) = 0 for
all x and

|{x : If (x) > t}| = |{x : If2(x) > t}| 5 2Apt
−p‖f2‖p 5 2Apt

−pδ.

Since δ can be chosen arbitrarily small, it follows that |{x : If (x) > t}| = 0, which
implies that If = 0 a.e. on Rn.

6.4 Applications of singular integral theory

For a multi-index λ and a positive integer `, set

κ(x) = κλ,`(x) =
xλ

|x|`
.

If µ is a multi-index with length m, then Dµκ is of the form

(4.1) Dµκ(x) =
m∑
j=0

aj(x)

|x|`+2j
,

where aj(x) is a homogeneous polynomial of degree |λ|−m+2j. In case m = |λ|−`+n,
we write

Ω(x/|x|) = Ωλ,`,µ(x/|x|) =
m∑
j=0

aj(x)

|x|`+2j−n

and

K(x) = kλ,`,µ(x) =
1

|x|n
Ω

(
x

|x|

)
.

It is seen from (4.1) that Ω is a homogeneous function of degree 0. Further Ω satisfies
the Lipschitz condition on the unit sphere S; that is, if |x| = |y| = 1, then

|Ω(x)− Ω(y)| 5M |x− y|.

Lemma 4.1. Ω has the cancellation property :

(4.2)
∫

S
Ω(x)dS(x) = 0.
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Proof. For a multi-index µ, we observe

(4.3)
∫

S
xµdS(x) =

2
n∏
j=1

(
1 + (−1)µj

2

)
Γ
(
µj + 1

2

)

Γ

(
n+ |µ|

2

) .

If |λ| − `+ n = |µ| = 1, then

Dµκ(x) =

(
λ
µ

)
xλ−µ

|x|`
− ` x

λ+µ

|x|`+2
,

where (
λ
µ

)
=



n∏
j=1

(
λj
µj

)
when λ = µ,

0 otherwise.

Here we wrote λ = µ when λj = µj for all j. Hence, in this case, we have by (4.3)

(4.4)
∫

S
Ωλ,`,µ(x)dS(x) = 0.

Next assume that (4.4) holds for m = |λ| − `+ n = |µ|. Our aim is to show that (4.4)
holds for m+ 1 = |λ′|− `′+n = |µ′|. Write µ′ = µ+ ν with |µ| = m and |ν| = 1. Then

Dµ′
(
xλ
′

|x|`′
)

=

(
λ′

ν

)
Dµ

(
xλ
′−ν

|x|`′
)
− `′Dµ

(
xλ
′+ν

|x|`′+2

)
.

Since |λ′ − ν| − `′ + n = m if λ′ = ν and |λ′ + ν| − (`′ + 2) + n = m, it follows from
assumption on induction that

∫
S
Dµ

(
xλ
′−ν

|x|`′
)
dS(x) = 0

and ∫
S
Dµ

(
xλ
′+ν

|x|`′+2

)
dS(x) = 0,

so that ∫
S
Dµ′

(
xλ
′

|x|`′
)
dS(x) = 0.

Thus Lemma 4.1 is proved by induction.

Now Theorem 3.4 gives readily the following result.
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Theorem 4.1. If f ∈ Lp(Rn), 1 < p <∞, then

Tε,µf(x) =
∫

Rn−B(x,ε)
(Dµκ)(x− y)f(y)dy

converges to

Tµf(x) = p.v.
∫

(Dµκ)(x− y)f(y)dy

in Lp(Rn) as ε→ 0.

In particular,

Rjf(x) = p.v.cn

∫ xj − yj
|x− y|n+1

f(y)dy, j = 1, 2, ..., n,

are called Riesz transforms, where

cn =
Γ((n+ 1)/2)

π(n+1)/2
.

Theorem 4.2. For f ∈ L2(Rn),

F(Rjf)(y) = −i yj
|y|
f̂(y), Rj(x) = cn

xj
|x|n+1

.

Proof. In view of Lemma 3.5,

mj(y) ≡ R̂j(y) = cn

∫
S
xj[(−πi/2)sgn(y · x)]dS(x).

Here it suffices to note the identity

L(h) ≡ cn(π/2)
∫

S
x · h sgn(y · x) dS(x) =

y · h
|y|

;

in fact, L is linear, |L(h)| 5 |h| and L(y) = |y|.

Now consider the functions

κε(x) = κλ,`,ε(x) =
xλ

(|x|+ ε)`

and

Kε,µ(x) =


(Dµκε)(x) when |x| > ε,

0 when |x| 5 ε

for ε > 0, multi-indices λ, µ and a positive integer `. Let f be a function in Lp(Rn)
such that

(4.5)
∫

(1 + |y|)m−n|f(y)|dy <∞
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and set

κf(x) =
∫

κ(x− y)f(y)dy =
∫ (x− y)λ

|x− y|`
f(y)dy,

κεf(x) =
∫

κε(x− y)f(y)dy.

Then (4.5) implies that κ|f | is locally integrable on Rn.

Lemma 4.2. If |µ| = m and |λ| − `+n = m, then Dµ(κεf) converges in Lp(Rn) as
ε→ 0, and

‖Dµ(κεf)‖p 5 A‖f‖p.

Proof. We write

Dµ(κεf)(x)− Tε,µf(x) = ε−n
∫

θµ(ε−1(x− y))f(y)dy,

where θµ(x) = Dµκ1 − χRn−B(0,1)D
µκ. Note that θµ(x) = O(|x|−n−1) as |x| → ∞,

which implies that θµ ∈ L1(Rn). Hence it follows that

‖Dµκεf(x)− Tε,µf(x)− Aµf‖p → 0 as ε→ 0

with Aµ =
∫

θµ(x)dx, and Lemma 4.2 is proved with the aid of Theorem 4.1.

Theorem 4.3. If |µ| = m and |λ| − `+ n = m, then Dµ(κf) ∈ Lp(Rn) and

(4.6) Dµ(κf) = Tµf + Aµf.

Proof. First note that κεf converges to κf in L1
loc(R

n). Consequently we have
for ψ ∈ C∞0 (Rn) and |µ| = m,∫

(κf)Dµψdx = lim
ε→0

∫
(κεf)Dµψdx.

Lemma 4.2 implies that∣∣∣∣∫ (κεf)Dµψdx

∣∣∣∣ 5M‖Dµ(κεf)‖p‖ψ‖p′ 5M‖f‖p‖ψ‖p′ .

Hence it follows that
‖Dµ(κf)‖p 5M‖f‖p.

Moreover, in view of Theorem 4.1 and the proof of Lemma 4.2, we see that

Dµ(κf) = Tµf + Aµf,

as required.



224 Beppo Levi functions

Corollary 4.1. If |λ| = m and ` 5 m− n/p < `+ 1, then

‖Dµ(kλ,`f)‖p 5M‖f‖p for any multi-index µ with length m.

In fact, it suffices to see that Dµ(kλ,`f) = Dµ(kλf) for any multi-index µ with
length m.

Remark 4.1. Consider κ(x) = |x|1−n for n = 2. Then we have for f ∈ Lp(Rn)

(∂/∂xj)U1f = [(1− n)/cn]Rjf

because Aj =
∫

θj(x)dx = 0 with θj(x) = (∂/∂xj)κ1(x)− χRn−B(0,1)(x)(∂/∂xj)κ(x).

Remark 4.2. Consider κ(x) = |x|2−n for n = 3. If f ∈ Lp(Rn), then

(∂/∂xj)
2U2f = Tµf − n−1(n− 2)ωnf

for Dµ = (∂/∂xj)
2; thus, ∆U2f = −(n− 2)ωnf .

6.5 Partial differentiability

In this section we discuss pointwise differentiability for Beppo Levi functions. In view
of the integral representation, we are concerned with the functions of the form

kλ,`f(x) =
∫

kλ,`(x, y)f(y)dy

where |λ| = m, ` 5 m− n/p < `+ 1 and f ∈ Lp(Rn). Corollary 4.1 implies that

kλ,`f ∈ BLm(Lp(Rn)).

Note further that for any ball B,

u1(x) =
∫
B
kλ,`(x, y)f(y)dy =

∫
B
kλ(x− y)f(y)dy + a polynomial

and
u2(x) =

∫
Rn−B

kλ,`(x, y)f(y)dy

is infinitely differentiable inside B. Hence∫
|kλ,`(x, y)| |f(y)|dy <∞

if and only if

(5.1)
∫
B(x,1)

|x− y|m−n|f(y)|dy <∞.
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Lemma 5.1. Set

E =
{
x :

∫
|kλ,`(x, y)| |f(y)|dy =∞

}
for |µ| = m, ` 5 m− n/p < `+ 1 and f ∈ Lp(Rn). Then Cm,p(E) = 0.

Lemma 5.2. For each positive integer j, define

vj(x) =
∫
B

(x− y)λ

[|x− y|+ (1/j)]n
f(y)dy;

set

v∞(x) =
∫
B

(x− y)λ

|x− y|n
f(y)dy.

Then vj is infinitely differentiable on Rn and vj(x) → v∞(x) as j → ∞ for every
x ∈ B − E.

In fact, vj(x)→ v∞(x) for every x ∈ B such that (5.2) holds.

Denote by E∗ the projection of E to the hyperplane H. Then, in view of Theorem
5.1 in Chapter 5,

(5.2) Cm,p(E
∗) = 0.

This implies that E∗ has Hausdorff dimension at most n−mp on account of Corollary
2.1 in Chapter 5; in particular,

(5.3) Hn−1(E∗) = 0.

A function u is called ACL if u is absolutely continuous along almost every lines
parallel to the coordinate axes.

Lemma 5.3. Let u be a Borel function on a cube C with sides parallel to the
coordinate axes. If u is ACL on C, then the first partial derivatives are finite a.e. on
C and measurable on C.

Proof. For each positive integer j, consider the function

u(x1 + (1/j), x′)− u(x1, x
′)

(1/j)
,

which is Borel measurable on C. If we set the right upper Dini derivative with respect
to x1

D
+
1 u(x1, x

′) = lim sup
j→∞

u(x1 + (1/j), x′)− u(x1, x
′)

(1/j)
,
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then it is Borel measurable on C. Since u is ACL on C, we see that D+
1 u(x) is equal to

the first partial derivative of u with respect to x1 for a.e. x ∈ C. Thus the first partial
derivatives of u are all measurable on C.

Corollary 5.1. Let u be a measurable function on an open set G. If u is ACL
on G, then the first partial derivatives are finite a.e. on G and measurable on G.

Lemma 5.4. Let |λ| = 1. Then v∞ is ACL on Rn.

Proof. By Theorem 4.1, ‖Dµ(vj − v∞)‖p → 0 as j →∞ for |µ| = 1. Hence there
exists a sequence {j(i)} such that

(5.4) lim
i→∞

∫
R
|Dµ(vj(i) − v∞)(x1, x

′)|pdx1 = 0

for almost every x′ ∈ Rn−1. Further, if (0, x′) 6∈ E∗, then

(5.5) lim
i→∞

vj(i)(x1, x
′) = v∞(x1, x

′) for every x1 ∈ R.

Hence if both (5.4) and (5.5) hold for x′ ∈ Rn−1, then we see that

v∞(b, x′)− v∞(a, x′) = lim
i→∞
{vj(i)(b, x′)− vj(i)(a, x′)}

= lim
i→∞

∫ b

a
[(∂/∂x1)vj(i)](t, x

′)dt

=
∫ b

a
[(∂/∂x1)v∞](t, x′)dt

for every a, b ∈ R, which implies that v∞(·, x′) is absolutely continuous on R. Noting
(5.3), we see that v∞ is ACL on Rn.

Theorem 5.1. Let u ∈ BL1(Lp(Rn)). If 1 < p < ∞, then u is equal almost
everywhere to an ACL function on Rn.

For a locally integrable function f , we recall the definition of maximal function

Mf(x) = sup
r>0

1

|B(x, r)|

∫
B(x,r)

|f(y)|dy

and that
‖Mf‖p 5 A‖f‖p

with a positive constant A independent of f , when 1 < p <∞.

Lemma 5.5. Let |λ| > 1. Then

Dµv∞(x) =
∫
B
Dµ

(
(x− y)λ

|x− y|n

)
f(y)dy
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for any µ, |µ| = 1, and any x ∈ Rn − A with Cm−1,p(A) = 0.

Proof. Consider the maximal function

f(x) = sup
h∈R,h 6=0

1

h

∫ h

0
|f(y1 + t, y′)|dt.

Then f ∈ Lp(Rn). Define the set

A1 =

{
x :

∫
B(x,1)

|x− y|m−1−nf(y)dy =∞
}
.

Then Cm−1,p(A1) = 0. If x 6∈ A1, then we have by Lebesgue’s dominated convergence
theorem

lim
h→0

∫
B

∂kλ
∂x1

(x− y)

(
1

h

∫ h

0
f(y1 + t, y′)dt

)
dy =

∫
B

∂kλ
∂x1

(x− y)f(y)dy.

Moreover, setting fB = fχB, we have

∫ ∂kλ
∂x1

(x− y)

(
1

h

∫ h

0
fB(y1 + t, y′)dt

)
dy

=
1

h

∫ ∂kλ
∂x1

(x− y)

(∫ y1+h

y1

fB(s, y′)ds

)
dy

=
1

h

∫ (
−
∫ s

s−h

∂kλ
∂y1

(x− y)dy1

)
fB(s, y′)dsdy′

=
1

h

∫
{kλ(x1 + h− s, x′ − y′)− kλ(x1 − s, x′ − y′)}fB(s, y′)dsdy′.

Thus we see that v∞ is partially differentiable at x with respect to x1.

Corollary 5.2. Let m = |λ| > 1. Then the first order partial derivatives of Kλ,`f
exist (m− 1, p)-q.e. on Rn and are ACL on Rn.

Theorem 5.2. Let u ∈ BLm(Lp(Rn)). If 1 < p < ∞, then u is equal almost
everywhere to a function which, together with the partial derivatives of order at most
m− 1, is ACL on Rn.

6.6 Beppo Levi spaces

Let us begin with the following result.

Lemma 6.1. Let I = [a1, b1]× · · · × [an, bn] be a cube in Rn. If uj ∈ C1(I) satisfies

Diuj = Djui
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on I for any i and j, 1 5 i, j 5 n, then there exists u ∈ C2(I) such that

Dju = uj

for all j, where Di = ∂/∂xi.

In fact, the function

u(x1, ..., xn) =
∫ x1

a1

u1(t1, a2, ..., an)dt1

+
∫ x2

a2

u2(x1, t2, a3, ..., an)dt2

...

+
∫ xn

an
un(x1, x2, ..., xn−1, tn)dtn.

satisfies
Dju = uj.

Corollary 6.1. Let G be a domain in Rn. If uj ∈ C1(G) satisfies

Diuj = Djui

on I for any i and j, 1 5 i, j 5 n, then there exists u ∈ C2(G) such that

Dju = uj for all j.

Lemma 6.2. Let G be a domain in Rn. If uλ ∈ Cm(G) satisfies

(6.1) Dµuλ = Dµ′uλ′

on G, for any multi-indices µ, µ′, λ and λ′ such that |µ| = |µ′| = 1, |λ| = |λ′| = m and
µ+ λ = µ′ + λ′, then there exists u ∈ Cm+1(G) such that

(6.2) Dλu = uλ

on G, for any multi-index λ with length m.

Proof. We show this lemma by induction on m. First note from Corollary 6.1
that the present lemma is true for m = 1. Suppose this is true for m. For each λ with
|λ| = m, we can find vλ such that

Dνvλ = uλ+ν for any |ν| = 1,

on account of Corollary 6.1. Next, by assumption on induction, we can find u such
that

Dλu = vλ for any |λ| = m.
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It is easy to see that u satisfies (6.2) for m+ 1.

Lemma 6.3. Let G be a bounded open set in Rn and f ∈ Ck(G). Then a solution
∆u = f in G belongs to the class Ck+1(G).

Proof. Consider the function

h(x) = u(x)− cn
∫
G
N(x− y)f(y)dy,

where cn = −(anωn)−1 is chosen so that

∆h = ∆u− f |G

in the sense of distributions. Thus h is harmonic in G. For x0 ∈ G, take ϕ ∈ C∞0 (G)
which equals 1 on a neighborhood of x0. Then note that∫

G
N(x− y)[(1− ϕ(y))f(y)]dy

is harmonic in a neighborhood of x0 and

Dλ
(∫

N(x− y)ϕ(y)f(y)dy
)

=
∫

N(x− y)Dλ[ϕ(y)f(y)]dy

for |λ| = k, which shows that the potential of f is in Ck+1(G).

We say that a function h ∈ C∞(G) is polyharmonic of order m in G if ∆mh = 0 on
G.

Theorem 6.1. Let G be a domain in Rn. If uλ ∈ Lp(G) satisfies (6.1) on G in the
sense of distributions, for any multi-indices µ, µ′, λ and λ′ such that |µ| = |µ′| = 1,
|λ| = |λ′| = m and µ + λ = µ′ + λ′, then there exists u ∈ BLm(Lp(G)) which satisfies
(6.2) on G in the sense of distributions, for any multi-index λ with length m.

Proof. Consider the function

v(x) =
∑
|λ|=m

bλ

∫
G
k̃λ,`(x, y)uλ(y)dy,

where ` 5 m− n/p < `+ 1. We show below that

(6.3) ∆m(Dµv − uµ) = 0 on G.

To show this, taking ψ ∈ C∞0 (G) and |µ| = m, we have as in the proof of Theorem 2.2∫
v(x)Dµ(∆mψ(x))dx =

∑
|λ|=m

bλ

∫
G

(∫
k̃λ,`(x, y)∆mDµψ(x)dx

)
uλ(y)dy
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=
∑
|λ|=m

bλ

∫
G

(
(−1)mb−1

m DλDµψ(y)
)
uλ(y)dy

= (−1)m
∑
|λ|=m

m!/λ!
∫
G
Dµ(Dλψ(y))uλ(y)dy

= (−1)m
∑
|λ|=m

m!/λ!
∫
G
Dλ(Dλψ(y))uµ(y)dy

= (−1)m
∫
G
uµ(y)∆mψ(y)dy,

which shows that (6.3) holds. Let hµ = uµ−Dµv, which is a polyharmonic function of
order m on G by Lemma 6.3. In view of Lemma 6.2, there exists a function h ∈ Cm(G)
such that Dµh = hµ on G for any multi-index µ with length m. Now we see that

u(x) =
∑
|λ|=m

bλ

∫
G
k̃λ,`(x, y)uλ(y)dy + h(x)

is the required function.

Corollary 6.2. If u ∈ BLm(Lp(G)), then

(6.4) u(x) =
∑
|λ|=m

bλ

∫
G
k̃λ,`(x, y)Dλu(y)dy + h(x)

for h polyharmonic of order m in G.

Remark 6.1. This corollary gives an extension of Riesz decomposition theorem
to Beppo Levi functions, given for superharmonic functions on G (see Theorem 2.3 in
Chapter 3).

Let G be an open set in Rn. We write u ∈ BLm(Lploc(G)) if u ∈ BLm(Lp(G′)) for
any open set G′ with compact closure in G. The following is a consequence of Sobolev’s
theorem (Theorem 2.1 in Chapter 4).

Corollary 6.3. If u ∈ BLm(Lploc(G)), then Dλu ∈ Lploc(G) for any multi-index λ
with |λ| 5 m.

If Dλu ∈ Lp(G) for any multi-index λ with |λ| 5 m, then we write u ∈ Wm,p(G),
and say that Wm,p(G) is a Sobolev space on G.

In view of Corollary 6.3, we have the following result.

Corollary 6.4. If u ∈ BLm(Lploc(G)), then ψu ∈ Wm,p(G) for all ψ ∈ C∞0 (G).

By Theorem 5.2 and (6.4), we have the following result.

Theorem 6.2. Let u ∈ BLm(Lploc(G)). If 1 < p < ∞, then u is equal almost
everywhere to a function which, together with the partial derivatives of order at most
m− 1, is ACL on G.
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To consider the quasi-norm in Lploc(G), let {Gj} be a sequence of relatively compact
open subsets of G such that Gj j Gj j Gj+1 and

⋃
j

Gj = G. Define

A(u) =
∞∑
j=1

2−j
‖u‖Lp(Gj)

1 + ‖u‖Lp(Gj)

.

Denote by F = BLm(Lp(G)) with the quasi-norm

B(u) = A(u) +
(∫

G
|∇mu(y)|pdy

)1/p

.

Lemma 6.4. Let F • be the quotient space of F by the space of polynomials of
degree at most m − 1. Then BLm(Lp(G))• is a Banach space and F • is a Fréchet
space. Moreover, the mapping u• → u• from BLm(Lp(G))• to F • is an isomorphism.

Proof. Let {uλ} be a sequence such that Dλuj → uλ in Lp(G) for all λ with
length m. Since

Dµuλ = Dλ′uµ′

whenever |λ| = |µ′| = m and µ + λ = λ′ + µ′, by Theorem 6.1 there exists u ∈
BLm(Lp(G)) for which

Dλu = uλ for any multi-index λ with length m.

Thus BLm(Lp(G))• is a Banach space. Similarly, F • is a Fréchet space.
The second assertion follows from closed graph theorem.

For u ∈ BLm(Lp(G)), define a seminorm

|u|m,p =

 ∑
|λ|=m

‖Dλu‖pp

1/p

;

for u ∈ Wm,p(G), define a norm

‖u‖m,p =

 ∑
|λ|5m

‖Dλu‖pp

1/p

.

Theorem 6.3. Let G be a domain in Rn. If {uj} is a Cauchy sequence in
BLm(Lp(G)), then there exist u ∈ BLm(Lp(G)) and a sequence {Pj} of polynomi-
als of degree at most m− 1 for which uj + Pj → u in Lploc(G) and

lim
j→∞

|uj − u|m,p = 0.
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Theorem 6.4. If u ∈ BLm(Lp(G)), then there exists a sequence {ψj} in C∞(G)
for which

lim
j→∞

|ψj − u|m,p = 0.

Proof. Let {aj} be a partition of unity in G, and set

uj = aju.

Note here that uj ∈ Wm,p(Rn) and u =
∑
j

uj. By considering a mollifier, we can find

ψi,j ∈ C∞0 (G) such that
‖ψi,j − uj‖m,p < i−12−j.

Further we may assume that for any i, Sψi,j , the support of ψi,j, intersects with the

other ones at most N times. Now ψi =
∑
j

ψi,j is the required one.

Corollary 6.5. If u ∈ Wm,p(G), then there exists a sequence {ψj} in C∞(G) for
which

lim
j→∞

‖ψj − u‖m,p = 0.

Lemma 6.5. If u ∈ BLm(Lp(Rn)), 1 < p <∞, then

lim
j→∞

‖∇m(u ∗ ψj − u)‖pp = 0

for a sequence {ψj} of mollifiers.

This is easy if one notes that

∇m(u ∗ ψj − u) = (∇mu) ∗ ψj −∇mu.

In view of Theorem 1.3 in Chapter 6, u ∈ BLm(Lp(Rn)) is represented as

u(x) =
∑
|λ|=m

aλ

∫
Rn

kλ,`(x, y)[Dλu(y)]dy + P

for some polynomial P , where ` 5 m− n/p < `+ 1.

Corollary 4.1 in Chapter 6 proves the following.

Lemma 6.6. If u ∈ BLm(Lp(Rn)), 1 < p <∞, then

vN(x) =
∑
|λ|=m

aλ

∫
B(0,N)

kλ,`(x, y)[Dλu(y)]dy
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converges to u in BLm(Lp(Rn)) as N →∞.

Lemma 6.7. Let ψ be a function in C∞0 (Rn) which equals 1 on a neighborhood of
the origin. If we set

wN(x) =
∑
|λ|=m

aλ

∫
B(0,N)

kλ(x− y)[Dλu(y)]dy,

then ψ(j−1x)wN(x)→ wN(x) in BLm(Lp(Rn)) as j →∞.

Proof. Noting that |∇m−ikλ(x)| 5M |x|m−n−(m−i) for 2|x| > |y|, we have

‖∇m(ψ(j−1x)wN(x)− wN(x))‖p
p
5 M

m∑
i=1

j−np
∫
|(∇iψ)(j−1x)|pdx

+M
∫
|ψ(j−1x)− 1|p|∇mwN(x)|pdx

5 Mj−np+n +M
∫
|ψ(j−1x)− 1|p|∇mwN(x)|pdx

→ 0 as j →∞.

Here note that
vN(x) = wN(x) + P`

with a polynomial P` of degree at most `. In view of Lemmas 6.6 and 6.7, any function
in BLm(Lp(Rn)) can be approximated by functions in BLm(Lp(Rn)) with compact
support. Now, by Lemma 6.5, we have the following result.

Theorem 6.5. For u ∈ BLm(Lp(Rn)), there exists a sequence {ϕj} in C∞0 (Rn)
which converges to u in BLm(Lp(Rn)).

6.7 Continuity properties of BLD functions

We say that a function u is (m, p)-quasicontinuous on a bounded open set G if for any
ε > 0 and any open set G′ with compact closure in G, there exists an open set ω such
that Cm,p(ω,G) < ε and u|G′−ω is continuous.

Lemma 7.1. If u is (m, p)-quasicontinuous on G, then for any ε > 0 there exists
an open set ω such that Cm,p(ω,G) < ε and u|G−ω is continuous.

For this purpose it suffices to consider an exhaustion of G.

We show that Riesz potentials of functions in Lp are quasicontinuous.

Theorem 7.1. Let κ(x) = xλ/|x|` for a multi-index λ with length m+ `− n = 0.
If f ∈ Lp(Rn) and Um|f | 6≡ ∞, then Uκf is (m, p)-quasicontinuous on Rn.



234 Beppo Levi functions

Proof. For R > 0, write

Uκf(x) =
∫
B(0,R)

κ(x− y)f(y)dy +
∫

Rn−B(0,R)
κ(x− y)f(y)dy

= u1(x) + u2(x).

It is easy to see that u2 is continuous on B(0, R). For N > 0, define

u1,N(x) =
∫
B(0,R)

κ(x− y)fN(y)dy,

where fN = max(min(f,N),−N). Consider

Ek,N =

{
x :

∫
B(0,R)

|x− y|m−n|f(y)− fN(y)|dy > 2−k
}
.

Then it follows that

Cm,p(Ek,N , B(0, R)) < 2−kp
∫
B(0,R)

|f(y)− fN(y)|pdy,

so that, for N = N(k),
Cm,p(Ek,N(k), B(0, R)) < 2−kp.

Now, letting

ωj =
∞⋃
k=j

Ek,N(k),

we see that

Cm,p(ωj, B(0, R)) 5
∞∑
k=j

Cm,p(Ek,N(k), B(0, R)) <
∞∑
k=j

2−kp

and u1,N(k) converges to u1 uniformly on B(0, R)−ωj. Consequently, since u1,N is con-
tinuous on Rn, u1 is continuous as a function on B(0, R)−ωj. Thus Uκf is continuous
as a function on B(0, R)− ωj, and the present theorem is obtained.

As applications of integral representations and Theorem 7.1, we have the following
result.

Theorem 7.2. For any u ∈ BLm(Lploc(G)), there exists an (m, p)-quasicontinuous
function on G which equals u a.e. on G.

A function u ∈ BLm(Lploc(G)) is called BLD if it is (m, p)-quasicontinuous on G.
Theorems 7.1 and 7.2 in Chapter 5 give the following result.

Theorem 7.3. Let u be a BLD function in BLm(Lploc(G)). For k < m, u is k times
(m, p)-finely differentiable (m−k, p)-q.e. on G. Further, u is m times (m, p)-semifinely
differentiable a.e. on G.
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Theorems 8.2 and 8.3 in Chapter 5 give the following result.

Theorem 7.4. Let u be a BLD function in BLm(Lploc(G)). If mp > n, then u is
continuous on G. Moreover, for k < m, u is k times differentiable (m− k, p)-q.e. on G
and u is m times differentiable a.e. on G.

For a function u and h ∈ Rn, set

41
hu(x) = u(x+ h)− u(x)

and define 4m
h u(x) = 41

h(4m−1
h u)(x) inductively. Note that

4m
h u(x) =

m∑
j=0

(−1)m−j
(
m
j

)
u(x+ jh).

Theorem 7.5. Let u be a BLD function in BLm(Lploc(G)). If mp > n, then

(7.1) |4m
h (x)|p 5M |h|mp−n

∫
B(x,m|h|)

|∇mu(z)|pdz

whenever B(x,m|h|) j G.

Proof. We show (7.1) only in case m = 1. For B(x, |x − y|) j G, writing
r = |x− y|, we have∣∣∣∣∣u(y)− 1

|B(x, r)|

∫
B(x,r)

u(z)dz

∣∣∣∣∣ 5 1

|B(x, r)|

∫
B(x,r)

|u(y)− u(z)|dz

5
1

|B(x, r)|

∫
B(x,r)

(
|y − z|

∫ 1

0
|∇u(z + t(y − z))|dt

)
dz

5 2r
∫ 1

0

(
1

|B(x, r)|

∫
B(x,r)

|∇u(z + t(y − z))|pdz
)1/p

dt

5 2r

(
1

|B(x, r)|

∫
B(x,r)

|∇u(w)|pdw
)1/p ∫ 1

0
(1− t)−n/pdt

5 M

(
rp−n

∫
B(x,r)

|∇u(w)|pdw
)1/p

,

which proves (7.1).

6.8 Dirichlet space

In this section we consider the family of BLD functions with gradient in Lp. We know
that Lp spaces is separable for 1 5 p < ∞, that is, any Lp(G) has a countable dense
subset. Hence we have the following result by taking a diagonal sequence.
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Lemma 8.1. Let {fj} be a sequence of functions in Lp(G), 1 5 p < ∞, which
is bounded. Then there exists a subfamily {fj(k)} which is weakly convergent to a
function f ∈ Lp(G), that is,

lim
k→∞

∫
G
fj(k)gdx =

∫
G
fgdx for all g ∈ Lp′(G);

in addition,

lim inf
k→∞

‖fj(k)‖p = ‖f‖p.

By an application of Clarkson’s inequality, we have the following result.

Lemma 8.2. Let {fj} be a sequence of functions in Lp(G), 1 5 p < ∞, which is
weakly convergent to a function f ∈ Lp(G). If

lim
j→∞

‖fj‖p = ‖f‖p,

then {fj} is convergent to f in Lp(G).

Theorem 8.1. Let u ∈ BL1(Lp(G)). Then :

(1) For any number N , u ∧ N ∈ BL1(Lp(G)); in particular, u+ ∈ BL1(Lp(G)),
u− ∈ BL1(Lp(G)) and |u| ∈ BL1(Lp(G)). Moreover, the mapping : u → u ∧ N
is continuous in BL1(Lp(G)).

(2) The mapping u→ u ∧ v is continuous in BL1(Lp(G)) for fixed v ∈ BL1(Lp(G)).

Proof. If u is ACL on G, then so is u ∧N for any number N and

∇(u ∧N) =


∇u a.e. on {x ∈ G : u(x) < N},

0 a.e. on {x ∈ G : u(x) = N},

so that

(8.1) ‖∇(u ∧N)‖p 5 ‖∇u‖p.

Hence u ∧N ∈ BL1(Lp(G)). Further note that

u+ = (−u) ∧ 0 ∈ BL1(Lp(G)),

u− = −(u ∧ 0) ∈ BL1(Lp(G))

and

|u| = u+ + u− ∈ BL1(Lp(G)).
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Let {uj} be a sequence of functions in BL1(Lp(G)) which converges to u with
respect to the seminorm | · |1,p. Since |∇|v|| = |∇v| for any v ∈ BL1(Lp(G)), we see
that

lim
j→∞

‖∇|uj|‖p = ‖∇|u|‖p,

so that

lim
j→∞

‖∇|uj| − ∇|u|‖p = 0.

Since u∧N = [(u+N)−|u−N |]/2, the mapping u→ u∧N is continuous with respect
to the seminorm | · |1,p.

Finally, if we note that u ∧ v = u− (u− v)+, then (2) follows.

We sometimes say that a function u ∈ BL1(Lp(G)) is p-precise if it is (1, p)-
quasicontinuous on G. We say that a property holds p-a.e. on G if it holds for every
x ∈ G except those in a set with C1,p-capacity zero.

The following is an easy consequence of Theorem 6.3.

Proposition 8.1. Let {uj} be a sequence of p-precise functions which converges
to u in BL1(Lp(G)). Then there exist a subsequence {uj(k)} and a sequence {ck} of
numbers such that uj(k) + ck converges p-a.e. on G to a p-precise function u∗ which is
equal to u a.e. on G.

Proposition 8.2. For u ∈ BL1(Lp(G)), there exists a p-precise function which is
equal to u almost everywhere on G. Further, if u and v are p-precise functions on G
such that u = v a.e. on G, then u = v p-a.e. on G.

Proposition 8.3. Let u be a p-precise function on Rn. If u = 0 p-a.e. outside a
bounded open set G, then there exists a sequence {uj} in C∞0 (G) which converges to
u in BL1(Lp(Rn)).

Proof. We may assume that u is bounded, and hence, from the beginning, we
may assume that

0 5 u 5M on Rn.

Since G is bounded, take a bounded open set D for which G j D. For any ε > 0, we
can find an open set ω such that C1,p(ω,D) < ε and u|D−ω is continuous. Further we
can find an open set ω′ such that C1,p(ω

′, D) < ε and u = 0 on D − (G ∪ ω′). Take a
nonnegative function fε ∈ Lp(D) such that vε = U1fε = 1 on ω ∪ ω′ and ‖fε‖p < 2ε.
Since u = 0 on ∂G− (ω ∪ ω′), we see that

uε ≡ max(0, u− ε−Mv) = 0

on a neighborhood of ∂G. On the other hand, if ε → 0, then uε → max(0, u) = u in
BL1(Lp(Rn)). Hence, considering a sequence {ψj} of mollifiers, we infer that uε ∗ψj ∈
C∞0 (G) for large j and uε ∗ ψj → uε in BL1(Lp(Rn)) as j →∞.
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We consider the capacity

Cp(E;G) = inf ‖∇u‖pp,

where the infimum is taken over all nonnegative p-precise functions u on Rn such that
u = 1 p-a.e. on E and u = 0 p-a.e. on Rn −G.

Theorem 8.2. (1) Cp(·, G) is countably subadditive and nondecreasing.

(2) Cp(E;G) = inf ‖∇u‖pp, where the infimum is taken over all nonnegative p-precise
functions u on Rn such that u = 1 p-a.e. on E and u = 0 p-a.e. on Rn −G.

(3) If K is a compact set in a bounded open set G, then

M−1Cp(E;G) 5 C1,p(E;G) 5MCp(E;G) whenever E j K.

Proof. Since (1) and (2) are easy, we show (3) only. By Sobolev’s integral repre-
sentation, if u is p-precise on Rn and u = 0 outside G, then

|u(x)| 5 |c|
∫
|x− y|1−n|∇u(y)|dy

for all x ∈ Rn. Hence
C1,p(E;G) 5 |c|pCp(E;G).

To show the converse, let f be a nonnegative measurable function in Lp(G) such that
U1f = 1 on E. By considering χ ∈ C∞0 (G) which equals 1 on a neighborhood of K, we
have by Theorem 4.3 together with Sobolev’s theorem,

Cp(E;G) 5 ‖∇(χ(U1f))‖pp 5M‖∇(U1f)‖pp 5M‖f‖pp,

so that
Cp(E;G) 5MC1,p(E;G).

Proposition 8.4. (1) If p = n, then Cp(E; Rn) = 0 for any set E.

(2) If p = n and Cp(E;G) = 0 for some bounded open set G, then C1,p(E) = 0.

(3) If p > n and G is a bounded open set, then Cp(E;G) > 0 for any nonempty set
E.

(4) In case 1 < p < n, Cp(E; Rn) = 0 if and only if C1,p(E) = 0.

Proof. We show only (1). For this purpose, by countable subadditivity we may
assume that E is bounded. Take N > 0 so that E j B(0, N). In case p = n, consider
the function

u(x) =



1 on B(0, N),

log(N2/|x|)
logN

on B(0, N2)−B(0, N),

0 on Rn −B(0, N2).
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Then we have

Cp(E; Rn) 5 Cp(B(0, N); Rn) 5 ‖∇u‖pp 5M(logN)1−p,

which implies that Cp(E; Rn) = 0. If p > n, then we take u ∈ C∞0 (Rn) such that u = 1
on B and consider uN(x) = u(N−1x). Then

Cp(E; Rn) 5 ‖∇uN‖pp 5MNn−p,

which implies that Cp(E; Rn) = 0.

We further define the capacity

C∗p(E) = inf ‖u‖1,p
p,

where the infimum is taken over all nonnegative p-precise functions u on Rn for which
u = 1 p-a.e. on E.

Proposition 8.5. Let {uj} be a sequence of p-precise functions on G which
converges to a p-precise function u in W 1,p(G). Then there exists a subsequence {uj(k)}
which converges to u for every x ∈ G− E with C∗p(E) = 0.

Proposition 8.6. (1) C∗p is countably subadditive and nondecreasing.

(2) Cp(E;G) = inf ‖u‖1,p
p, where the infimum is taken over all nonnegative p-precise

functions u on Rn such that u = 1 p-a.e. on E.

(3) If K is a compact set in a bounded open set G, then

M−1Cp(E;G) 5 C∗p(E) 5MCp(E;G) whenever E j K.

(4) C∗p(E) = 0 if and only if C1,p(E) = 0.

Since C∗p is an outer capacity, we have the following.

Proposition 8.7. Let K be a compact subset of an open set G. Then C∗p(K) = 0
if and only if there exists a sequence {ψj} in C∞0 (G) such that ψj = 1 on a neighborhood
of K and ‖ψj‖1,p → 0 as j →∞.

Proposition 8.8. Let K be a compact subset of an open set G. Then C∗p(K) = 0
if and only if C∞0 (G−K) is dense in C∞0 (G) with respect to the norm ‖ · ‖1,p.

Proof. If C∗p(K) = 0, then by Proposition 8.7 there exists a sequence {ψj} in
C∞0 (G) such that ψj = 1 on a neighborhood of K and ‖ψj‖1,p → 0 as j → ∞. If
ϕ ∈ C∞0 (G), then (1− ψj)ϕ ∈ C∞0 (G−K) and

‖ψjϕ‖1,p 5M(ϕ)‖ψj‖1,p
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which tends to 0 as j →∞. Conversely, if C∞0 (G−K) is dense in C∞0 (G) with respect
to the norm ‖·‖1,p, then any function u ∈ C∞0 (G) such that u = 1 on a neighborhood of
K can be approximated by functions in C∞0 (G−K), so that it follows that C∗p(K) = 0.

Theorem 8.3. Let G be a bounded open set in Rn. If E j G and Cp(E;G) <∞,
then there exists a p-precise function u on G such that

(i) u = 0 p-a.e. on Rn.

(ii) u = 0 p-a.e. outside G.

(iii) u = 1 p-a.e. on E.

(iv) Cp(E;G) = ‖∇u‖pp.

(v)
∫
G

(|∇u|p−2∇u) · (∇ϕ)dx = 0 for every ϕ ∈ C∞0 (G) such that ϕ = 0 on a neigh-

borhood of E.

Proof. Take a sequence {uj} of nonnegative p-precise functions on G such that
uj = 1 p-a.e. on E, uj = 0 p-a.e. outside G and

lim
j→∞

‖∇uj‖pp = Cp(E;G).

Since G is bounded, we may assume that uj and Diuj converge weakly to u and fi
in Lp(Rn), respectively. Since Diu = fi in the sense of distributions, it follows that
u ∈ W 1,p(Rn); let u be p-precise on Rn. Moreover,

Cp(E;G) 5 lim inf
j,k→∞

‖∇(uj + uk)/2‖pp 5 Cp(E;G),

so that Clarkson’s inequality shows that ∇uj → ∇u in Lp(Rn) and

Cp(E;G) = ‖∇u‖pp.

Clearly, u satisfies (i), (ii) and (iii). If ϕ ∈ C∞0 (G) is nonnegative on a neighborhood
of E and t > 0, we have

Cp(E;G) 5 ‖∇(u+ tϕ)‖pp,

so that

0 5 lim
t→0

‖∇(u+ tϕ)‖pp − ‖∇u‖pp

t
=
∫
G

(|∇u|p−2∇u) · (∇ϕ)dx;

in particular, if ϕ = 0 on a neighborhood of E, then∫
G
|∇u|p−2∇u · ∇ϕdx = 0,

which shows (v).
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We say that
∆pu = −div(|∇u|p−2∇u)

is the nonlinear Laplace operator of order p, or p-Laplacian.
As an application of Propositions 8.7 and 8.8, we discuss the removable singularities.

Theorem 8.4. Let K be a compact set in an open set G and 1 < p < ∞. Then
C1,p(K) = 0 if and only if any solution u ∈ BL1(Lp(G − K)), for which ∆pu = 0 on
G−K in the sense of distributions, can be extended to a solution on G.

Proof. First suppose C1,p(K) = 0, and take a p-precise function u on G−K for
which ∆pu = 0 on G−K in the sense of distributions. Consider any function ũ which
equals u on G −K. Since the projection of K to any coordinate plane has Hausdorff
dimension at most n− p, ũ is ACL on G and∫

G
(|∇ũ|p−2∇ũ) · (∇ϕ)dx =

∫
G−K

(|∇u|p−2∇u) · (∇ϕ)dx = 0

for every ϕ ∈ C∞0 (G) such that ϕ = 0 on a neighborhood of K. In view of Proposition
8.8, we see that ∆pũ = 0 on G.

The converse follows from Theorem 8.3 readily.

Theorem 8.5. Let K be a compact set in an open set G and 1 < p < ∞. Then
C1,p(K) = 0 if and only if any harmonic function u in BL1(Lp

′
(G−K)) can be extended

to a harmonic function on G.

Proof. First, suppose C1,p(K) > 0 and G is a bounded open set which includes
K. In view of Theorem 8.3, there exists u ∈ C∞0 (G) (in W 1,p(Rn)) such that∫

(|∇u|p−2∇u) · (∇ϕ)dx = 0

for every ϕ ∈ C∞0 (G) which vanishes on a neighborhood of K. Consider

U(x) =
∫
∇U2(x− y) · f(y)dy,

where f = |∇u|p−2∇u ∈ [Lp
′
(G)]n and f = 0 outside G. For any ϕ ∈ C∞0 (G −K), we

have ∫
U∆ϕdx =

∫ (∫
∇U2(x− y)∆ϕ(x)dx

)
· f(y)dy

=
∫

(c∇ϕ(y)) · f(y)dy = 0,

which implies that U is harmonic in G − K. If U is harmonic in G in the sense of
distributions, then the above considerations imply that∫

U∆ϕdx = c
∫
∇ϕ(y) · f(y)dy = 0,
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for any ϕ ∈ C∞0 (G). Thus we see that f = 0, so that Cp(K) = 0, from which a
contradiction follows.

Conversely, suppose C1,p(K) = 0, and let u ∈ BL1(Lp
′
(G − K)) be harmonic in

G −K. Consider any function ũ which equals u on G −K. Then, as in the proof of
Theorem 8.4, we see that ũ ∈ BL1(Lp

′
(G)). Take a sequence {ψj} as in Proposition

8.7. Then, for ϕ ∈ C∞0 (G),∫
ũ∆ϕdx = − lim

j→∞

∫
∇ũ · ∇((1− ψj)ϕ)dx

= − lim
j→∞

∫
G−K

∇u · ∇((1− ψj)ϕ)dx

= lim
j→∞

∫
G−K

u∆((1− ψj)ϕ)dx = 0.

Thus ũ equals a harmonic function h on G almost everywhere, so that h is the required
harmonic extension of u.

In general, we can show that Cm,p(K) = 0 if and only if there exists a sequence
{ϕj} in C∞0 (G) such that ϕj = 1 on a neighborhood of K and ‖∇mϕj‖p tends to zero.
Using this fact, we can treat several types of removable singularities for polyharmonic
functions.

An application of Theorem 6.3 in Chapter 5 shows the following.

Theorem 8.6. Let 1 < p < n. If u is a BLD function in BL1(Lp(Rn)), then there
exists a number c such that

lim
x1→∞

u(x1, x
′) = c

for every x′ ∈ Rn−1 − E ′ with C1,p({0} × E ′) = 0.

Finally we investigate Sobolev’s inequalities for Beppo Levi functions.

Theorem 8.7 (Gagliardo-Nirenberg-Sobolev inequality). If 1 5 p < n, then for
any u ∈ BL1(Lp(Rn)), there exists a constant A for which

‖u− A‖q 5M‖∇u‖p

when 1/q = 1/p− 1/n.

Proof. The case 1 < p < n follows from Sobolev’s inequality, so that we treat the
case p = 1. Then u is represented as

u(x) = c
n∑
j=1

∫
(xj − yj)|x− y|−nDju(y)dy + A.

Since
u(x)− A =

∫ xj

−∞
Dju(x1, ..., yj, ..., xn)dyj,
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we have
|u(x)− A| 5

∫ ∞
−∞
|Dju(x1, ..., yj, ..., xn)|dyj;

here we may assume that u is ACL, so that the inequality holds for almost every
(x1, ..., xj−1, xj+1, ..., xn). Hence, since q = n/(n− 1),

|u(x)− A|q 5
n∏
j=1

(∫ ∞
−∞
|∇u(x1, ..., yj, ..., xn)|dyj

)1/(n−1)

.

Integrating both sides with respect to x1, we have∫ ∞
−∞
|u(x)− A|qdx1 5

(∫ ∞
−∞
|∇u|dy1

)1/(n−1) ∫ ∞
−∞

n∏
j=2

(∫ ∞
−∞
|∇u|dyj

)1/(n−1)

dx1

5
(∫ ∞
−∞
|∇u|dy1

)1/(n−1) n∏
j=2

(∫ ∞
−∞

∫ ∞
−∞
|∇u|dyjdx1

)1/(n−1)

.

Next, integrating both sides with respect to x2, we find∫ ∞
−∞

∫ ∞
−∞
|u(x)− A|qdx1dx2 5

(∫ ∞
−∞

∫ ∞
−∞
|∇u|dx1dy2

)1/(n−1)

×
(∫ ∞
−∞

∫ ∞
−∞
|∇u|dy1dx2

)1/(n−1)

×
n∏
j=3

(∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞
|∇u|dyjdx1dx2

)1/(n−1)

.

Repeating these processes, we finally obtain the required inequality for p = 1.

Theorem 8.8 (Poincaré’s inequality on balls). If u ∈ W 1,p(B) and 1 5 p < n,
then (

1

|B|

∫
B
|u(x)− uB|qdx

)1/q

5Mr

(
1

|B|

∫
B
|∇u(y)|pdy

)1/p

when 1/q = 1/p− 1/n, where B = B(0, r) and

uB =
1

|B|

∫
B
u(y)dy.

Proof. As in the proof of Theorem 7.5, we have

(8.2)

(
1

|B|

∫
B
|u(x)− uB|pdx

)1/p

5Mr

(
1

|B|

∫
B
|∇u(y)|pdy

)1/p

.

For the case of Sobolev’s exponent, we may assume that r = 1 and extend any v ∈
W 1,p(B) to a function v ∈ W 1,p(Rn) so that

‖v‖1,p 5M‖v‖W 1,p(B);
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for example, consider

v(x) = ϕ(x)×


v(x) when |x| < 1,

v(x/|x|2) when |x| > 1

for ϕ ∈ C∞0 (B(0, 3)) such that ϕ = 1 on B(0, 2). Now, applying Sobolev’s inequality,
we find

‖v‖q 5M‖∇v‖p 5M‖v‖W 1,p(B);

then consider v = u− uB and apply (8.2).

Finally we show the following characterization for the Sobolev space W 1,p(Rn).

Theorem 8.9. A function u ∈ Lp(Rn) belongs to W 1,p(Rn) if and only if

(8.3) ‖u(·+ h)− u(·)‖p 5M |h| for every h ∈ Rn.

Proof. If (8.3) holds, then Fatou’s theorem implies that

‖∇u‖p 5M.

Conversely, suppose u ∈ W 1,p(Rn). By considering approximation, we may assume
that u ∈ C1

0(Rn). Then we have

|u(x+ h)− u(x)| 5 |h|
∫ 1

0
|∇u(x+ th)|dt.

Hence, Minkowski’s inequality for integral gives

‖u(·+ h)− u(·)‖p 5 |h|
∫ 1

0
‖∇u(·+ th)‖pdt = |h|‖∇u‖p,

which yields (8.3).



Chapter 7

Bessel potentials

This chapter concerns with the relationships between Bessel potential spaces and Lip-
schitz spaces. The Bessel kernels are given in the integral form and their Fourier
transforms will be computed. The Bessel kernels behave like α-kernels near the origin,
but decrease faster at infinity so that they are integrable on the whole space.

7.1 Bessel kernel

We first introduce the Bessel kernel gα whose Fourier transform is given by

ĝα(ξ) = Fgα(ξ) = (1 + 4π2|ξ|2)−α/2.

We show below that the function

(1.1) gα(x) =
1

(4π)α/2Γ(α/2)

∫ ∞
0

e−π|x|
2/δe−δ/4πδ(α−n)/2dδ

δ

has the required property.

Theorem 1.1. (1) For every α > 0, gα ∈ L1(Rn).

(2) ĝα(ξ) = (1 + 4π2|ξ|2)−α/2.

Proof. Noting that ∫
e−π|x|

2/δ dx = δn/2,

we have by Fubini’s theorem,∫
gα(x) dx =

1

(4π)α/2Γ(α/2)

∫ ∞
0

e−δ/4πδα/2
dδ

δ
= 1,

which proves (1). According to Remark 2.1 in Chapter 2, note that

F
(
e−π|x|

2/δ
)

(ξ) = e−πδ|ξ|
2

δn/2.

245
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Hence Fubini’s theorem gives

F
(∫ ∞

0
e−π|x|

2/δe−δ/4πδ(α−n)/2dδ

δ

)
(ξ) =

∫ ∞
0

e−πδ|ξ|
2

e−δ/4πδα/2
dδ

δ
.

On the other hand, since

(1.2) t−α/2 =
1

Γ(α/2)

∫ ∞
0

e−tδδα/2
dδ

δ
,

we have by letting t = (1 + 4π2|ξ|2)/4π,

(1 + 4π2|ξ|2)−α/2 = ĝα(ξ),

as required.

For 0 < α < n, by (1.2) we find

|x|α−n

γ(α)
=

1

(4π)α/2Γ(α/2)

∫ ∞
0

e−π|x|
2/δδ(α−n)/2dδ

δ
, γ(α) =

πn/22αΓ(α/2)

Γ((n− α)/2)
.

Noting that e−δ/4π = 1 + o(e−δ/4π) as δ → 0, we establish

(1.3) gα(x) =
|x|α−n

γ(α)
+ o(|x|α−n) as |x| → 0.

On the other hand, for 0 < ε < 1 and |x| = 1,

∫ ∞
1

e−π|x|
2/δe−δ/4πδ(α−n)/2dδ

δ
5 e−

√
ε|x|/2

∫ ∞
1

e−(1−ε)δ/4πδ(α−n)/2dδ

δ

and ∫ 1

0
e−π|x|

2/δe−δ/4πδ(α−n)/2dδ

δ
5 e−|x|

2
∫ 1

0
e−1/δδ(α−n)/2dδ

δ
.

Thus we see that for 0 < c < 1/2,

(1.4) gα(x) = O(e−c|x|) as |x| → ∞.

Theorem 1.2. {gα} has the semigroup property, that is, for α > 0 and β > 0,

gα ∗ gβ = gα+β.
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7.2 Bessel potentials

For a function f , we define the Bessel potential

gαf(x) = gα ∗ f(x) =
∫

gα(x− y)f(y) dy.

In view of Theorem 1.1 and Young’s inequality, we have the following.

Theorem 2.1. For α > 0 and 1 5 p 5∞, ‖gαf‖p 5 ‖f‖p.

For α > 0 and p = 1, we write

Lpα(Rn) = gα(Lp(Rn)) = {gαf : f ∈ Lp(Rn)}

and
‖u‖Lpα = ‖f‖p, u = gαf.

In view of Theorems 1.2 and 2.1, if α > β > 0, then

(2.1) Lpα(Rn) j Lpβ(Rn) j Lp(Rn).

Theorem 2.2. If m is a positive integer and 1 < p <∞, then

Lpm(Rn) = Wm,p(Rn).

To prove this, we need several lemmas.

Lemma 2.1. For α > 0, there exists a finite signed measure µα on Rn for which

µ̂α(ξ) =
(2π|ξ|)α

(1 + 4π2|ξ|2)α/2
.

Proof. For this purpose, note that

(1− t)α/2 = 1 +
∞∑
j=1

aj,αt
j for |t| < 1;

here
∑
j

|aj,α| <∞. If we take t = 1/(1 + 4π2|ξ|2), then

(2π|ξ|)α

(1 + 4π2|ξ|2)α/2
= 1 +

∞∑
j=1

aj,α(1 + 4π2|ξ|2)−j.

Now define

µ = δ0 +
∞∑
j=1

aj,αg2j,
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where δ0 denotes the Dirac measure at the origin. In view of Theorem 2.1, we see that

µ(Rn) = 1 +
∑
j

aj,α,

which is finite.

Lemma 2.2. For α > 0, there exists a finite signed measure λα on Rn for which

(1 + 4π2|ξ|2)α/2 = λ̂α[1 + (2π|ξ|)α].

Proof. As above, note that

Φ1(x) = gα(x) +
∞∑
j=1

aj,αg2j(x) ∈ L1(Rn).

Further,

Φ̂1(ξ) + 1 =
(2π|ξ|)α + 1

(1 + 4π2|ξ|2)α/2
> 0

for every x. Hence we apply the n-dimensional version of Wiener’s theorem, which will
be shown later, and obtain Φ2 ∈ L1(Rn) such that

(1 + 4π2|ξ|2)α/2 = [(2π|ξ|)α + 1][Φ̂2(ξ) + 1].

Now, λα = δ0 + Φ2Ln is the required one.

Lemma 2.3. If u = gα ∗ f with α = 1 and f ∈ Lp(Rn),

(2.2)
∂u

∂xj
= gα−1 ∗ Fj, Fj = −Rj ∗ (µ1 ∗ f),

where Rj is the Riesz transform whose Fourier transform is just −iξj/|ξ|.

In fact, if f ∈ S, then (2.2) holds by taking the Fourier transforms of both sides.
In the general case, approximate f ∈ Lp(Rn) by functions in S.

For a multi-index j = (j1, ..., jn), define

Rj = R1
j1 ∗ · · · ∗Rn

jn

= (

j1︷ ︸︸ ︷
R1 ∗ · · · ∗R1) ∗ · · · ∗ (

jn︷ ︸︸ ︷
Rn ∗ · · · ∗Rn),

which is also characterized by

F(Rj ∗ f) =

(
−i y
|y|

)j
f̂ .
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Lemma 2.4. If u ∈ Wm,p(Rn), then u = gm ∗ f with f ∈ Lp(Rn) satisfying

f = λm ∗

u+
∑
|j |=m

m!

j!
Rj ∗Dju

 .

Proof of Theorem 2.2. First let u = gmf with f ∈ Lp(Rn). Then Lemma 2.3
implies that ∂u/∂xj are all in Lpm−1(Rn) and

‖∇u‖p 5M‖f‖p.

Hence it follows by induction that u ∈ Wm,p(Rn) and

‖u‖m,p 5M‖u‖Lmp .

Conversely, assume that u ∈ Wm,p(Rn). Then we see from Lemma 2.4 that

u = gmf

for some f ∈ Lp(Rn), so that

u ∈ Lpm(Rn).

Here note that

‖f‖p 5M‖u‖m,p.

What remains is to show Wiener’s theorem mentioned above.

Theorem 2.3 (Wiener’s theorem). If Φ1 ∈ L1(Rn) and Φ̂1(x) + 1 6= 0 everywhere,
then there exists Φ2 ∈ L1(Rn) such that

[Φ̂1(x) + 1]−1 = Φ̂2(x) + 1 for all x.

Proof. First, for any ε > 0 we find a function g0 ∈ L1(Rn) such that

(2.3) ĝ0 = 1 on a neighborhood of 0

and

(2.4) |[Φ̂1(x)− Φ̂1(0)]ĝ0(x)| < ε for all x.

For this purpose, take ψ ∈ S(Rn) for which ψ̂ = 1 on a neighborhood of 0. If we set

Mρf(x) = ρnf(ρx)
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for f ∈ L1(Rn) and ρ > 0. Setting a =
∫
f(x)dx, we have

‖(Mρf) ∗ ψ − aψ‖1 =
∥∥∥∥∫ (Mρf)(z)[ψ(y − z)− ψ(y)]dz

∥∥∥∥
1

=
∥∥∥∥∫ f(z)[ψ(y − ρ−1z)− ψ(y)]dz

∥∥∥∥
1

5
∫
|f(z)|

(∫
|ψ(y − ρ−1z)− ψ(y)|dy

)
dz,

which tends to zero as ρ→∞, by Lebesgue’s dominated convergence theorem. Since

‖(Mρf) ∗ ψ − aψ‖1 = ‖f ∗ (M1/ρψ)− aM1/ρψ‖1,

if ρ is large enough, then g0 = M1/ρψ satisfies

(2.5) |[f̂(x)− f̂(0)]ĝ0(x)| 5 ‖f ∗ g0 − ag0‖1 < ε.

On the other hand, note that

F(M1/ρψ)(x) = ψ̂(ρx),

so that g0 satisfies (2.3) and (2.4) by letting f = Φ1.
For any x0 ∈ Rn, if Φ1(y) and g0(y) are replaced by e−2πix0·yΦ1(y) = f(y) and

e2πix0·yg0(y) = gx0(y), respectively, then

ĝx0(x) = ĝ0(x− x0) = 1 on a neighborhood of x0

and (2.5) implies that

|[Φ̂1(x)− Φ̂1(x0)]ĝx0(x)| = |[f̂(x− x0)− f̂(0)]ĝ0(x− x0)| < ε.

Consider A(z) = (z + 1)−1 − 1. Since Φ̂1 + 1 6= 0 and Φ̂1 vanishes at infinity, A is
holomorphic in a neighborhood of the closure of Φ̂1(Rn). By the above considerations,
there exists g0 ∈ S such that ĝ0 ∈ C∞0 (Rn), ĝ0 = 1 on a neighborhood of 0 and

‖Φ1 − Φ1 ∗ g0‖1 < ε.

Since A(z) = (−z) + (−z)2 + · · · near the origin, we can find h0 ∈ L1(Rn) such that

ĥ0(x) =
∞∑
j=1

[−Φ̂1(x)(1− ĝ0(x))]j,

so that
ĥ0 = A(Φ̂1) outside a compact set K.

For x0 ∈ K, write z0 = Φ̂1(x0) and

A(z) = A(z0) +
∞∑
j=1

(1 + z0)−j−1(z0 − z)j.
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If ε is chosen sufficiently small, then

∞∑
j=1

(1 + z0)−j−1[−(Φ̂1(x)− Φ̂1(x0))ĝx0(x)]j

converges in absolute value, so that there exists hx0 ∈ L1(Rn) for which

ĥx0(x) = A(z0)ĝx0(x) +
∞∑
j=1

cn[−(Φ̂1(x)− Φ̂1(x0))ĝx0(x)]j;

in particular,
ĥx0(x) = A(Φ̂1(x)) on a neighborhood of x0.

Since K is compact, we can choose xj ∈ K and hj = hxj ∈ L1(Rn), j = 1, 2, ..., N ,
such that

ĥj(x) = A(Φ̂1(x)) on a neighborhood Uj of xj

and

K j
N⋃
j=1

Uj.

For the convenience sake, let U0 = Rn −K, and take {ej} such that êj ∈ C∞(Uj), êj
vanishes on a neighborhood of Rn − Uj and

N∑
j=0

êj = 1 on Rn.

Now consider

Φ2 =
N∑
j=0

ej ∗ hj.

Then Φ2 ∈ L1(Rn) and

Φ̂2(x) = A(Φ̂1(x)) for all x ∈ Rn.

7.3 Bessel capacity

Let 1 < p <∞ and α > 0. We define the Bessel capacity Bα,p by setting

Bα,p(E) = inf ‖f‖pp,

where the infimum is taken over all nonnegative measurable functions f for which
gαf = 1 on E. Here α, p and (α, p) are called the order, the weight and the index of
Bα,p, respectively.
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It is easy to see that Bα,p(E) = 0 if and only if there exists a nonnegative function
f ∈ Lp(Rn) such that

gαf(x) = gα ∗ f(x) =∞ for all x ∈ E.

Theorem 3.1. The Bessel capacity Bα,p of order (α, p) is countably subadditive,
nondecreasing and outer.

Theorem 3.2. For 0 < α < n and E j Rn, Cα,p(E) = 0 if and only if Bα,p(E) = 0.

Proof. First suppose Cα,p(E) = 0. This means that Cα,p(E ∩D;D) = 0 for any
bounded open set D. If Cα,p(E ∩ D;D) = 0 for a bounded open set D, then we can
find a nonnegative function f ∈ Lp(Rn) such that f = 0 outside D and

Uαf(x) =∞ for all x ∈ E.

We see from (1.3) that

M−1gαf(x) 5 Uαf(x) 5Mgαf(x)

for any x ∈ D, so that it follows that Bα,p(E) = 0. The converse is similarly proved
with the aid of (1.4).

Theorem 1.4 in Chapter 5 gives the following result.

Theorem 3.3. If {Ej} is a nondecreasing sequence of sets, then

lim
j→∞

Bα,p(Ej) = Bα,p(
⋃
j

Ej).

We need another capacity bα,p, which is defined by setting

bα,p(E) = sup µ(E),

where the supremum is taken over all nonnegative measures µ for which the support
of µ is contained in E and ‖gαµ‖p 5 1.

Theorems 1.5 and 1.6 in Chapter 5 give the following results.

Theorem 3.4. If K is a compact set in Rn, then

Bα,p(K) = [bα,p(K)]p.

Theorem 3.5. Let A be a Suslin set in Rn for which 0 < Bα,p(A) < ∞. Then
there exist f ∈ Lp(Rn) and µ ∈M(A) such that
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(i) ‖f‖pp = Bα,p(A);

(ii) gαf = 1 (α, p)-q.e. on A;

(iii) µ(A) = bα,p(A);

(iv) ‖gαµ‖Lp′ (Rn) = 1;

(v) µ({x : gαf(x) 6= 1}) = 0;

(vi) gαµ(y) = [Bα,p(A)]−1/p′ [f(y)]p−1;

(vii) gα([gαµ]1/(p−1)) 5 [bα,p(A)]−1 on Sµ.

Weak maximum principle (see Theorem 4.1 in Chapter 5) implies that

gα([gαµ]1/(p−1)) 5M [bα,p(A)]−1 on Rn.

7.4 Poisson kernel in the half space

Denote by Rn+1
+ the upper half space of Rn+1 whose point will be written for example

as (x, t) with x ∈ Rn and t > 0, that is,

Rn+1
+ = {(x, t) : x ∈ Rn, t > 0}.

We define the Poisson kernel for Rn+1
+ by

P (x, t) = Pt(x) =
cnt

(|x|2 + t2)(n+1)/2
, cn =

Γ((n+ 1)/2)

π(n+1)/2
.

Proposition 4.1. For any t > 0,∫
Rn
Pt(x)dx = 1.

Proposition 4.2. For any t > 0, the Fourier transform of Pt is given by

P̂t(y) = e−2πt|y|.

Proof. We need the following two identities :∫
Rn

e−2πix·ye−πδ|y|
2

dy = δ−n/2e−π|x|
2/δ, δ > 0



254 Bessel potentials

and

e−γ =
1√
π

∫ ∞
0

e−s√
s
e−γ

2/4sds, γ > 0.

To show the latter, we note that

e−γ =
1

π

∫ ∞
−∞

eiγs

1 + s2
ds

=
1

π

∫ ∞
−∞

eiγs
(∫ ∞

0
e−(1+s2)udu

)
ds

=
1

π

∫ ∞
0

e−u
(∫ ∞
−∞

eiγse−s
2uds

)
du,

which gives the required identity. Now we have∫
Rn

e−2πix·ye−2πt|y|dy =
1√
π

∫
Rn

(∫ ∞
0

e−s√
s
e−π

2t2|y|2/sds

)
e−2πix·ydy.

Here, applying the first identity with δ = πt2/s, we have∫
Rn

e−2πix·ye−2πt|y|dy =
1

π(n+1)/2

∫ ∞
0

e−se−|x|
2s/t2t−ns(n−1)/2ds

=
t

(π(|x|2 + t2))(n+1/2)

∫ ∞
0

e−uu(n−1)/2du,

which yields the required assertion.

Proposition 4.3. {Pt} has the semigroup property, that is,

Ps ∗ Pt = Ps+t for any s > 0 and t > 0.

We define the Poisson integral of functions f ∈ Lp(Rn) by

Ptf(x) = Pt ∗ f(x) =
∫

Rn
Pt(x− y)f(y)dy.

Proposition 4.4. If f ∈ Lp(Rn), 1 5 p 5∞, then

‖Ptf‖p 5 ‖f‖p.

In case 1 5 p <∞, Ptf → f in Lp(Rn) as t→ +0. If f is continuous and vanishes at
infinity, then Ptf → f uniformly as t→ +0.

As in the proof of Theorem 3.1 of Chapter 3, we can prove the following.

Theorem 4.1. If f ∈ Lp(Rn), 1 5 p 5 ∞, then u(x, t) = Ptf(x) is harmonic in
Rn+1

+ and
sup
t>0
|Ptf(x)| 5Mf(x).
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Further,

(4.1) lim
t→0

Ptf(x) = f(x) for almost every x;

in particular, (4.1) holds for x at which f is continuous.

Proof. By Proposition 4.1, we have the first assertion and

|u(x, t)− f(x)| =
∣∣∣∣∫ P (y, t)[f(x− y)− f(x)]dy

∣∣∣∣
5

∫
P (y, t)|f(x− y)− f(x)|dy

5
∫
B(0,r)

P (y, t)|f(x− y)− f(x)|dy

+
∫

Rn−B(0,r)
P (y, t)|f(x− y)− f(x)|dy = I1 + I2.

For r > 0, set

ε(r) = sup
0<s<r

1

|B(0, s)|

∫
B(0,s)

|f(x− y)− f(x)|dy.

If 0 < t < r, then we have

I1 5 cnr
−n
∫
B(0,r)

|f(x− y)− f(x)|dy

−
∫ r

0

(∫
B(0,s)

|f(x− y)− f(x)|dy
)
d(cnt/(s+ t)n+1) 5Mε(r).

On the other hand,

I2 5
∫

Rn−B(0,r)
P (y, t)|f(x− y)|dy

+|f(x)|
∫

Rn−B(0,r)
P (y, t)dy

5 [Mr−1−n/p]t‖f‖p + |f(x)|
∫

Rn−B(0,r)
P (y, t)dy,

which tends to zero as t→ +0 for fixed r > 0. Thus

lim
t→0
|u(x, t)− f(x)| = 0

at every Lebesgue point x, that is,

(4.2) lim
r→0

1

|B(0, r)|

∫
B(0,r)

|f(x− y)− f(x)|dy = 0;

in particular, (4.2) holds when f is continuous at x.
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If f ∈ Λα(Rn) and 0 < α < 1, then recall that

(4.3) |f(x+ h)− f(x)| 5 A|h|α for all h ∈ Rn.

Hence we see that

|Ptf(x)− f(x)| 5
∣∣∣∣∫ Pt(y)[f(x− y)− f(x)]dy

∣∣∣∣
5 cnAt

∫ |y|α

(|y|2 + t2)(n+1)/2
dy = Mtα,

so that f can be extended to a continuous function on Rn+1.

Lemma 4.1. Let 0 < α < 1 and u(x, t) = Ptf for f ∈ L∞(Rn). Then

(4.4)

∣∣∣∣∣∂u(x, t)

∂t

∣∣∣∣∣ 5Mtα−1

holds if and only if

(4.5) |∇u(x, t)| 5Mtα−1,

where ∇ = (∂/∂x1, ..., ∂/∂xn).

Proof. For t = t1 + t2, t1 > 0, t2 > 0, we see that

u(x, t) = Pt1 ∗ u(x, t2),

so that
∂2u(x, t1 + t2)

∂xj∂t2
=
∂Pt1
∂xj
∗ ∂u(x, t2)

∂t2
.

Note here that

(4.6)

∣∣∣∣∣∂Pt(x)

∂xj

∣∣∣∣∣ 5M(|x|+ t)−n−1.

Hence (4.4) implies that∣∣∣∣∣∂2u(x, t1 + t2)

∂xj∂t2

∣∣∣∣∣ 5Mtα−1
2

∫
(|y|+ t1)−(n+1)dy.

If we take t1 = t2 = t/2, then

(4.7)

∣∣∣∣∣∂2u(x, t)

∂xj∂t

∣∣∣∣∣ 5Mtα−2.

On the other hand,

|∇u(x, t)| 5 |(∇Pt) ∗ f | 5 ‖∇Pt‖1‖f‖∞ 5Mt−1‖f‖∞,
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so that
|∇u(x, t)| → 0 as t→∞.

Thus we can write
∂u(x, t)

∂xj
= −

∫ ∞
t

∂2u(x, s)

∂xj∂s
ds,

which gives (4.5) with the aid of (4.7).
Conversely, if (4.5) holds, then, by the above considerations, we find

|∇2u(x, t)| 5Mtα−2.

Since u is harmonic in Rn+1
+ , we have

∣∣∣∣∣∂2u(x, t)

∂t2

∣∣∣∣∣ =

∣∣∣∣∣∣−
n∑
j=1

∂2u(x, t)

∂x2
j

∣∣∣∣∣∣ 5Mtα−2.

The above integration argument shows (4.4).

Theorem 4.2. Let 0 < α < 1 and u(x, t) = Ptf(x) for f ∈ L∞(Rn). Then
f ∈ Λα(Rn) if and only if (4.4) holds.

Proof. Suppose (4.3) holds. Since
∫
Pt(y)dy = 1,

(4.8)
∫ ∂Pt(y)

∂t
dy = 0,

so that
∂u(x, t)

∂t
=
∫ ∂Pt(y)

∂t
[f(x− y)− f(x)]dy.

Since

(4.9)

∣∣∣∣∣∂Pt(x)

∂t

∣∣∣∣∣ 5M(|x|+ t)−n−1,

we find ∥∥∥∥∥∂u(x, t)

∂t

∥∥∥∥∥
∞
5M

∫
(|y|+ t)−n−1|y|αdy = Mtα−1.

Conversely, suppose (4.4) holds. Then (4.5) also holds by Lemma 4.1. We write

f(x+ y)− f(x) = [u(x+ y, t)− u(x, t)] + [f(x+ y)− u(x+ y, t)]− [f(x)− u(x, t)].

Then by taking t = |y|, we obtain

|u(x+ y, t)− u(x, t)| 5 |y| sup
0<θ<1

|∇u(x+ θy, t)| 5M |y|α.
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Moreover,

|f(x+ y)− u(x+ y, t)| =
∣∣∣∣∣−
∫ t

0

∂u(x+ y, s)

∂s
ds

∣∣∣∣∣ 5M
∫ t

0
sα−1ds 5Mtα.

Similarly,

|f(x)− u(x, t)| 5Mtα.

Thus (4.3) holds.

The proof of Lemma 4.1 shows the following result.

Lemma 4.2. Let α > 0 and u(x, t) = Pt ∗ f(x) for f ∈ L∞(Rn). If k and ` are
integers greater than α, then∣∣∣∣∣∂ku(x, t)

∂tk

∣∣∣∣∣ 5Mtα−k and

∣∣∣∣∣∂`u(x, t)

∂t`

∣∣∣∣∣ 5Mtα−`

are equivalent.

Theorem 4.3. Let 0 < α < 2 and f ∈ L∞(Rn). Then

(4.10) |f(x+ h)− 2f(x) + f(x− h)| 5 A|h|α

if and only if

(4.11)

∣∣∣∣∣∂2u(x, t)

∂t2

∣∣∣∣∣ 5Mtα−2.

Proof. Noting that ∫ ∂2Pt(y)

∂t2
dy = 0,

we have
∂2u(x, t)

∂t2
=

1

2

∫ ∂2Pt(y)

∂t2
[f(x+ y) + f(x− y)− 2f(x)]dy.

Hence (4.10) implies that∣∣∣∣∣∂2u(x, t)

∂t2

∣∣∣∣∣ 5M
∫

(|y|+ t)−n−2|y|αdy 5Mtα−2,

which shows (4.11).
Next suppose (4.11) holds. Note that∣∣∣∣∣∂2u(x, t)

∂t2

∣∣∣∣∣ 5
∥∥∥∥∥∂2Pt
∂t2

∥∥∥∥∥
1

‖f‖∞ 5Mt−2‖f‖∞,
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so that ∣∣∣∣∣∂2u(x, t)

∂t2

∣∣∣∣∣ 5Mtβ−2

for 0 < β < min{α, 1}. Hence Lemma 4.2 yields∣∣∣∣∣∂u(x, t)

∂t

∣∣∣∣∣ 5Mtβ−1.

Hence Theorem 4.2 shows that f ∈ Λβ, so that

‖u(x, t)− f(x)‖∞ → 0 as t→ 0

and

t

∥∥∥∥∥∂u(x, t)

∂t

∥∥∥∥∥
∞
→ 0 as t→ 0.

Now we see that

(4.12) f(x) = u(x, 0) =
∫ t

0
s
∂2u(x, s)

∂s2
ds− t∂u(x, t)

∂t
+ u(x, t).

As in the proof of Lemma 4.1, (4.11) shows

|∇2u(x, t)| 5Mtα−2

and
|(∂/∂t)∇2u(x, t)| 5Mtα−3.

Hence it follows from (4.12) that

|f(x+ y) + f(x− y)− 2f(x)| 5M
∫ t

0
sα−1 ds+Mt|y|2tα−3 +M |y|2tα−2.

If we take t = |y|, then (4.10) follows.

Corollary 4.1. Let 0 < α < 1 and f ∈ L∞(Rn). Then (4.3) holds if and only if

|f(x+ h)− 2f(x) + f(x− h)| 5 A|h|α for all h ∈ Rn.

Remark 4.1. Consider the function

f(x) = x log |x| for x 6= 0;

set f(0) = 0. Then f is continuous on R. Clearly, f fails to satisfy (4.3) with α = 1,
but it satisfies

|f(x+ y)− 2f(x) + f(x− y)| 5 A|y|.
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In fact, if x > 0 and y > 0, then we write

f(x+ y)− 2f(x) + f(x− y) = −(x− y)[log |x+ y| − log |x− y|]
+2x[log |x+ y| − log |x|]

and note that
log(1 + t) 5Mt for t > 0.

For α > 0, take the nonnegative integer k such that

k < α 5 k + 1.

Let f ∈ L∞(Rn) ∩ Ck(Rn). Then recall that f ∈ Λα(Rn) if

(4.13) |∇kf(x+ h)− 2∇kf(x) +∇kf(x− h)| 5 A|h|α−k for all h ∈ Rn.

Theorem 4.4 can be generalized as follows.

Theorem 4.5. For α > 0, f ∈ Λα(Rn) if and only if

(4.14)

∣∣∣∣∣∂`u(x, t)

∂t`

∣∣∣∣∣ 5Mtα−`

for some integer ` > α.

7.5 The Lipschitz spaces Λp,q
α

For 0 < α < 1, 1 5 p 5∞ and 1 5 q 5∞, we denote by Λp,q
α = Λp,q

α (Rn) the space of
all functions f ∈ Lp(Rn) such that

‖f‖Λp,qα = ‖f‖p +

(∫
Rn

‖f(x+ y)− f(x)‖pq

|y|n+αq
dy

)1/q

<∞.

Theorem 5.1. Let f ∈ Lp(Rn) and 0 < α < 1. Then f ∈ Λp,q
α if and only if

(5.1)
(∫ ∞

0
[t1−α‖(∂/∂t)u(x, t)‖p]q dt/t

)1/q

<∞,

where u(x, t) = Ptf(x) is the Poisson integral of f in Rn+1
+ . Moreover

‖f‖Λp,qα ∼ ‖f‖p +
(∫ ∞

0
[t1−α‖(∂/∂t)u(x, t)‖p]q dt/t

)1/q

.
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Proof. By (4.8), we see that

(∂/∂t)u(x, t) =
∫

[(∂/∂t)Pt(y)]f(x+ y) dy =
∫

[(∂/∂t)Pt(y)][f(x+ y)− f(x)]dy.

Note by (4.9) that
|(∂/∂t)Pt(y)| 5Mt−n−1

and
|(∂/∂t)Pt(y)| 5M |y|−n−1.

Hence we have

‖(∂/∂t)u(x, t)‖p 5 Mt−n−1
∫
B(0,t)

‖f(x+ y)− f(x)‖p dy

+M
∫

Rn−B(0,t)
‖f(x+ y)− f(x)‖p|y|−n−1dy.

We write y = rξ with r = |y| and |ξ| = 1. Set

ωp(y) = ‖f(x+ y)− f(x)‖p

and
Ωp(r) =

∫
S
ωp(rξ) dS(ξ).

Then

‖(∂/∂t)u(x, t)‖p 5Mt−n−1
∫ t

0
Ωp(r)r

n−1dr +M
∫ ∞
t

Ωp(r)r
−2dr.

We now apply Hardy’s inequality to obtain(∫ ∞
0

[t1−α‖(∂/∂t)u(x, t)‖p]q dt/t
)1/q

5M
(∫ ∞

0
[Ωp(r)r

−α]q dr/r
)1/q

.

Since [Ωp(r)]
q 5M

∫
S
ωp(rξ)

q dS(ξ) by Hölder’s inequality, we establish

(∫ ∞
0

[Ωp(r)r
−α]q dr/r

)1/q

5 M
(∫

S

∫ ∞
0

[ωp(rξ)r
−α]q dS(ξ)dr/r

)1/q

= M

(∫
Rn

‖f(x+ y)− f(x)‖pq

|y|n+αq
dy

)1/q

.

To show the converse, we need the following result.

Lemma 5.1. Let f ∈ Lp(Rn) and 0 < α < 1. Then (5.1) holds if and only if

(∫ ∞
0

[t1−α‖(∂/∂xi)u(x, t)‖p]q dt/t
)1/q

<∞, i = 1, 2, ..., n.
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Proof. For t = t1 + t2, t1 > 0, t2 > 0, we find

∂2u

∂t∂xi
(x, t) =

∂Pt1
∂xi
∗ ∂u(x, t2)

∂t2
.

If we take t1 = t2 = t/2, then

(5.2)

∥∥∥∥∥ ∂2u

∂t∂xi

∥∥∥∥∥
p

5
M

t

∥∥∥∥∥∂u∂t
∥∥∥∥∥
p

,

so that(∫ ∞
0

[t2−α‖(∂2/∂t∂xi)u‖p]q dt/t
)1/q

5M
(∫ ∞

0
[t1−α‖(∂/∂t)u‖p]q dt/t

)1/q

.

On the other hand,

|(∂/∂xi)u(x, t)| =
∣∣∣∣∫ [(∂/∂xi)Pt(x− y)]f(y)dy

∣∣∣∣
5 ‖(∂/∂xi)Pt‖p′‖f‖p
5 Mt−1−n/p‖f‖p → 0 as t→∞.

Hence we find

(∂/∂xi)u(x, t) = −
∫ ∞
t

(∂2/∂s∂xi)u(x, s) ds.

It follows from Minkowski’s inequality for integral that

‖(∂/∂xi)u(x, t)‖p 5
∫ ∞
t
‖(∂2/∂s∂xi)u(x, s)‖p ds.

Therefore we have by Hardy’s inequality,


∫ ∞

0

t1−α ∥∥∥∥∥ ∂u∂xi
∥∥∥∥∥
p

q dt
t


1/q

5 M


∫ ∞

0

t1−α ∫ ∞
t

∥∥∥∥∥ ∂2u

∂s∂xi

∥∥∥∥∥
p

ds

q dt
t


1/q

5 M
(∫ ∞

0
[t‖∂2u/∂t∂xi‖p]qt(1−α)q dt/t

)1/q

= M
(∫ ∞

0
[t2−α‖∂2u/∂t∂xi‖p]q dt/t

)1/q

5 M
(∫ ∞

0
[t1−α‖∂u/∂t‖p]q dt/t

)1/q

.

As in (5.2), note next that

‖(∂2/∂x2
i )u‖p 5

M

t
‖(∂/∂xi)u‖p,
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which gives(∫ ∞
0

[t2−α‖(∂2/∂x2
i )u‖p]q dt/t

)1/q

5M
(∫ ∞

0
[t1−α‖(∂/∂xi)u‖p]q dt/t

)1/q

.

Since u is harmonic,

‖(∂2/∂t2)u‖p =

∥∥∥∥∥
n∑
i=1

(∂2/∂x2
i )u

∥∥∥∥∥
p

5
∑
i

‖(∂2/∂x2
i )u‖p,

so that(∫ ∞
0

[t2−α‖(∂2/∂t2)u‖p]q dt/t
)1/q

5M
∑
i

(∫ ∞
0

[t1−α‖(∂/∂xi)u‖p]q dt/t
)1/q

.

As above we finally obtain(∫ ∞
0

[t1−α‖(∂/∂t)u‖p]q dt/t
)1/q

5 M
(∫ ∞

0
[t2−α‖(∂2/∂t2)u‖p]q dt/t

)1/q

5 M
∑
i

(∫ ∞
0

[t1−α‖(∂/∂xi)u‖p]q dt/t
)1/q

.

We are now ready to show the if part of Theorem 5.1. For this purpose, note that

f(x) = u(x, 0) = −
∫ t

0
(∂/∂s)u(x, s)ds+ u(x, t),

so that

f(x+ y)− f(x) = −
∫ t

0
[(∂/∂s)u(x+ y, s)− (∂/∂s)u(x, s)]ds+ [u(x+ y, t)− u(x, t)].

Since |u(x+ y, t)− u(x, t)| 5 |y|
∫ 1

0
|∇u(x+ sy, t)|ds, we have

‖u(x+ y, t)− u(x, t)‖p 5 |y| ‖∇u(x, t)‖p.
Letting t = |y|, we obtain(∫ ‖u(x+ y, t)− u(x, t)‖pq

|y|n+αq
dy

)1/q

5 M

(∫ ∞
0

[t‖∇u(x, t)‖p]q

tn+αq
tn−1dt

)1/q

= M
(∫ ∞

0
[t1−α‖∇u(x, t)‖p]q dt/t

)1/q

and, by Hardy’s inequality,(∫ ∥∥∥∥− ∫ t

0
[(∂/∂s)u(x+ y, s)− (∂/∂s)u(x, s)]ds

∥∥∥∥
p

q

|y|−n−αqdy
)1/q

5 2
{∫ (∫ t

0
‖(∂/∂s)u(x, s)‖pds

)q
|y|−n−αqdy

}1/q

= M
{∫ ∞

0

(∫ t

0
‖(∂/∂s)u(x, s)‖pds

)q
t−αqdt/t

}1/q

5 M
{∫ ∞

0
[t1−α‖(∂/∂t)u(x, t)‖p]q dt/t

}1/q

.
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Remark 5.1. Let f ∈ Lp(Rn) and 0 < α < 1. If k is a positive integer such that
k > α, then (∫ ∞

0
[tk−α‖∇ku(x, t)‖p]q dt/t

)1/q

5 M
(∫ ∞

0
[tk−α‖(∂/∂t)ku(x, t)‖p]q dt/t

)1/q

5 M
(∫ ∞

0
[t1−α‖(∂/∂t)u(x, t)‖p]q dt/t

)1/q

.

For α > 0, taking the smallest integer ` such that ` > α, we define

Λp,q
α =

{
f ∈ Lp(Rn) :

∫ ∞
0

[t`−α‖(∂/∂t)`u(x, t)‖p]q dt/t <∞
}

and

‖f‖Λp,qα = ‖f‖p +
(∫ ∞

0
[tk−α‖(∂/∂t)ku(x, t)‖p]qdt/t

)1/q

.

Lemma 5.2. If 0 < α < β <∞, then Λp,q
β j Λp,q

α .

Proof. If β > α and k is a positive integer greater than β, then∫ 1

0
[tk−α‖(∂/∂t)ku(x, t)‖p]qdt/t 5

∫ 1

0
[tk−β‖(∂/∂t)ku(x, t)‖p]qdt/t <∞,

where u = Ptf with f ∈ Λp,q
β . On the other hand, we see that

‖(∂/∂t)kPtf‖p 5 ‖(∂/∂t)kPt‖1‖f‖p 5Mt−k‖f‖p,

so that ∫ ∞
1

[tk−α‖(∂/∂t)ku(x, t)‖p]qdt/t <∞.

Hence it follows that ∫ ∞
0

[tk−α‖(∂/∂t)ku(x, t)‖p]qdt/t <∞,

which implies that f ∈ Λp,q
α in view of Remark 5.1.

Theorem 5.2. Let f ∈ Lp(Rn) and 0 < α < 2. Then f ∈ Λp,q
α if and only if∫

Rn

‖f(x+ y)− 2f(x) + f(x− y)‖pq

|y|n+αq
dy <∞

and

‖f‖Λp,qα ∼ ‖f‖p +

(∫
Rn

‖f(x+ y)− 2f(x) + f(x− y)‖pq

|y|n+αq
dy

)1/q

.
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Proof. The proof can be carried out along the same lines as in the proof of

Theorem 5.1. Since
∫

(∂2/∂t2)Pt(y) dy = 0, we find

(∂2/∂t2)u(x, t) =
1

2

∫
[(∂2/∂t2)Pt(y)][f(x+ y)− 2f(x) + f(x− y)]dy.

Hence we have

‖(∂2/∂t2)u(x, t)‖p 5Mt−n−2
∫
B(0,t)

ω̃p(y)dy +M
∫

Rn−B(0,t)

ω̃p(y)

|y|n+2
dy,

where ω̃p(y) = ‖f(x+ y)− 2f(x) + f(x− y)‖p. Setting

Ω̃p(r) =
∫

S
ω̃p(rξ) dS(ξ),

we obtain

‖(∂2/∂t2)u(x, t)‖p 5Mt−n−2
∫ t

0
Ω̃p(r)r

n−1dr +M
∫ ∞
t

Ω̃p(r)r
−3dr.

We now apply Hardy’s inequality to obtain(∫ ∞
0

[t2−α‖(∂2/∂t2)u‖p]q dt/t
)1/q

5M
(∫ ∞

0
[Ω̃p(r)r

−α]q dr/r
)1/q

5 M

(∫
Rn

‖f(x+ y)− 2f(x) + f(x− y)‖pq

|y|n+αq
dy

)1/q

.

For y ∈ Rn and F ∈ C2, set

∆2
yF (x) = F (x+ y)− 2F (x) + F (x− y).

Then note that

∆2
hF (x) =

∫ |y|
0

(∫ s

−s
(∂2/∂r2)F (x+ ry′)dr

)
ds, y′ = y/|y|,

so that
‖∆2

yF‖p 5 |y|2‖∇2F‖p.
Since t|(∂/∂t)u(x, t)| → 0 as t→ +0, we see that

f(x) = u(x, 0) = −
∫ t

0
s[(∂2/∂s2)u(x, s)]ds− t[(∂/∂t)u(x, t)] + u(x, t).

Consequently, we have

‖∆2
yf‖p 5

∫ t

0
s‖∆2

y((∂
2/∂s2)u(x, s))‖pds+ t‖∆2

y((∂/∂t)u(x, t))‖p

+‖∆2
y(u(x, t))‖p

5 4
∫ t

0
s‖(∂2/∂s2)u(x, s)‖pds+Mt

∑
i,j

‖(∂3/∂t∂xi∂xj)u(x, t))‖p

+M
∑
i,j

‖(∂2/∂xi∂xj)u(x, t))‖p.
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Letting t = |y|, we establish

(∫
‖∆2

yf‖p
q|y|−n−αqdy

)1/q

5 M
{∫ ∞

0

(∫ t

0
s‖(∂2/∂s2)u‖pds

)q
t−n−αqtn−1dt

}1/q

+M
∑
i,j

(∫ ∞
0

[t3‖(∂3/∂t∂xi∂xj)u‖p]qt−n−αqtn−1dt
)1/q

+M
∑
i,j

(∫ ∞
0

[t2‖(∂2/∂xi∂xj)u‖p]qt−n−αqtn−1dt
)1/q

5 M
(∫ ∞

0
[s2−α‖(∂2/∂s2)u‖p]q dt/t

)1/q

+M
∑
i,j

(∫ ∞
0

[t3−α‖(∂3/∂t∂xi∂xj)u‖p]q dt/t
)1/q

+M
∑
i,j

(∫ ∞
0

[t2−α‖(∂2/∂xi∂xj)u‖p]q dt/t
)1/q

5 M
(∫ ∞

0
[t2−α‖(∂2/∂t2)u‖p]q dt/t

)1/q

.

Theorem 5.3. For α > 1, f ∈ Λp,q
α if and only if f ∈ Lp(Rn) and (∂/∂xj)f ∈ Λp,q

α−1;
moreover,

‖f‖Λp,qα ∼ ‖f‖p +
n∑
i=1

‖(∂/∂xi)f‖Λp,qα−1
.

Proof. We give a proof only in the case 1 < α < 2. Suppose f ∈ Λp,q
α . Since

(∂2/∂t∂xi)u(x, t) = −
∫ ∞
t

(∂3/∂s2∂xi)u(x, s) ds,

we find by Hölder’s inequality

‖(∂2/∂t∂xi)u(x, t)‖p 5
∫ ∞
t
‖(∂3/∂s2∂xi)u(x, s)‖p ds

5 Mtα−2
(∫ ∞

t
[s3−α‖(∂3/∂s2∂xi)u(x, s)‖p]q ds/s

)1/q

5 MAtα−2,

where A =
(∫ ∞

0
[s2−α‖(∂2/∂s2)u(x, s)‖p]q ds/s

)1/q

. Hence it follows that for 0 < t1 <

t2 < 1,

‖(∂/∂xi)u(x, t2)− (∂/∂xi)u(x, t1)‖p 5
∫ t2

t1
‖(∂2/∂s∂xi)u(x, s)‖p ds

5 MA
∫ t2

t1
sα−2 ds 5MA(t2 − t1),
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which implies that {(∂/∂xi)u(x, t)} is a Cauchy net in Lp(Rn) as t→ 0. Consequently,
we see that (∂/∂xi)f ∈ Lp(Rn) and(∫ ∞

0
[t1−(α−1)‖(∂/∂t)(Pt ∗ (∂f/∂xi))‖p]q dt/t

)1/q

=
(∫ ∞

0
[t2−α‖(∂2/∂t∂xi)u‖p]q dt/t

)1/q

.

The converse can be proved similarly.

Corollary 5.1. Let f ∈ Lp(Rn). For α > 0, take the nonnegative integer such
that

k < α 5 k + 1.

Then f ∈ Λp,q
α if and only if f ∈ W k,p(Rn) and(∫

Rn

‖∇kf(x+ y)− 2∇kf(x) +∇kf(x− y)‖p
q

|y|n+(α−k)q
dy

)1/q

<∞.

Lemma 5.3. For α > 0, gα ∈ Λ1,∞
α .

Proof. We first consider the case 0 < α < 1. Note that

|(∂/∂xi)gα(x)| 5M |x|α−n−1,

so that
|gα(x+ y)− gα(x)| 5M |y| |x|α−n−1 whenever |x| > 2|y|.

Hence it follows that∫
Rn−B(0,2|y|)

|gα(x+ y)− gα(x)|dx 5M |y|α.

On the other hand,∫
B(0,2|y|)

|gα(x+ y)− gα(x)|dx 5 2
∫
B(0,3|y|)

|gα(x)|dx 5M |y|α.

Now we obtain ∫
|gα(x+ y)− gα(x)|dx 5M |y|α,

which proves the case 0 < α < 1.
To show the general case, we write α = kβ, where k is a positive integer and

0 < β < 1. Since gα = gβ ∗ gβ ∗ · · · ∗ gβ,

Ptgα = (Pt1gβ) ∗ · · · ∗ (Ptkgβ)

for t = t1 + · · ·+ tk, ti > 0, so that

(∂k/∂t)kPtgα = [(∂/∂t1)(Pt1gβ)] ∗ · · · ∗ [(∂/∂tk)(Ptkgβ)].
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If we take ti = t/k, then it follows that

‖(∂k/∂tk)Ptgα‖1 5 ‖(∂/∂t1)(Pt1gβ)‖1 · · · ‖(∂/∂tk)(Ptkgβ)‖1 5Mt−k(1−β),

which implies that gα ∈ Λ1,∞
α .

Theorem 5.4. For α > 0 and β = 0, gβ gives an isomorphism from Λp,q
α onto

Λp,q
α+β.

Proof. For f ∈ Λp,q
α , set u(x, t) = Ptf(x) and U(x, t) = gβ∗(Ptf)(x) = Pt(gβf)(x).

If k and ` are positive integers such that k − 1 5 α < k and β < `, then

‖(∂/∂t)k+`U‖p = ‖[(∂/∂t1)`(Pt1gβ)] ∗ [(∂/∂t2)k(Pt2f)]‖p
5 ‖(∂/∂t1)`(Pt1gβ)‖1 ‖(∂/∂t2)k(Pt2f)‖p

for t = t1 + t2. By Lemma 5.3, we have for t1 = t2 = t/2,

‖(∂/∂t)k+`U‖p 5Mtβ−`‖(∂/∂t2)ku(x, t2)‖p,

so that

tk+`−(α+β)‖(∂/∂t)k+`U‖p 5Mtk−α‖(∂/∂t2)ku(x, t2)‖p.

Thus it follows that gβf ∈ Λp,q
α+β.

Next suppose f ∈ Λp,q
α+2. By Lemma 5.2, f ∈ Λp,q

α , and by Theorem 5.3, ∆f ∈ Λp,q
α ,

so that

(I −∆)f ∈ Λp,q
α .

Noting that

f = g2 ∗ [(I −∆)f ],

we see that g2 maps Λp,q
α homeomorphically onto Λp,q

α+2. Let 0 < β < 2 and f ∈ Λp,q
α+β.

Then we find g ∈ Λp,q
α such that

g2 ∗ g = g2−β ∗ f ∈ Λp,q
α+2.

Since g2 ∗ g = g2−β ∗ [gβ ∗ g], we see that

f = gβ ∗ g,

which implies that gβ(Λp,q
α ) = Λp,q

α+β.

The semigroup property of Bessel kernels proves the general case.

Theorem 5.5. (1) If 0 < α1 < α2 <∞, then Λp,q2
α2
j Λp,q1

α1
for any p, q1, q2 = 1.

(2) If 1 5 q1 < q2 5∞, then Λp,q1
α j Λp,q2

α for any α > 0 and p = 1.
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Proof. First note that ‖(∂/∂t)ku(x, t)‖p is nonincreasing for any nonnegative
integer k, because

‖(∂/∂t)ku(x, t1 + t)‖p = ‖Pt1 [(∂/∂t)ku(x, t)]‖p
5 ‖Pt1‖1‖(∂/∂t)ku(x, t)‖p 5 ‖(∂/∂t)ku(x, t)‖p

for any t1 > 0 and t > 0. Suppose f ∈ Λp,q
α and k is a positive integer greater than α.

Set

A =
(∫ ∞

0
[tk−α‖(∂/∂t)ku‖p]q dt/t

)1/q

.

Then we have

Aq =
∫ t

t/2
[sk−α‖(∂/∂s)ku‖p]q ds/s

= ‖(∂/∂t)ku(x, t)‖p]q
∫ t

t/2
[sk−α]q ds/s,

so that

(5.3) ‖(∂/∂t)ku(x, t)‖p 5 AMtα−k,

which implies that
Λp,q
α j Λp,∞

α .

Moreover, in case q 5 q2 <∞, we have∫ ∞
0

[tk−α‖(∂/∂t)ku‖p]q2 dt/t 5 (AM)q2−q
∫ ∞

0
[tk−α‖(∂/∂t)ku‖p]q dt/t <∞,

so that
Λp,q
α j Λp,q2

α ,

which implies (2).
To show (1), we note from (5.3) that

‖(∂/∂t)ku(x, t)‖p 5Mtα2−k 5Mtα1−k

for 0 < t 5 1, whenever f ∈ Λp,∞
α2

and α2 > α1 > 0. For t > 1, we have

‖(∂/∂t)ku(x, t)‖p 5Mt−p
′k‖f‖p 5M‖f‖ptα1−k.

Hence it follows that
Λp,∞
α2
j Λp,∞

α1
.

If q1 <∞ and f ∈ Λp,∞
α2

, then∫ ∞
0

[tk−α1‖(∂/∂t)ku‖p]q1 dt/t 5
∫ 1

0
[tk−α1Mtα2−k]q1 dt/t

+
∫ ∞

1
[tk−α1Mt−p

′k]q1 dt/t <∞,
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which shows that
Λp,∞
α2
j Λp,q1

α1
.

Thus
Λp,q2
α2
j Λp,∞

α2
j Λp,q1

α1
,

as required.

7.6 The relationships between Lpα and Λp,p
α

For f ∈ Lp(Rn), we set

g1(f)(x) =
(∫ ∞

0
|(∂/∂t)u(x, t)|2tdt

)1/2

and

g(f)(x) =
(∫ ∞

0
|∇u(x, t)|2tdt

)1/2

,

where ∇ = (∂/∂x1, ..., ∂/∂xn, ∂/∂t) and u(x, t) = Pt ∗ f(x).

Lemma 6.1. If f ∈ L2(Rn), then

‖g(f)‖2 = 2−1/2‖f‖2

and
‖g1(f)‖2 = 2−1‖f‖2

Proof. By Plancherel’s formula, we have

‖g(f)‖2
2 =

∫ ∞
0

(∫
Rn
|∇u(x, t)|2dx

)
tdt

=
∫ ∞

0

(∫
Rn

[8π2|y|2|f̂(y)|2e−4πt|y|]dy
)
tdt

=
∫

Rn
8π2|y|2|f̂(y)|2

(∫ ∞
0

e−4πt|y|tdt
)
dy

= 2−1
∫

Rn
|f̂(y)|2dy

= 2−1
∫

Rn
|f(x)|2dy.

The remaining case can be treated similarly.

Lemma 6.2. If uj are Poisson integrals of fj ∈ L2(Rn), respectively, then∫
Rn

∫ ∞
0

(∂/∂t)u1(x, t) (∂/∂t)u2(x, t) tdtdx =
1

4

∫
Rn
f1(x)f2(x)dx.
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Proof. First we write

‖g1(f1 + f2)‖2
2 =

∫ ∞
0

(∫
Rn
|(∂/∂t)(u1 + u2)|2dx

)
tdt

=
∫ ∞

0

(∫
Rn
|(∂/∂t)u1|2dx

)
tdt

+
∫ ∞

0

(∫
Rn
|(∂/∂t)u2|2dx

)
tdt

+
∫ ∞

0

(∫
Rn

(∂/∂t)u1(∂/∂t)u2dx
)
tdt

+
∫ ∞

0

(∫
Rn

(∂/∂t)u1(∂/∂t)u2dx
)
tdt.

Hence, in view of Lemma 6.1, we have

4−1
∫

(f1f2 + f1f2)dx =
∫ ∞

0

(∫
[(∂/∂t)u1(∂/∂t)u2 + (∂/∂t)u1(∂/∂t)u2]dx

)
tdt,

which proves the required equality.

Theorem 6.1. If f ∈ Lp(Rn), then

M−1‖f‖p 5 ‖g(f)‖p 5M‖f‖p.

Proof. For ε > 0 and an integer j with 0 5 j 5 n, consider

Kε(x) = ((∂/∂t)Pt+ε(x), (∂/∂x1)Pt+ε(x), ..., (∂/∂xn)Pt+ε(x)).

Denote by H2 the family of all functions g for which∫ ∞
0
|g(t)|2tdt <∞

and set H2
n+1 = H2 × · · · ×H2. Then note that

(6.1) Kε ∈ H2
n+1

and

(6.2) |(∂/∂xj)Kε(x)| 5M |x|−n−1.

If we set
Tεf(x) =

∫
Kε(x− y)f(y)dy,

then

|Tεf(x)| =
(∫ ∞

0
|∇u(x, t+ ε)|2tdt

)1/2

5 g(f)(x).
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Further note that

|K̂ε(y)|2 =
∫ ∞

0
[|(∂/∂t)e−2π(t+ε)|y||2 + |(2πy1)e−2π(t+ε)|y||2 + · · ·

+|(2πyn)e−2π(t+ε)|y||2]tdt

5 8π2|y|2
∫ ∞

0
e−4π(t+ε)|y|tdt 5 2−1,

or

(6.3) |K̂ε(y)| 5 2−1/2.

Thus, applying the Hilbert space version of singular integral operator theory, we find

‖Tεf‖p 5 Ap‖f‖p, 1 < p <∞,

which gives, by letting ε→ 0,

‖g(f)‖p 5 Ap‖f‖p.

Conversely, if uj are Poisson integrals of fj, respectively, then Lemma 6.2 gives

∫
Rn

∫ ∞
0

(∂/∂t)u1(x, t)(∂/∂t)u2(x, t)tdtdx =
1

4

∫
Rn
f1(x)f2(x)dx,

which proves ∣∣∣∣∫
Rn
f1(x)f2(x)dx

∣∣∣∣ 5 4
∫

Rn
g1(f1)(x)g1(f2)(x)dx

5 4‖g1(f1)‖p‖g1(f2)‖p′
5 [4Ap′‖f2‖p′ ]‖g1(f1)‖p.

Hence it follows that

‖f1‖p 5 4Ap′‖g1(f1)‖p.

Theorem 6.2. Let α > 0 and 1 < p <∞. Then :

(1) Lpα j Λp,p
α if p = 2.

(2) Lpα j Λp,2
α if p 5 2.

(3) Λp,p
α j Lpα if p 5 2.

(4) Λp,2
α j Lpα if p = 2.
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Proof. Since gβ gives isomorphisms of Lpα as well as Λp,q
α , we have only to deal the

case α = 1. Let f ∈ Lp1 and denote by u the Poisson integral of f . Note that

[g((∂/∂xj)f)(x)]2 =
n∑
k=0

∫ ∞
0

∣∣∣∣∣ ∂2

∂xj∂xk
u(x, t)

∣∣∣∣∣
2

tdt, x0 = t,

so that ∫ ∞
0
|∇2u(x, t)|2tdt =

n∑
j=1

[g((∂/∂xj)f)(x)]2

Since
∂2u

∂t2
= −

n∑
j=1

∂2u

∂x2
j

and

sup
t>0

t

∣∣∣∣∣ ∂∂xj u(x, t)

∣∣∣∣∣ 5 AMf(x),

we have ∫ ∞
0
|(∂/∂t)2u(x, t)|2tdt 5 A

n∑
k=1

[g((∂/∂xj)f)(x)]2

and

sup
t>0

t

∣∣∣∣∣ ∂2

∂t2
u(x, t)

∣∣∣∣∣ 5 A
n∑
j=1

M((∂/∂xj)f)(x).

Hence, if p = 2, then

∫ ∞
0

[t|(∂/∂t)2u|]pdt/t 5 A

 n∑
j=1

g((∂/∂xj)f)(x)

2

[M |∇f |]p−2,

so that Hölder’s inequality gives(∫ ∞
0

[t‖(∂/∂t)2u‖p]pdt/t
)1/p

5 A‖∇f‖p.

Similarly, if p 5 2, then Minkowski’s inequality for integral gives

∫ ∞
0

[t‖(∂/∂t)2u‖p]2dt/t 5 A

{∫ (∫ ∞
0

[t|(∂/∂t)2u|]2dt/t
)p/2

dx

}2/p

5 A


∫ (

n∑
k=1

[g((∂/∂xj)f)(x)]2
)p/2

dx


2/p

5 A[‖∇f‖p]2.

Thus (1) and (2) follow.
Conversely, if p = 2, then Minkowski’s inequality for integral also gives{∫ (∫ ∞

0
[t|(∂/∂t)2u|]2dt/t

)p/2
dx

}2/p

5
∫ ∞

0
[t‖(∂/∂t)2u‖p]2dt/t,
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which together with Theorem 6.1 yields

‖f‖Lp1 5 A‖f‖Λp,21
, f ∈ Lp1.

In case 1 < p 5 2, from the first considerations and Theorem 6.1, we obtain

n∑
j=1

∥∥∥∥∥ ∂f∂xj
∥∥∥∥∥
p

5 A

∫ 
∫ ∞

0

(
t

∣∣∣∣∣∂2u

∂t2

∣∣∣∣∣
)2

dt

t


p

dx

1/p

5 A


∫ ∞

0

t ∥∥∥∥∥∂2u

∂t2

∥∥∥∥∥
p

p dt
t


1/2 n∑

j=1

∥∥∥∥∥ ∂f∂xj
∥∥∥∥∥
p

1−p/2

,

so that
n∑
j=1

∥∥∥∥∥ ∂f∂xj
∥∥∥∥∥
p

5 A
(∫ ∞

0
[t‖(∂/∂t)2u‖p]pdt/t

)1/p

5 A‖f‖Λp,p1
.

If f ∈ Λp,p
1 , then u(x, ε) ∈ Lp1 for every ε > 0 and

‖u(x, ε)‖Lp1 5 A‖u(x, ε)‖Λp,p1
5 A‖f‖Λp,p1

.

Since u(x, ε)→ f in Lp as ε→ 0, we see that f ∈ Lp1 and

‖f‖Lp1 5 A‖f‖Λp,p1
,

as required.

7.7 Restriction and extension of Bessel potentials

First we show the restriction property of Bessel potentials.

Theorem 7.1. Let α > 0 and 1 5 p 5 ∞. If β = α − 1/p > 0, then Ru ∈
Λp,p
β (Rn−1) for u ∈ Lpα(Rn) and

‖Ru‖Λp,p
β

(Rn−1) 5M‖u‖Lpα(Rn).

In this section, we write a point x ∈ Rn as

x = (s, ξ), s ∈ R1, ξ = (x2, ..., xn) ∈ Rn−1.

To show Theorem 7.1, we first prepare the following result.

Lemma 7.1. If g(1)
α denotes the Bessel kernel of order α in R1, then∫

Rn−1
gα(s, ξ)dξ = Ag(1)

α (s).
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In fact, note that∫
Rn−1

gα(s, ξ)dξ = Aα

∫ ∞
0

(∫
Rn−1

e−π(s2+|ξ|2)/δdξ
)
e−δ/4πδ(α−n)/2dδ/δ

= Aα

∫ ∞
0

(Ae−πs
2/δδ(n−1)/2)e−δ/4πδ(α−n)/2dδ/δ = A′g(1)

α (s).

Lemma 7.2. Let αp > 1. Then(∫
Rn−1

|gαf(0, ξ)|pdξ
)1/p

5M‖f‖p.

Proof. Set
K1(s, ξ, η) = gα(s, ξ − η)[g(1)

α (s)]p
′/p

and

K2(s, ξ, η) =
gα(s, ξ − η)

g
(1)
α (s)

.

Then note by Lemma 7.1 that ∫
Rn−1

K2(s, ξ, η)dξ = A

and, since (α− 1)p′ + 1 > 0,∫
R1

∫
Rn−1

K1(s, ξ, η)dsdη = A
∫

R1
[g(1)
α (s)]p

′
ds = B <∞.

Since gα(s, ξ − η) = [K1(s, ξ, η)]1/p
′
[K2(s, ξ, η)]1/p, for ϕ ∈ Lp

′
(Rn−1) we have by

Hölder’s inequality and Lemma 7.1∫
Rn−1

[gαf(0, ξ)]ϕ(ξ)dξ

=
∫

Rn−1

(∫
R1

∫
Rn−1

gα(s, ξ − η)f(s, η)dsdη
)
ϕ(ξ)dξ

=
∫

R1

∫
Rn−1

∫
Rn−1

(
[K1(s, ξ, η)]1/p

′
ϕ(ξ)

) (
[K2(s, ξ, η)]1/pf(s, η)

)
dsdηdξ

5
(∫

R1

∫
Rn−1

∫
Rn−1

K1(s, ξ, η)[ϕ(ξ)]p
′
dsdηdξ

)1/p′

×
(∫

R1

∫
Rn−1

∫
Rn−1

K2(s, ξ, η)[f(s, η)]pdsdηdξ
)1/p

5 [B1/p′‖ϕ‖p′ ][A1/p‖f‖p],

which shows that (∫
Rn−1

|gαf(0, ξ)|pdξ
)1/p

5 A1/pB1/p′‖f‖p.
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Lemma 7.3. If 0 < α < 2, then∫
Rn−1

|gα(s, ξ + η)− gα(s, ξ)|dξ 5M [|η|/|s|]ε|s|α−1

whenever 2|η| > |s|, where ε = 0 when α < 1, 0 < ε < 1 when α = 1 and ε = 1 when
1 < α < 2.

Proof. If α < 1, then Lemma 7.1 gives∫
Rn−1

|gα(s, ξ + η)− gα(s, ξ)|dξ 5 2Ag(1)
α (s) 5M |s|α−1.

By mean value theorem, we have∫
{ξ:|ξ|>2|η|}

|gα(s, ξ + η)− gα(s, ξ)|dξ 5 M |η|
∫
{ξ:|ξ|>2|η|}

|ξ|α−n−1dξ

5 M |η|α−1 5M [|η|/|s|]ε|s|α−1

when 2|η| > |s| and ε > 0; M may depend on ε. On the other hand, we find∫
{ξ:|ξ|<2|η|}

|gα(s, ξ + η)− gα(s, ξ)|dξ 5 2
∫
{ξ:|ξ|<3|η|}

gα(s, ξ)dξ

5 M [|η|/|s|]ε|s|α−1.

Lemma 7.4. Let 0 < α < 2. If 2|η| < |s|, then∫
Rn−1

|gα(s, ξ + η)− 2gα(s, ξ) + gα(s, ξ − η)|dξ 5M |η|2|s|α−3.

Proof. Since 2|η| < |s|, we have for |t| < 1,

|(s, ξ + tη)| = |(s, ξ)| − |(0, η)| = |(s, ξ)|/2.

Hence, by mean value theorem, we find that

|gα(s, ξ + η)− 2gα(s, ξ) + gα(s, ξ − η)| 5M |η|2|(s, ξ)|α−n−2,

so that ∫
Rn−1

|gα(s, ξ + η)− 2gα(s, ξ) + gα(s, ξ − η)|dξ

5 M |η|2
∫

Rn−1
|(s, ξ)|α−n−2dξ 5M |η|2|s|α−3.

Proof of Theorem 7.1. First consider the case 0 < α < 2. Let u = gαf with
f ∈ Lp(Rn), and write

us(ξ) =
∫

Rn−1
gα(s, ξ − η)f(s, η)dη
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and
u(ξ) ≡ u(0, ξ) =

∫
R1

us(ξ)ds.

Note that

‖u(ξ + η)− 2u(ξ) + u(ξ − η)‖p 5
∫

R1
‖us(ξ + η)− 2us(ξ) + us(ξ − η)‖pds

=
∫
{s:|s|<2|η|}

‖us(ξ + η)− 2us(ξ) + us(ξ − η)‖pds

+
∫
{s:|s|>2|η|}

‖us(ξ + η)− 2us(ξ) + us(ξ − η)‖pds

= I1(η) + I2(η).

If 2|ξ| > |s|, then Lemma 7.1 shows that∫
Rn−1

|gα(s, ξ + η)− 2gα(s, ξ) + gα(s, ξ − η)|dξ 5 3g(1)
α (s) 5M |s|α−1,

so that Minkowski’s inequality for integral gives

I1(η) 5M
∫
{s:|s|<2|η|}

|s|α−1‖f(s, ·)‖pds.

Similarly, Lemma 7.4 gives

I2(η) 5M |η|2
∫
{s:|s|>2|η|}

sα−3‖f(s, ·)‖pds.

Applying Hardy’s inequality we obtain(∫
Rn−1

[I1(η)]p

|η|n−1+βp
dη

)1/p

5 M

{∫ ∞
0

r−αp
(∫ 2r

0
sα−1‖f(s, ·)‖pds

)p
dr

}1/p

5 M
(∫ ∞

0
s−αp[sα‖f(s, ·)‖p]pds

)1/p

= M
(∫ ∞

0
‖f(s, ·)‖ppds

)1/p

= M‖f‖p.

Similarly, we have(∫
Rn−1

[I2(η)]p

|η|n−1+βp
dη

)1/p

5 M
{∫ ∞

0
r−αp

(
r2
∫ ∞

2r
sα−3‖f(s, ·)‖pds

)p
dr
}1/p

5 M
(∫ ∞

0
s−αp+2p[sα−2‖f(s, ·)‖p]pds

)1/p

= M
(∫ ∞

0
‖f(s, ·)‖ppds

)1/p

= M‖f‖p.

Thus we find (∫
Rn−1

[‖u(ξ + η)− 2u(ξ) + u(ξ − η)‖p]p

|η|n−1+βp
dη

)1/p

5M‖f‖p.
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Theorem 5.2 together with Lemma 7.2 now proves the case when 0 < α < 2.
If m < α 5 m+ 1, then, noting that

∇mu = (∇mgα) ∗ f,

we apply the above considerations with gα replaced by the partial derivatives of gα of
order m.

Theorem 7.2. Let α > 0 and 1 5 p 5 ∞. If β = α − 1/p > 0, then for each
f ∈ Λp,p

β (Rn−1) there exists an extension Ef in Lpα(Rn) of f to Rn such that

‖Ef‖Lpα(Rn) 5M‖f‖Λp,p
β

(Rn−1).

Proof. Let f ∈ Λp,p
β (Rn−1). Take a nonnegative function ψ ∈ C∞0 (Rn−1) such

that
∫
ψ(ξ)dξ = 1 and ψ(ξ) = 0 for |ξ| > 1. Further take a nonnegative function

λ ∈ C∞0 (R1) such that λ(t) = 1 for |t| < 1. Now consider

u(t, ξ) = λ(t)
∫

Rn−1
f(ξ − |t|η)ψ(η)dη

= λ(t)|t|1−n
∫

Rn−1
f(η)ψ((ξ − η)/|t|)dη.

First we have by Minkowski’s inequality for integral

‖u(t, ξ)‖p 5
∫

Rn−1

(∫
Rn
|λ(t)f(ξ − |t|η)|pdtdξ

)1/p

ψ(η)dη

= ‖λ‖p‖f‖p <∞.

Further we see that
lim
t→0
‖u(t, ·)− f(·)‖p = 0.

We first treat the case 0 < α < 1. In this case, we show that

U = g1−α ∗ u ∈ W 1,p(Rn).

Note that

(∂/∂ξj)u(t, ξ) = λ(t)|t|−n
∫

Rn−1
f(η)(∂/∂ξj)[ψ((ξ − η)/|t|)]dη

= λ(t)|t|−n
∫

Rn−1
[f(ξ − η)− f(ξ)](∂ψ/∂ξj)(η/|t|)dη,

so that
|(∂/∂ξj)u(t, ξ)| 5M |t|−n

∫
{η:|η|<|t|}

|f(ξ − η)− f(ξ)|dη.

We infer that

(7.1) Uj ≡ g1−α ∗ |(∂u)/(∂ξj)| ∈ Lp(Rn).
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In fact we have

|Uj(s, ζ)| 5 M
∫

Rn
|(t, ξ)|1−α−n|s− t|−n

×
(∫
{|η|<|s−t|}

|f(ξ − ζ − η)− f(ξ − ζ)|dη
)
dtdξ.

Set

ω(η) =
(∫

Rn−1
|f(ξ − η)− f(ξ)|pdξ

)1/p

and
Ω(r) = r1−α−n

∫
{|η|<r}

ω(η)dη.

Then we see that∫
Rn−1

|Uj(s, ζ)|pdζ 5M
∫

Rn
|(t, ξ)|1−α−n|s− t|−n

×
{∫
{|η|<|s−t|}

(∫
Rn−1

|f(ξ − ζ − η)− f(ξ − ζ)|pdζ
)1/p

dη

}
dtdξ

= M
∫

Rn
|(t, ξ)|1−α−n|s− t|α−1Ω(|s− t|)dtdξ

= M
∫

R1
|t|−α|s− t|α−1Ω(|s− t|)dt.

If we set K(s, t) = |t|−α|s− t|α−1, then∫
R
K(1, t)|t|−1/pdt <∞,

so that Lemma 2.1 in Chapter 4 gives∫
R1

(∫
Rn−1

|Uj(s, ζ)|pdζ
)1/p

ds 5M
∫ ∞

0
Ω(r)pdr.

Further, noting that

Ω(r) = r1−α−n
∫ r

0

(∫
S(n−1)

ω(rΘ)dΘ
)
rn−2dr

5 r1−α−n
∫ r

0

(∫
S(n−1)

ω(rΘ)pdΘ
)1/p

rn−2dr,

we have by Hardy’s inequality∫ ∞
0

Ω(r)pdr 5 M
∫ ∞

0
rp(1−α−n)

(∫
S(n−1)

ω(rΘ)pdΘ
)
rp(n−2)+pdr

= M
∫

Rn−1
|η|2−n−pαω(η)pdη

= M
∫

Rn−1
|η|−pβ−(n−1)

(∫
Rn−1

|f(ξ − η)− f(ξ)|pdξ
)
dη.
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On the other hand, note that

(∂/∂t)u(t, ξ) = λ′(t)|t|−n+1
∫

Rn−1
f(ξ − η)ψ(η/|t|)dη

+λ(t)(1− n)|t|−n(sgn t)
∫

Rn−1
f(ξ − η)ψ(η/|t|)dη

+λ(t)|t|1−n
∫

Rn−1
f(ξ − η)[(∇ψ)(η/|t|) · (η/|t|2)](−sgn t)dη.

Since
∫
ηj(∂ψ/∂ηj)dη = −1, we find that

(∂/∂t)u(t, ξ) = λ′(t)|t|−n+1
∫

Rn−1
f(ξ − η)ψ(η/|t|)dη

+λ(t)(1− n)|t|−n(sgn t)
∫

Rn−1
[f(ξ − η)− f(ξ)]ψ(η/|t|)dη

+λ(t)|t|−n(sgn t)
∫

Rn−1
[f(ξ − η)− f(ξ)][(∇ψ)(η/|t|) · (η/|t|)]dη

= I1 + I2 + I3.

It suffices to note that

‖I1‖p 5
∫

Rn−1

(∫
Rn
|λ′(t)|pf(ξ − |t|η)|pdtdξ

)1/p

ψ(η)dη

= ‖λ′‖p‖f‖p <∞

and
|I2|+ |I3| 5M |t|−n

∫
{η:|η|<|t|}

|f(ξ − η)− f(ξ)|dη,

which can be evaluated as before.
In case α = 1, we have by Minkowski’s inequality for integral and Hardy’s inequality

∫
Rn

(
|t|−n

∫
{η:|η|<|t|}

|f(ξ − η)− f(ξ)|dη
)p
dtdξ

5 M
∫

R1

(
|t|−n

∫
{η:|η|<|t|}

ω(η)dη

)p
dt

= M
∫

R1
|t|−pn

{∫ |t|
0

(∫
Sn−1

ω(rΘ)dΘ
)
rn−2dr

}p
dt

5 M
∫ ∞

0
r−pn

{(∫
Sn−1

ω(rΘ)dΘ
)
rn−1

}p
dr

= M
∫

Rn−1

‖f(ξ − η)− f(ξ)‖pp

|η|(n−1)+βp
dη.

The general case will be left to the reader as an exercise.



Chapter 8

Boundary limits

In this chapter we study various boundary limits for functions on the half space H. In
fact, fine limits, perpendicular limits, radial limits and curvilinear limits are considered
for Green potentials and Beppo Levi functions. The existence of tangential limits is
discussed for polyharmonic functions together with monotone functions.

8.1 Boundary limits for Green potentials

We recall (Theorem 4.3 in Chapter 3) that a nonnegative superharmonic function s on
the half space H = {x = (x1, ..., xn) : x1 > 0} is represented as

s(x) = ax1 +
∫

H
G(x, y)dµ(y) +

∫
∂H

P (x, y)dν(y),

where a is a nonnegative constant and µ, ν are measures on H, ∂H, respectively. To
obtain general results, we consider Green’s function Gα of order α, which is given by

Gα(x, y) =


|x− y|α−n − |x− y|α−n when 0 < α < n,

log(|x− y|/|x− y|) when α = n,

where x = (−x1, x2, ..., xn) for x = (x1, x2, ..., xn).

Lemma 1.1. For x = (x1, ..., xn) ∈ H and y = (y1, ..., yn) ∈ H, in case α < n,

M−1 x1y1

|x− y|n−α|x− y|2
5 Gα(x, y) 5M

x1y1

|x− y|n−α|x− y|2
;

in case α = n,

M−1 x1y1

|x− y|2
5 Gn(x, y) 5M

x1y1

|x− y|2
.

Proof. Set t = |x−y|/|x−y| > 1 for x = (x1, ..., xn) ∈ H and y = (y1, ..., yn) ∈ H.
In case α < n,

Gα(x, y) = |x− y|α−n(tn−α − 1).

281
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Hence it suffices to note that

M−1tn−α−1 5
tn−α − 1

t− 1
5Mtn−α−1

and

t− 1 =
t2 − 1

t+ 1
=

4x1y1|x− y|
|x− y|+ |x− y|

.

The case α = n can be treated similarly.

Corollary 1.1. For a measure µ on H, Gαµ 6≡ ∞ if and only if

(1.1)
∫

H
(1 + |y|)α−n−2y1dµ(y) <∞.

Another application of Lemma 1.1 shows that

kα(x, y) = x−1
1 y−1

1 Gα(x, y)

is extended to be a continuous function on H×H in the extended sense; in fact, if x
and y are in ∂H, then

kα(x, y) = aα|x− y|α−n−2, aα =


2(n− α) when α < n,

2 when α = n.

Theorem 1.1. If s is nonnegative and superharmonic in H, then there exist a > 0
and a measure λ on ∂H such that

s(x) = ax1 + x1

∫
H
k2(x, y)dλ(y) for x ∈ H.

We know that x1k2(x, y) is the Poisson kernel for H, and the Poisson integral

Px1(x′, λ) = x1

∫
∂H

k2(x, y)dλ(y)

has a nontangential limit at almost every boundary point (see Theorem 3.1 in Chapter
3). Thus we are concerned with the boundary limits of Green potentials

Gαµ(x) =
∫

H
Gα(x, y)dµ(y) = x1

∫
H
kα(x, y)dλ(y),

where dλ(y) = y1dµ(y).
We first consider perpendicular limits of Green potentials Gαµ. For this purpose,

let e = (1, 0, ..., 0).

Theorem 1.2. Let µ be a measure on H such that

(1.2)
∫

H
y1
βdµ(y) <∞

for 0 5 β 5 1. Then, for 0 < γ 5 1, there exists a set E j ∂H such that
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(i) if ξ ∈ ∂H− E, then

lim
r→0

r−γGαµ(ξ + re) = 0 when γ < 1,

lim
r→0

r−1Gαµ(ξ + re) =
∫

H
kα(ξ, y)y1dµ(y) when γ = 1;

(ii) Hn−α+β+γ(E) = 0.

To show this, we prepare the following results; recall that

Γ(ξ, a) = {x = (x1, ..., xn) : |x− ξ| < ax1}.

Lemma 1.2. Let γ < 1 and µ be a measure on H such that Gαµ 6≡ ∞. Then, for
ξ ∈ ∂H, the following are equivalent.

(i) lim
x→ξ,x∈Γ(ξ,a)

x−γ1

∫
H−B(x,x1/2)

Gα(x, y)dµ(y) = 0 for any a > 0;

(ii) lim
r→0

r−γ+1
∫

H∩B(ξ,1)
(r + |ξ − y|)α−n−2y1dµ(y) = 0;

(iii) lim
r→0

rα−n−γ−1
∫
B+(ξ,r)

y1dµ(y) = 0,

where B+(ξ, r) = H ∩B(ξ, r).

Proof. First note that

M−1x1 < |x− ξ| < Mx1 whenever x ∈ Γ(ξ, a).

Hence we have by Lemma 1.1,

M−1x−γ+1
1 (x1 + |ξ − y|)α−n−2y1 5 x−γn Gα(x, y) 5Mx−γ+1

1 (x1 + |ξ − y|)α−n−2y1

whenever y ∈ H − B(x, x1/2). Consequently, we see that (i) is equivalent to (ii).
Clearly, (ii) implies (iii).

For r > 0, set

µ(r) = rα−n−γ−1
∫
B+(ξ,r)

y1dµ(y).

If (iii) holds, then lim
r→0

µ(r) = 0. For 0 < r < δ, find

r−γ+1
∫
B+(ξ,δ)

(r + |ξ − y|)α−n−2y1dµ(y)

= r−γ+1(r + δ)α−n−2
∫
B+(ξ,δ)

y1dµ(y)

+r−γ+1
∫ δ

0

(∫
B+(ξ,t)

y1dµ(y)

)
d(−(r + t)α−n−2)

5 µ(δ) + µ(δ)r−γ+1
∫ δ

0
tn−α+γ+1d(−(r + t)α−n−2) 5Mµ(δ).
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This shows that (iii) implies (ii).

Lemma 1.3. Let ` = 0 and µ be a finite measure on H. If we set

A` =
{
ξ ∈ ∂H : lim sup

r→0
r−`µ(B+(ξ, r)) > 0

}
,

then H`(A`) = 0.

Proof. For each j > 0, we show that H`(Ej) = 0, where

Ej =
{
ξ ∈ ∂H ∩B(0, j) : lim sup

r→0
r−`µ(B+(ξ, r)) > 1/j

}
.

If δ > 0 and ξ ∈ Ej, then there exists r = r(ξ) such that 0 < r < δ and

r−`µ(B+(ξ, r)) > 1/j.

By a covering lemma (see Theorem 10.1 in Chapter 1), there exists a mutually disjoint
family {Bi} such that Bi = B(ξi, r(ξi)) and

⋃
i

5Bi k Ej. Then we have

H
(5δ)
` (Ej) 5

∑
i

[5r(ξi)]
` 5 5`j

∑
i

µ(H ∩Bi) 5 5`jµ(Fδ),

where Fδ = {x ∈ H : x1 < δ}. This shows by letting δ → 0 that H`(Ej) = 0, as
required.

Proof of Theorem 1.2. Write

u1(x) =
∫
B(x,x1/2)

Gα(x, y)dµ(y)

and
u2(x) =

∫
H−B(x,x1/2)

Gα(x, y)dµ(y).

First we see by using Lebesgue’s dominated convergence theorem that

lim
x→ξ,x∈Γ(ξ,a)

x−1
1 u2(x) =

∫
H
kα(x, y)y1dµ(y);

if the right-hand side is not finite, then Fatou’s lemma gives the equality. In case γ < 1,
we see from Lemma 1.2 that

lim
x→ξ,x∈Γ(ξ,a)

x−γ1 u2(x) = 0

holds for every ξ ∈ ∂H− An−α+γ+β, since

rα−n−γ−1
∫
B+(ξ,r)

y1dµ(y) 5 rα−n−γ−β
∫
B+(ξ,r)

yβ1 dµ(y).
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Further note that

u1(x) 5
∫
B(x,x1/2)

|x− y|α−ndµ(y).

For a sequence {aj} of positive numbers, consider the sets

Ej = {x ∈ H : 2−j 5 x1 < 2−j+1, x−γ1 u1(x) > a−1
j }

and

E =
∞⋂
k=1

 ∞⋃
j=k

Ej

∗ ,
where A∗ denotes the projection of A to the hyperplane ∂H. If α < n and ξ ∈ E∗j ,
then there exists x ∈ Ej for which

a−1
j < x−γ1 u1(x) < x−γ1

∫
B(x,x1/2)

|x− y|α−ndµ(y)

5 2n−αxα−n−γ1 µ(B(x, x1/2)) + x−γ1

∫ x1/2

0
µ(B(x, r))d(−rα−n),

so that there exists r = r(x) such that 0 < r 5 x1/2 and

µ(B(x, r)) > 2γ[(n− α)/γ + 1]−1a−1
j rn−α+γ.

The case α = n can be treated similarly. By a covering lemma (see Theorem 10.1 in
Chapter 1), we can choose a family {Bi} such that Bi = B(xi, r(xi)) and

⋃
i

5Bi k Ej.

Then we have

H
(5·2−j)
n−α+β+γ(E

∗
j ) 5

∑
i

[5r(ξi)]
n−α+β+γ

5 Maj2
−jβ∑

i

µ(Bi)

5 Maj2
−jβµ(Aj),

where Aj = {x : 2−j−1 < x1 < 2−j+2}. Now we choose {aj} so that lim
j→∞

aj =∞ and

∑
j

aj

∫
Aj
yβ1 dµ(y) <∞.

Then it follows that

Hn−α+β+γ(E) = 0

and

lim sup
r→0

r−γu1(ξ + re) 5 lim sup
j→∞

a−1
j = 0

whenever ξ ∈ ∂H− E. Thus Theorem 1.2 is obtained.
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Next we treat the case γ 5 0. In the logarithmic case α = n, we had better consider
the capacity :

Cn(E) = inf λ(H), E j H,

where the infimum is taken over all measures λ on H such that∫
H
Gn(x, y)dλ(y) = 1 for all x ∈ E.

Theorem 1.3. Let µ be a measure on H satisfying (1.2) for β 5 1. If −β 5 γ 5 0,
then there exists a set E j ∂H such that Cα−β−γ(E) = 0 and

lim
r→0

r−γGαµ(ξ + re) = 0 for every ξ ∈ ∂H− E.

Proof. Write Gαµ(x) = u1(x)+u2(x) as above. Then u2 has a nontangential limit
at every ξ ∈ ∂H− An−α+β+γ. Since Hn−α+β+γ(An−α+β+γ) = 0, we have

Cα−β−γ(An−α+β+γ) = 0

in view of Theorem 7.5 in Chapter 2. To deal with u1, consider

Ej = {x ∈ H : 2−j 5 x1 < 2−j+1, x−γ1 u1(x) > a−1
j }

and

E =
∞⋂
k=1

 ∞⋃
j=k

Ej

∗ .
In case α < n, noting that

a−1
j < x−γ1 u1(x) < x−γ1

∫
B(x,x1/2)

|x− y|α−ndµ(y)

5 2−γ
∫
Aj
|x− y|α−β−γ−nyβ1 dµ(y)

for x ∈ Ej, we have

Cα−β−γ(Ej) 5 2−γaj

∫
Aj

yβ1 dµ(y).

The case α = n can be treated similarly. Hence it follows that

Cα−β−γ(
∞⋃
j=k

E∗j ) 5
∞∑
j=k

Cα−β−γ(E
∗
j )

5
∞∑
j=k

Cα−β−γ(Ej)

5
∞∑
j=k

2−γaj

∫
Aj

yβ1 dµ(y).
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Now we choose {aj} so that lim
j→∞

aj =∞ and

∑
j

aj

∫
Aj
yβ1 dµ(y) <∞.

Then we find
Cα−β−γ(E) = 0

and
lim sup
r→0

r−γu1(ξ + re) 5 lim sup
j→∞

a−1
j = 0

whenever ξ ∈ ∂H− E. Thus Theorem 1.3 is obtained.

Here we discuss the existence of global fine limits.

Theorem 1.4. Let µ be a measure on H satisfying (1.2) for α − n − 1 < β 5 1.
Then there exists a set E j H such that

lim
x1→0,x∈H−E

xn−α+β
1 Gαµ(x) = 0

and

(1.3)
∞∑
j=1

2j(n−α)Cα(Ej) <∞,

where Ej = {x ∈ E : 2−j 5 x1 < 2−j+1}.

Proof. Write Gαµ(x) = u1(x) + u2(x) as above. Since xn−α+β
1 Gα(x, y) 5 Myβ1

for y ∈ H − B(x, x1/2), we see that u2(x) tends to zero as x1 → 0, with the aid of
Lebesgue’s dominated convergence theorem. Consider

Ej = {x ∈ H : 2−j 5 x1 < 2−j+1, xn−α+β
1 u1(x) > a−1

j }

as before. Here we show only the case α = n. Since

a−1
j < xβ1u1(x) < M

∫
B(x,x1/2)

log(|x− y|/|x− y|)yβ1 dµ(y)

for x ∈ Ej, we find

Cn(Ej) 5Maj

∫
Aj

yβ1 dµ(y).

Now we may choose {aj} so that lim
j→∞

aj =∞ and

∑
j

aj

∫
Aj
yβ1 dµ(y) <∞.
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Proposition 1.1. Let α = n and E j H. Then (1.3) holds if and only if

(1.4) Cn(E) <∞.

Proof. Since Cn is countably subadditive, (1.3) implies (1.4). Conversely, suppose
Cn(E) <∞ and take a nonnegative finite measure λ such that

Gnλ(x) = 1 whenever x ∈ E.

Write Gnλ(x) = u1(x) + u2(x) as before. Since Gn(x, y) 5 Mx1y1|x − y|−2 5 M
whenever y ∈ H−B(x, x1/2) and λ(H) <∞, we see that

lim
x1→0

u2(x) = 0.

This implies that if j is large enough, then

u1(x) = 1/2 whenever x ∈ Ej,

so that
Cn(Ej) 5 2λ(Aj).

Noting that
∑
j

λ(Aj) 5 3λ(H) <∞, we insist that (1.4) implies (1.3).

Proposition 1.2. Let n− 1 < α 5 n and C, C = {C(r) : 0 5 r < 1}, be a curve
in H tending to a boundary point. If µ is a measure on H satisfying (1.1), then

lim inf
r→1

[C1(r)]n−α+1Gαµ(C(r)) = 0,

where C(r) = (C1(r), ..., Cn(r)).

Proof. Letting
Lj = {(x1, 0) : 2−j 5 x1 < 2−j+1},

we note that
Cα(Lj) = 2−j(n−α)Cα(L0)

and
Cα(L0) > 0 when n− 1 < α 5 n.

This implies that the line segment (0, 1]×{0} fails to satisfy (1.3) when n−1 < α 5 n.
To show the second assertion, we have only to consider the potential

u(y) =
∫ 1

0
Gα((t, 0), y)dt.

Since u is bounded on H when α > n− 1, letting u 5M on H, we find

µ(H) =M−1
∫

H
u(y)dµ(y) = M−1

∫ 1

0
Gαµ((t, 0))dt =M−1
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for all measures µ on H such that Gαµ(x) = 1 on L0. This shows that Cα(L0) =
M−1 > 0. For x ∈ H, denote the projection of x to the x1-axis. For a measure µ on
H, define a measure µ∗ on x1-axis by setting

µ∗(A∗) = µ({x : (x1, 0) ∈ A∗}).

Then we infer that

Cα(E∗) 5 Cα(E),

which follows from the fact that

Gαµ(x) 5
∫

H
Gα(x∗, y∗)dµ(y) 5 Gαµ

∗(x∗),

where x∗ = (x1, 0) for x = (x1, x
′). Consequently,

Cα(Lj) 5 Cα(Cj) with Cj = {x ∈ C : 2−j 5 x1 < 2−j+1}.

Now the required assertion follows from Theorem 1.4.

We show the radial limit result for Green potentials.

Theorem 1.5. Let µ be a measure on H satisfying (1.2) for β 5 1. Then, for
α− β − n 5 γ < 1, there exists a set E j H such that

(i) if ξ ∈ ∂H − E, then lim
r→0

r−γGαµ(ξ + rζ) = 0 for every ζ ∈ H ∩ S − Eξ with

Cα(Eξ) = 0.

(ii) Hn−α+β+γ(E) = 0.

To show this, we need the following result.

Lemma 1.4. Let n− α + β + γ = 0. For a measure µ on H satisfying (1.2), set

Fβ′ =

{
ξ ∈ ∂H :

∫
B+(ξ,1)

|ξ − y|α−n−β′−γyβ
′

1 dµ(y) =∞
}
,

If β′ > β, then

Hn−α+β+γ(Fβ′) = 0.

Proof. Suppose Hn−α+β+γ(Fβ′) > 0. Then, in view of Frostman’s theorem, we
can find a measure ν on Rn such that Sν is a compact subset of Fβ′ , ν(Rn) > 0 and

ν(B(x, r)) 5 rn−α+β+γ for all B(x, r).
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Letting Sν j B(0, a), we note that

∞ =
∫ (∫

B+(ξ,1)
|ξ − y|α−n−β′−γyβ

′

1 dµ(y)

)
dν(ξ)

=
∫
B+(0,a+1)

(∫
|ξ − y|α−n−β′−γdν(ξ)

)
yβ
′

1 dµ(y)

5
∫
B+(0,a+1)

(∫ ∞
0

rn−α+β+γd(−(r2 + y2
1)(α−n−β′−γ)/2)

)
yβ
′

1 dµ(y)

5 M
∫
B+(0,a+1)

yβ1 dµ(y) <∞,

which is a contradiction.

Proof of Theorem 1.5. Write Gαµ(x) = u1(x) + u2(x) as in the proof of
Theorem 1.2. First we see that

x−γ1 u1(x) 5M
∫
B(x,x1/2)

|x− y|α−ny−γ1 dµ(y)

and
lim

x→ξ,x∈Γ(ξ,a)
x−γ1 u2(x) = 0

for every ξ ∈ ∂H− An−α+γ+β, on account of Lemma 1.2. If ξ ∈ ∂H− Fβ′ , then∫
Γ(ξ,a)∩B(ξ,1)

|ξ − y|α−ny−γ1 dµ(y) <∞

for every a > 0. Hence, in view of the radial limit theorem for Riesz potentials (see
Theorem 8.1 in Chapter 2), we can find a set Eξ j H ∩ S such that Cα(Eξ) = 0 and

lim
r→0

r−γu1(ξ + rζ) = 0

for every ζ ∈ H ∩ S−Eξ. Thus, since Hn−α+γ+β(An−α+γ+β ∪ Fβ′) = 0, Theorem 1.5 is
established.

Proposition 1.3. Let s be a nonnegative superharmonic function on H. Then,
for 1− n 5 γ 5 1, there exists a set E j ∂H with the following properties:

(i) if ξ ∈ ∂H − E, then there exists sξ such that lim
r→0

r−γs(ξ + rζ) = sξ for every

ζ ∈ H ∩ S− Eξ with C2(Eξ) = 0.

(ii) Hn−1+γ(E) = 0.

We say that a set E in H is minimally α-semithin at the origin if

lim
r→0

rα−n−2Ckα(E ∩B(0, r)) = 0.
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Note that E is minimally α-semithin at the origin if and only if

(1.5) lim
j→∞

2−j(α−n−2)Ckα(Ej) = 0,

where Ej = {x ∈ E : 2−j 5 |x| < 2−j+1}. In fact, it suffices to note that

2−j(α−n−2)Ckα(E ∩B(0, 2−j+1)) 5 2−j(α−n−2)
∞∑
i=j

Ckα(Ei)

5 2−j(α−n−2)
∞∑
i=j

[aj2
i(α−n−2)]

= aj/[1− 2α−n−2],

where aj = sup {2−i(α−n−2)Ckα(Ei) : i = j}.
We also say that a function u on H has minimally α-semifine limit zero at the origin

if there exists a set E j H such that E is minimally α-semithin at 0 and

lim
x→0,x∈H−E

u(x) = 0.

Proposition 1.4. If E is minimally α-semithin at 0, then E∩Γ(0, a) is α-semithin
at 0, that is,

lim
r→0

rα−nCα(E ∩ Γ(0, a) ∩B(0, 2r)−B(0, r)) = 0.

Remark 1.1. In case α < n, E is α-semithin at 0 if and only if

(1.6) lim
r→0

rα−nCα(E ∩B(0, r)) = 0.

Proof of Proposition 1.4. For x ∈ H and a measure λ on H, write

kα(x, λ) =
∫
B(x,x1/2)

kα(x, y)dλ(y)

+
∫

H−B(x,x1/2)
kα(x, y)dλ(y) = u1(x) + u2(x).

Note first that if x ∈ Γ(0, a), then

u2(x) 5Mxα−n−2
1 λ(H) 5M |x|α−n−2λ(H).

Hence, if 2−j(α−n−2)Ckα(Ej) < ε < (2M)−1, then we can find λ such that λ(H) <
2j(α−n−2)ε and kα(x, λ) = 1 for all x ∈ Ej. In this case, u2(x) < 2−1 for all x ∈ Ej, so
that u1(x) > 2−1 for all x ∈ Ej. Since

u1(x) 5Mx−2
1

∫
Bj
|x− y|α−ndλ(y),



292 Boundary limits

where Bj = {x : 2−j−1 < |x| < 2−j+2}, it follows that

Cα(Ej ∩ Γ(0, a)) 5M22jλ(Bj) 5M2j(α−n)ε,

so that
2j(n−α)Cα(Ej ∩ Γ(0, a)) 5Mε.

This shows that E ∩ Γ(0, a) is α-semithin at 0 if E is minimally α-semithin at 0.

Theorem 1.6. Let µ be a measure on H satisfying (1.1), and −1 5 γ < 1. Then
the following are equivalent.

(i) If 1 5 p < n/(n− α + γ + 1), then

lim
r→0

r−n
∫
B+(0,r)

[x1|x|−1−γGαµ(x)]pdx = 0.

(ii) There exists a sequence {x(j)} tending to 0 such that {x(j)} j Γ(0, a) for some
a > 0, |x(j)| < b|x(j+1)| for some b > 1 and

lim
j→∞

|x(j)|−γGαµ(x(j)) = 0.

(iii) x−1
1 |x|1−γGαµ(x) has minimally α-semifine limit zero at 0.

(iv) lim
r→0

rα−γ−1−n
∫
B+(0,r)

y1dµ(y) = 0.

Proof. If (i) holds, then, setting A(r) = B(0, 2r)−B(0, r), we have

lim
r→0

1

|A(r) ∩ Γ(0, 1)|

∫
A(r)∩Γ(0,1)

[x1|x|−1−γGαµ(x)]pdx = 0.

Hence (ii) holds for x(j) ∈ A(2−j) ∩ Γ(0, 1) such that

[x
(j)
1 |x(j)|−1−γGαµ(x(j))]p 5

1

|A(r) ∩ Γ(0, 1)|

∫
A(r)∩Γ(0,1)

[x1|x|−1−γGαµ(x)]pdx.

For x ∈ Γ(0, a), note from Lemma 1.1 that

|x|−γGαµ(x) = M |x|−γ
∫
B+(0,|x|)

[x1y1|x− y|α−n−2]dµ(y)

= M |x|−γ+1+α−n−2
∫
B+(0,|x|)

y1dµ(y).

If (ii) holds for {x(j)}, then

lim
j→∞

|x(j)|α−γ−1−n
∫
B+(0,|x(j)|)

y1dµ(y) = 0;
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since (0, |x(1)|] j
⋃
j

(b−1|x(j)|, |x(j)|], (iv) is satisfied.

For r > 0, write

Gαµ(x) =
∫
B+(0,2r)

Gα(x, y)dµ(y)

+
∫

H−B(0,2r)
Gα(x, y)dµ(y) = ur(x) + vr(x).

By Minkowski’s inequality for integral we have(
r−n

∫
B+(0,r)

[x1|x|−1−γur(x)]pdx

)1/p

5
∫
B+(0,2r)

(
r−n

∫
B+(0,r)

[x1|x|−1−γGα(x, y)]pdx

)1/p

dµ(y)

5 M
∫
B+(0,2r)

(
r−n

∫
B(0,r)

|x− y|p(α−n+1−γ)dx

)1/p

y1dµ(y)

5 Mrα−n+1−γ
∫
B+(0,2r)

y1dµ(y).

If (iv) holds, then

lim
r→0

1

|B+(0, r)|

∫
B+(0,r)

[x1|x|−1−γur(x)]pdx = 0.

On the other hand, note for x ∈ B+(0, r)

x1|x|−1−γvr(x) 5Mr1−γ
∫

H−B(0,2r)
|y|α−n−2y1dµ(y).

For δ > 0, set

ε(δ) = sup
0<r<δ

rα−γ−1−n
∫
B+(0,r)

y1dµ(y).

Then it follows that

lim sup
r→0

r1−γ
∫

H−B(0,2r)
|y|α−n−2y1dµ(y)

= lim sup
r→0

r1−γ
∫
B+(0,δ)−B(0,2r)

|y|α−n−2y1dµ(y)

5 ε(δ) lim sup
r→0

r1−γ
∫ δ

2r
t−α+γ+1+nd(−tα−n−2) 5Mε(δ).

Hence, if (iv) holds, then

lim
r→0

1

|B+(0, r)|

∫
B+(0,r)

[x1|x|−1−γvr(x)]pdx = 0.
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Thus (iv) implies (i); then (i), (ii), (iv) are equivalent.
Next we show that (iv) implies (iii). For this purpose, write Gαµ(x) = u|x|(x) +

v|x|(x) as above. Then we see that

x−1
1 |x|1−γv|x|(x) 5M |x|1−γ

∫
H−B(0,2|x|)

|y|α−n−2y1dµ(y),

which tends to zero, as noted above. For a sequence {aj} of positive numbers, consider
the sets

Ej = {x ∈ H : 2−j 5 |x| < 2−j+1, x−1
1 |x|1−γu|x|(x) = a−1

j }.

Noting that

x−1
1 |x|1−γu|x|(x) 5 |x|1−γ

∫
B+(0,2|x|)

kα(x, y)y1dµ(y)

5 M2−j(1−γ)
∫
B+(0,2|x|)

kα(x, y)y1dµ(y),

we have
Ckα(Ej) 5Maj2

−j(1−γ)
∫
B+(0,2−j+2)

y1dµ(y),

so that
2j(n−α+2)Ckα(Ej) 5Maj2

j(n−α+1+γ)
∫
B+(0,2−j+2)

y1dµ(y).

Now choose {aj} such that lim
j→∞

aj =∞ and

lim
j→∞

aj2
j(n−α+1+γ)

∫
B+(0,2−j+2)

y1dµ(y) = 0.

Then, setting E =
⋃
j

Ej, we see that E is minimally α-semithin at 0 and

lim
x→0,x∈H−E

x−1
1 |x|1−γu|x|(x) = 0.

Hence (iv) implies (iii).
If (iii) holds, then

lim
x→0,x∈Γ(0,a)−E

|x|−γGαµ(x) = 0

for a set E which is minimally α-semithin at 0. In view of Proposition 1.4,

lim
r→0

Cα(E ∩ Γ(0, a) ∩B(0, 2r)−B(0, r))

Cα(Γ(0, a) ∩B(0, 2r)−B(0, r))
= 0,

so that we can find {x(j)} such that x(j) ∈ Γ(0, a) ∩ [B(0, 2−j+1) − B(0, 2−j)] − E for
each j. Then (ii) holds for this sequence {x(j)}, and hence (iii) implies (ii). Thus (i) -
(iv) are all equivalent.
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For 0 5 β 5 1, x ∈ H and y ∈ H, define

kα,β(x, y) = x−1
1 y−β1 Gα(x, y);

as above, kα,1 = kα. We consider the capacity Ckα,β defined by

Ckα,β(E) = inf λ(H), E j H,

where the supremum is taken over all measures λ such that

kα,β(x, λ) =
∫

H
kα,β(x, y)dλ(y) = 1 for every x ∈ E.

Finally we study the fine limits at infinity for Green potentials in H.

Theorem 1.7. Let µ be a measure on H such that

(1.7)
∫

H
(1 + |y|)α−n−γ−1y1dµ(y) <∞

for γ 5 1. If 0 5 β 5 1, then there exists a set E j H such that

lim
|x|→∞,x∈H−E

x−βn |x|β−γGαµ(x) = 0

and

(1.8)
∞∑
j=1

2−j(n−α+β+1)Ckα,β(Ej) <∞.

Remark 1.2. If (1.8) holds for α = 2, then E is called β-rarefied at ∞; if (1.8)
holds for β = 1, then E is called minimally α-thin at ∞.

Proof of Theorem 1.7. For x ∈ H, write

Gαµ(x) =
∫
B+(x,|x|/2)

Gα(x, y)dµ(y)

+
∫

H−B(x,|x|/2)
Gα(x, y)dµ(y) = u1(x) + u2(x).

If x ∈ H and y ∈ H−B(x, |x|/2), then

x−β1 |x|β−γGα(x, y) 5Mx1−β
1 |x|β−γ|x− y|α−n−2y1 5M(|x|+ |y|)α−n−γ−1y1.

Hence we apply Lebesgue’s dominated convergence theorem to find

lim
|x|→∞,x∈H

x−βn |x|β−γu2(x) = 0.
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By assumption (1.7) there exists a sequence {aj} of positive numbers such that lim
j→∞

aj =

∞ and

(1.9)
∞∑
j=1

aj2
j(n−α+1+γ)

∫
H∩B−j

y1dµ(y) <∞;

recall that B−j = {x : 2j−1 < |x| < 2j+2}. Consider the sets

Ej = {x ∈ H : 2j 5 |x| < 2j+1, x−β1 |x|β−γu1(x) = a−1
j }.

Noting that

x−β1 |x|β−γu1(x) 5 |x|β−γ
∫

H∩B−j
kα,β(x, y)y1dµ(y),

we have

Ckα,β(Ej) 5Maj2
j(β−γ)

∫
H∩B−j

y1dµ(y).

This together with (1.9) yields (1.8).

Corollary 1.2. Let µ be a measure on H satisfying (1.7) for γ 5 1. If 0 5 β 5 1,
then there exists a set E j H ∩ S such that Cα(E) = 0 and

lim
r→∞

r−γGαµ(rx) = 0 for every x ∈ H ∩ S− E.

To show this, it suffices to note that

M−1Ckα,β(Ej) 5 2j(β+1)Cα(Ej) 5MCkα,β(Ej) whenever E j Γ(0, a).

8.2 Boundary limits for BLD functions

In this section we are concerned with various boundary limits of BLD functions u on
H satisfying

(2.1)
∫
G
|∇mu(x)|px1

βdx <∞ for any bounded open set G j H.

First we show the following.

Lemma 2.1. For β > −1, let γ = β − p when β > p − 1 and −1 < γ < β when
β 5 p− 1. If u ∈ BL1(Lploc(H)) satisfies

(2.2)
∫
G
|∇u(x)|pxβ1dx <∞ for any bounded open set G j H,
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then

(2.3)
∫
G
|u(x)|pxγ1dx <∞ for any bounded open set G j H.

Proof. For a > 0, find b > a > 0 such that∫
{x′:|x′|<a}

|u(b, x′)|pdx′ <∞,

where x = (x1, x2, ..., xn) = (x1, x
′). Note that

u(x) = −
∫ b

x1

(∂u)/(∂x1)(t, x′)dt+ u(b, x′)

for almost every x′ ∈ Rn−1. Letting ε = β − γ − 1 when β 5 p− 1 and p− 1 < ε < β
when β > p− 1, we have by Hölder’s inequality

|u(x)| 5
(∫ b

x1

|∇u(t, x′)|ptεdt
)1/p (∫ b

x1

t−p
′ε/pdt

)1/p′

+ |u(b, x′)|.

Hence it follows from Fubini’s theorem that∫ b

0
|u(x1, x

′)|pxγ1dx1 5M
∫ b

0
|∇u(t, x′)|ptβdt+M |u(b, x′)|p,

which together with (2.2) gives∫
B+(0,a)

|u(x)|pxγ1dx <∞;

recall that B+(0, a) = H ∩B(0, a). Thus (2.3) follows.

Corollary 2.1. Let −1 < β < mp − 1, ` be a nonnegative integer such that
`p− 1 5 β < (`+ 1)p− 1, and u ∈ BLm(Lploc(H)) satisfy (2.1). If `p− 1 < β, then

(2.4)
∫
G
|∇m−`u(x)|pxβ−`p1 dx <∞ for any bounded open set G j H;

if `p− 1 = β and −1 < γ < p− 1, then

(2.5)
∫
G
|∇m−`u(x)|pxγ1dx <∞ for any bounded open set G j H.

Theorem 2.1. If u ∈ BLm(Lploc(H)) satisfies (2.1) for −1 < β < p− 1, then there
exists an extension Eu to the whole space Rn satisfying

(2.1′)
∫
G
|∇mEu(x)|p|x1|βdx <∞ for any bounded open set G j Rn.



298 Boundary limits

Proof. Let λ1,...,λm+1 be a unique solution of the linear system :
λ1 + λ2 + · · · + λm+1 = 1,

(−1) λ1 + (−2) λ2 + · · · + (−m− 1) λm+1 = 1,
...

...
(−1)mλ1 + (−2)mλ2 + · · · + (−m− 1)mλm+1 = 1.

For functions u on H, we define

Eu(x) =


u(x) if x1 > 0,

m+1∑
j=1

λju(−jx1, x
′) if x1 < 0

and for each multi-index µ = (µ1, ..., µn),

Eµu(x) =


u(x) if x1 > 0,

m+1∑
j=1

(−j)µ1λju(−jx1, x
′) if x1 < 0.

If u is ACL on H, then Eu is defined to be ACL on Rn and

Dµ(Eu) = Eµ(Dµu) for |µ| = 1.

Thus, if u is a BLD function on H satisfying (2.1), then Theorem 5.2 in Chapter 6
implies that Eu is defined to be BLD on Rn satisfying (2.1′) and

Dµ(Eu) = Eµ(Dµu) for |µ| 5 m.

Recall that kλ(x) = xλ/|x|n and

kλ,`(x, y) =


kλ(x− y) if |y| 5 1,

kλ(x− y)−
∑
|µ|5`

(1/µ!)xµ(Dµkλ)(−y) if |y| > 1.

In view of Theorem 1.3 in Chapter 6, we have the following representation of u.

Theorem 2.2. Let u ∈ BLm(Lploc(H)) satisfy (2.1) for −1 < β < p − 1, and ` be
the integer such that ` 5 m− (n+ β)/p < `+ 1. Then there exists a polynomial P of
degree at most m− 1 such that

u(x) =
∑
|λ|=m

aλ

∫
kλ,`(x, y)DλEu(y)dy + P (x)
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for almost every x ∈ H.

Theorem 2.2 can be proved for Eu in the same manner as Theorem 1.3 in Chapter
6, if one notes that kλ,`(x, y) 5M |x|`+1|y|m−n−`−1 for |y| > max{2|x|, 1} and∫

(1 + |y|)m−n−`−1|DλEu(y)|dy 5
(∫

(1 + |y|)p′(m−n−`−1)|y1|−p
′β/pdy

)1/p′

×
(∫
|DλEu(y)|p|y1|βdy

)1/p

<∞

when β < p− 1 and m− (n+ β)/p < `+ 1.
Note here that for R > 0,∫

kλ,`(x, y)DλEu(y)dy =
∫
B(0,R)

kλ(x− y)DλEu(y)dy

+ a continuous function on B(0, R).

Hence, when we want to study the existence of boundary limits for the functions u on
H, we have only to deal with the functions of the form :

Uλf(x) =
∫ (x− y)λ

|x− y|n
f(y)dy,

where |λ| = m, and f is a function on Rn which vanishes outside a compact set and
satisfies

(2.6)
∫

Rn
|f(y)|p|y1|βdy <∞.

Theorem 2.3. Let |λ| = m and −1 < β < p− 1. For ` 5 m− (n + β)/p < ` + 1
and a function f satisfying (2.6), set

Uλ,`f(x) =
∫

kλ,`(x, y)f(y)dy.

Then ∫
Rn
|∇mUλ,`f(x)|p|x1|βdx 5M

∫
Rn
|f(y)|p|y1|βdy.

Proof. For ε > 0, set

Kε(x) = xλ(|x|2 + ε2)−n/2

and

Kε,`(x, y) =


Kε(x− y) if |y| 5 1,

Kε(x− y)−
∑
|µ|5`

(1/µ!)xµ(DµKε)(−y) if |y| > 1.
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Consider the function

Fε,`(x) =
∫

Kε,`(x, y)f(y)|y1|β/pdy.

Then Fε,` is infinitely differentiable for x ∈ Rn. Since ∇mKε,` = ∇mKε, with the aid
of singular integral theory, we see that∫

Rn
|∇mFε,`(x)|pdx 5M

∫
Rn
|f(y)|p|y1|βdy.

Note also that Kε,` ∗ f is infinitely differentiable on Rn and

||x1|β/pDµ(Kε,` ∗ f)(x)−DµFε,`(x)| 5 M
∫

Rn

||x1|β/p − |y1|β/p|
|x− y|n

|f(y)|dy

= M
∫ ∞
−∞

K(x1, y1)g(x1, x
′, y1)dy1,

where |µ| = m,

K(x1, y1) =
|1− (|x1|/|y1|)β/p|

|x1 − y1|
and

g(x1, x
′, y1) =

∫
Rn−1

|x1 − y1|
[|x′ − y′|2 + (x1 − y1)2]n/2

|f(y)||y1|β/pdy′.

By a property of Poisson integral, we find∫
Rn−1

[g(x1, x
′, y1)]pdx′ 5M

∫
Rn−1

|f(y)|p|y1|βdy′.

Applying Lemma 2.1 in Chapter 4, we derive∫
Rn

(∫ ∞
−∞

K(x1, y1)g(x1, x
′, y1)dy1

)p
dx

5
∫ ∞
−∞

{∫ ∞
−∞

K(x1, y1)
(∫

Rn−1
g(x1, x

′, y1)pdx′
)1/p

dy1

}p
dx1

5 M
∫ ∞
−∞

{∫ ∞
−∞

K(x1, y1)
(∫

Rn−1
|f(y1, y

′)|p|y1|βdy′
)1/p

dy1

}p
dx1

5 MAK
p
∫

Rn
|f(y1, y

′)|p|y1|βdy′dy1,

where AK =
∫ ∞
−∞

K(1, y1)|y1|−1/pdy1 <∞. We thus obtain

(∫
Rn
||x1|β/pDµ(Kε,` ∗ f)(x)|pdx

)1/p

5 ‖DµFε,`‖p +M1/pAK

(∫
Rn
|f(y)|p|y1|βdy

)1/p

5 M
(∫

Rn
|f(y)|p|y1|βdy

)1/p

.
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Now, letting ε→ 0, we have(∫
Rn
|Dµ(Uλ,`f)(x)|p|x1|βdx

)1/p

5M
(∫

Rn
|f(y)|p|y1|βdy

)1/p

.

Lemma 2.2. Let ξ ∈ ∂H. If∫
Γ(ξ,a)∩B(ξ,1)

|ξ − y|m−n|∇mu(y)|dy <∞ for every a > 0,

then∫
Γ(ξ,a)∩B(ξ,1)

|ξ − y|k−n|∇ku(y)|dy <∞ for every a > 0 and k = 1, ...,m− 1.

Proof. It suffices to show that∫
Γ(ξ,a)∩B(ξ,1)

|ξ − y|k−n|u(y)|dy <∞

whenever k = 1, under the assumption that∫
Γ(ξ,a)∩B(ξ,1)

|ξ − y|k+1−n|∇u(y)|dy <∞.

Note that for |Θ| = 1 and 0 < r < 1,

|u(rΘ)− u(Θ)| =
∣∣∣∣∫ 1

r
(d/dt)u(tΘ)dt

∣∣∣∣ 5 ∫ 1

r
|∇u(tΘ)|dt.

For simplicity, set Um(r) =
∫

Γ(ξ,a)∩∂B(ξ,1)
|∇mu(rΘ)|dΘ for m = 0, 1. Then we have

∫
Γ(ξ,a)∩B(ξ,1)

|ξ − y|k−n|u(y)|dy =
∫ 1

0
rk−1U0(r)dr

5 U0(1)
∫ 1

0
rk−1dr +

∫ 1

0
rk−1

(∫ 1

r
U1(t)dt

)
dr

= k−1U0(1) +
∫ 1

0
U1(t)

(∫ t

0
rk−1dr

)
dt

= k−1U0(1) + k−1
∫

Γ(ξ,a)∩B(ξ,1)
|ξ − y|k+1−n|∇u(y)|dy <∞.

Lemma 2.3. For −1 < β < p− 1 and a nonnegative function f satisfying (2.6), set

E(f) =

{
x ∈ ∂H :

∫
B(x,1)

|x− y|m−nf(y)dy =∞
}
.

Then Cm−β/p,p(E(f)) = 0.
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Proof. Consider
u(x) =

∫
|x− y|m−nf(y)dy

for a function f which satisfies (2.6) and vanishes outside a compact set. Then we see
from Theorem 2.3 that ∫

Rn
|∇mu(x)|p|x1|βdx <∞.

Set

E =

{
x :

∫
B(x,1)

|x− y|m−β/p−n[|∇mu(y)||y1|β/p]dy =∞
}
.

Then it follows readily from the definition of Cm−β/p,p that

Cm−β/p,p(E) = 0.

If x ∈ ∂H− E, then ∫
Γ(x,a)

|x− y|m−n|∇mu(y)|dy <∞.

Lemma 2.2 implies that ∫
Γ(x,a)

|x− y|1−n|∇u(y)|dy <∞.

By a polar coordinate, note that∫
S(a)

(∫ 1

0
|∇u(x+ rξ)|dr

)
dS(ξ) <∞

with S(a) = Γ(0, a) ∩ S. This shows that lim
r→0

u(x+ rξ) exists and is finite for almost

every ξ ∈ S(a), so that it follows that u(x) <∞. Consequently, E(f) j E and hence
Cm−β/p,p(E) = 0.

We show the existence of perpendicular limits for BLD functions on H, with the
aid of integral representations.

Theorem 2.4. Let u be a BLD function in BLm(Lploc(H)) satisfying (2.1) for
0 5 β < p − 1. Then there exists a set E j ∂H such that Cm−β/p,p(E) = 0 and
lim
x1→0

u(x1, x
′) exists for every x′ ∈ Rn−1 such that (0, x′) 6∈ E.

Proof. As noted above, it suffices to treat

Uλf(x) =
∫
B(0,R)

kλ(x, y)f(y)dy

for a nonnegative function f satisfying (2.6) and R > 0. Write

Uλf(x) =
∫
B(x,x1/2)

kλ(x, y)f(y)dy

+
∫
B(0,R)−B(x,x1/2)

kλ(x, y)f(y)dy = u1(x) + u2(x).
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If ξ = (0, x′) ∈ ∂H− E(f), then u2 has a nontangential limit u(ξ) at ξ, so that

lim
t→0

u2(t, x′) = u(ξ).

For a sequence {aj} of positive numbers, set

Ej =
{
x : 2−j 5 x1 < 2−j+1, u1(x) > a

−1/p
j

}
.

Noting that

u1(x) 5
∫
B(0,R)∩Hj

|x− y|m−β/p−nyβ/p1 f(y)dy

with Hj = {y : 2−j−1 < y1 < 2−j+2}, we have

Cm−β/p,p(Ej;B(0, R)) 5 aj

∫
B(0,R)∩Hj

f(y)pyβ1 dy.

By (2.6), take {aj} such that lim
j→∞

aj =∞ and

∞∑
j=1

aj

∫
B(0,R)∩Hj

f(y)pyβ1 dy <∞.

Denote by F ∗ the projection of a set F to the hyperplane ∂H, and consider

E ′ =
∞⋂
k=1

 ∞⋃
j=k

E∗j

 .
Then, in view of Theorem 5.1 in Chapter 5, we obtain

Cm−β/p,p(E
′;B(0, R)) 5

∞∑
j=k

Cm−β/p,p(E
∗
j ;B(0, R)) 5

∞∑
j=k

Cm−β/p,p(Ej;B(0, R))

for any k, which proves
Cm−β/p,p(E

′;B(0, R)) = 0.

It is easy to see that
lim
t→0

u1(t, x′) = 0

for every (0, x′) ∈ ∂H− E ′. Thus E = E(f) ∪ E ′ is the required exceptional set.

Remark 2.1. Suppose E j ∂H and Cm,p(E) = 0. Then Cm,p(Ej) = 0, where
Ej = {ξ+ 2−je : ξ ∈ E}. Hence we can find a nonnegative function fj such that fj = 0
outside Hj, Umfj =∞ on Ej and∫

Hj
f(y)pdy < 2jβ2−j.
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Then, setting f = sup
j
fj, we see that Umf(x) =∞ for all x ∈

⋃
j

Ej and

∫
f(y)p|y1|βdy <∞.

If −1 < β < 0, then Umf satisfies (2.1) by Theorem 2.3 and moreover

lim sup
t→0

Umf(ξ + te) =∞ for all ξ ∈ E.

With the aid of Corollary 2.1, we can prove the following result.

Corollary 2.2. Let u be a BLD function in BLm(Lploc(H)) satisfying (2.1) for
−1 5 β < mp−1. Let ` be the nonnegative integer such that `p−1 5 β < (`+1)p−1.

(i) If `p 5 β < (`+1)p−1, then there exists a set E j ∂H such that Cm−β/p,p(E) = 0
and lim

x1→0
u(x1, x

′) exists for every x′ ∈ Rn−1 such that (0, x′) 6∈ E.

(ii) If β < `p, then there exists a set E j ∂H such that Cm−`,p(E) = 0 and
lim
x1→0

u(x1, x
′) exists for every x′ ∈ Rn−1 such that (0, x′) 6∈ E.

We next study the existence of limits along curves tangential to the hyperplane ∂H.
Let ψ1 be a positive nondecreasing function on (0,∞) satisfying the doubling condition
:

ψ1(2r) 5Mψ1(r) for r > 0.

Assume further that r−1ψ1(r) is nondecreasing on (0,∞). Let ψj, j = 2, ..., n − 1, be
functions on [0,∞) such that ψj(0) = 0 and

|ψj(s)− ψj(t)| 5M |s− t| whenever 0 5 s < t <∞.

Setting ψn(r) = r, we define

Ψ(r) = (ψ1(r), ..., ψn(r))

and
ξ(r) = ξ + Ψ(r)

for ξ ∈ ∂H.

Theorem 2.5. Let 0 < β < p− 1, n−mp+ β = 0 and h(r) = [ψ1(r)]n−mp+β. If u
is a BLD function in BLm(Lploc(H)) satisfying (2.1), then there exist sets E1, E2 j ∂H
such that Cm−β/p,p(E1) = 0, Hh(E2) = 0 and

lim
r→0

u(ξ(r)) exists for every ξ ∈ ∂H− (E1 ∪ E2).
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Remark 2.2. If ψ1(r) = rγ with γ > 1 and n − mp + β > 0, then Hh(E1) = 0
by Theorem 2.3 in Chapter 5; if ψ1(r) = r, then Cα−β/p,p(E2) = 0 by Theorem 2.2 in
Chapter 5.

Proof of Theorem 2.5. We are only concerned with the function

Uλf(x) =
∫

kλ(x, y)f(y)dy

for a nonnegative function f satisfying (2.6) and vanishing outside B(0, R). For a =
10−1, write

Uλf(x) =
∫
B(x,ax1)

kλ(x, y)f(y)dy

+
∫
B(ξ,2|ξ−x|)−B(x,ax1)

kλ(x, y)f(y)dy

+
∫
B(0,R)−B(ξ,2|ξ−x|)

kλ(x, y)f(y)dy = u1(x) + u2(x) + u3(x).

If ξ ∈ ∂H−E(f), then u3 has a limit u(ξ) at ξ by Lebesgue’s dominated convergence
theorem, so that

lim
r→0

u3(ξ(r)) = u(ξ).

By Hölder’s inequality we have

|u2(x)| 5
∫
B(ξ,2|ξ−x|)−B(x,ax1)

|x− y|m−n|f(y)|dy

5

(∫
B(ξ,2|ξ−x|)−B(x,ax1)

|x− y|p′(m−n)|y1|−p
′β/pdy

)1/p′

×
(∫

B(ξ,2|ξ−x|)−B(x,ax1)
|f(y)|p|y1|βdy

)1/p

5 Mx1
m−(n+β)/p

(∫
B(ξ,2|ξ−x|)

|f(y)|p|y1|βdy
)1/p

.

Define

E ′ =

{
ξ ∈ ∂H : lim sup

r→0
h(r)−1

∫
B(ξ,r)

|f(y)|p|y1|βdy > 0

}
.

Then Hh(E
′) = 0. Further, if ξ ∈ ∂H− E ′, then

lim
r→0

u2(ξ(r)) = 0.

By (2.6), take a sequence {aj} of positive numbers such that lim
j→∞

aj =∞ and

∞∑
j=1

aj

∫
Hj

f(y)pyβ1 dy <∞.
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As in the previous proof, consider the sets

Xj = {x : 2−j 5 x1 < 2−j+1, u1(x) > a
−1/p
j }.

If x ∈ Xj, then

a
−1/p
j <

∫
B(x,ax1)

|x− y|m−n|f(y)|dy

= (ax1)m−nF (x, ax1) +
∫ ax1

0
F (x, r)d(−rm−n),

where F (x, r) =
∫
B(x,r)

|f(y)|dy. By Hölder’s inequality we have

F (x, r) 5 |B(x, r)|1/p′
(∫

B(x,r)
|f(y)|pdy

)1/p

,

so that we can find r = r(x) such that 0 < r 5 ax1 and∫
B(x,r)

|f(y)|pdy =Ma−1
j x−β1 rn−mp+β.

Since {B(x, r(x)) : x ∈ Xj} covers Xj, by a covering lemma (see Theorem 10.1 in
Chapter 1), we can choose a disjoint family {Bj,`}, Bj,` = B(xj,`, r(xj,`)), for which
{5Bj,`} covers Xj. For x ∈ H, let x̃ be the point on ∂H such that x = x̃(r) for some
r > 0, and denote by X̃ the set of all x̃ for x ∈ X. Now consider the set

E ′′ =
∞⋂
k=1

 ∞⋃
j=k

X̃j

 .
Find tj,` with ψ1(tj,`) = r(xj,`). Then r(xj,`) 5 [1/ψ1(1)]tj,`. If y = ζ(s) ∈ B(xj,`, r(xj,`))
with ζ ∈ ∂H and xj,` = x̃j,`(sj,`), then

ψ1(|sj,` − s|) 5 |ψ1(sj,`)− ψ1(s)| 5 |xj,` − y| < r(xj,`) = ψ1(tj,`),

so that

|x̃j,` − ζ| 5 |xj,` − y|+
n∑
i=2

|ψj(sj,`)− ψi(s)| 5 r(xj,`) +M |sj,` − s| 5Mtj,`.

This implies that B(x̃j,`,Mtj,`) k B̃j,`. On the other hand we have

∑
`

[5r(xj,`)]
n−mp+β 5 Maj2

−jβ∑
`

∫
Bj,`

|f(y)|pdy

5 Maj

∫
Hj
|f(y)|pyβ1 dy.
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Since h(Mtj,`) 5Mr(xj,`)
n−mp+β, we find

H
(δk)
h (E ′′) 5M

∞∑
j=k

aj

∫
Hj
|f(y)|pyβ1 dy,

where δk = sup{Mtj,` : j = k}. Thus it follows that

Hh(E
′′) = 0.

If ξ ∈ ∂H− E ′′, then
lim
r→0

u1(ξ(r)) = 0.

Now E1 = E(f) and E2 = E ′ ∪ E ′′ have all the required properties.

By Lemma 1.4, we have

Lemma 2.4. Let n −mp + β = 0. For a nonnegative function f satisfying (2.6),
set

Fβ′ =

{
ξ ∈ ∂H :

∫
B(ξ,1)

|ξ − y|mp−β′−nf(y)p|y1|β
′
dy =∞

}
.

If β′ > β, then Hn−mp+β(Fβ′) = 0.

Theorem 2.6. Let −1 < β < p− 1 and n−mp+ β = 0. If u is a BLD function in
BLm(Lploc(H)) satisfying (2.1), then there exists a set E j ∂H such that Cm−β/p,p(E) =
0 and for any ξ ∈ ∂H − E, lim

r→0
u(ξ + rζ) exists for every ζ ∈ H ∩ S − E(ξ), where

Cm,p(E(ξ)) = 0.

The proof is similar to that of Theorem 1.5, by Lemma 2.4 together with Theorem
6.1 in Chapter 5, because Cm−β/p,p(Fβ′) = 0 and if ξ ∈ ∂H− Fβ′ , then∫

Γ(ξ,a)∩B(ξ,1)
|ξ − y|mp−nf(y)pdy <∞ for any a > 0,

which plays the same role as (4.4) in Chapter 5.

Corollary 2.3. Let u be a BLD function in BLm(Lploc(H)) satisfying (2.1) for
−1 5 β < mp−1. Let ` be the nonnegative integer such that `p−1 5 β < (`+1)p−1.

(i) If `p − 1 < β, then there exists a set E j H such that Cm−β/p,p(E) = 0 and
for every ξ ∈ H − E, lim

r→0
u(ξ + rζ) exists for every ζ ∈ H ∩ S − E(ξ), where

Cm,p(E(ξ)) = 0.

(ii) If β = `p−1, then there exists a set E j H such that E has Hausdorff dimension
at most n − mp + β and for every ξ ∈ H − E, lim

r→0
u(ξ + rζ) exists for every

ζ ∈ H ∩ S− E(ξ), where Cm,p(E(ξ)) = 0.
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Finally we discuss the existence of Lq-mean limits of BLD functions at the boundary
points. Let us say that a function u has an Lq-mean limit ` if

lim
r→0

1

|B+(ξ, r)|

∫
B+(ξ,r)

|u(x)− `|qdx = 0,

where B+(ξ, r) = H ∩B(ξ, r) as before.

Lemma 2.5. Let 0 5 γ < 1, γ/p′ < α < n and

1

q
=

1

p
− 1

n

(
α− γ

p′

)
.

For a nonnegative function f ∈ Lp(Rn), set

F (x) =
∫
|x− y|α−nf(y)|y1|−γ/p

′
dy.

Then
‖F‖q 5M‖f‖p.

In case γ = 0, this is just Sobolev’s inequality. For the general case, the proof is
left to the reader.

Define
1

p∗
=

1

p
− m

n

and
1

p∗∗
=

1

p
− 1

n

(
m− β

p

)
.

Theorem 2.7. Let −1 < β < p − 1. If u is a BLD function in BLm(Lploc(H))
satisfying (2.1), then there exists a set E j ∂H such that Cm−β/p,p(E) = 0 and u has
an Lq-mean limit at ξ ∈ ∂H− E, where q is given as follows :

(i) q = p∗∗ when β = 0 and mp− β < n;
(ii) 1 < q <∞ when β = 0 and mp− β = n;

(iii) q =∞ when β = 0 and mp− β > n;
(iv) q = p∗ when β < 0 and mp < n;
(v) 1 < q <∞ when β < 0 and mp = n;
(vi) q =∞ when β < 0 and mp > n.

Remark 2.3. In case mp − β > n, if Cm−β/p,p(E) = 0, then E is empty and, in
fact, we show soon that u is continuous in case (iii) and (vi).

Proof of Theorem 2.7. We may suppose that u is of the form

u(x) = Uλf(x) =
∫

kλ(x, y)f(y)|y1|−β/pdy
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for |λ| = m and a nonnegative function f ∈ Lp(Rn) vanishing outside a compact set.
Write

u(x) =
∫
B(ξ,2|ξ−x|)

kλ(x, y)f(y)|y1|−β/pdy

+
∫

Rn−B(ξ,2|ξ−x|)
kλ(x, y)f(y)|y1|−β/pdy = u1(x) + u2(x).

Define

E1 =

{
ξ ∈ ∂H :

∫
B(ξ,1)

|ξ − y|m−n[f(y)|y1|−β/p]dy =∞
}

and

E2 =

{
ξ ∈ ∂H : lim sup

r→0
rmp−n−β

∫
B(ξ,r)

|f(y)|pdy > 0

}
.

Then Cm−β/p,p(E1) = 0 by Lemma 2.3. On the other hand, Hn−mp+β(E2) = 0, which
proves Cm−β/p,p(E2) = 0 with the aid of Theorem 2.2 in Chapter 5. If ξ ∈ ∂H − E1,
then u2 has a limit u(ξ) at ξ by Lebesgue’s dominated convergence theorem, so that

lim
r→0

1

|B+(ξ, r)|

∫
B+(ξ,r)

|u2(y)− u(ξ)|qdx = 0

for any q > 1. Thus it suffices to show that

lim
r→0

1

|B+(ξ, r)|

∫
B+(ξ,r)

|u1|qdx = 0

whenever ξ ∈ ∂H− E2, for q described as in the theorem.
Case 1 : β = 0 and mp− β < n. In this case we have by Lemma 2.5

1

|B+(ξ, r)|

∫
B+(ξ,r)

|u1|p
∗∗
dx 5 Mr−n

∫ (∫
B(ξ,2r)

|x− y|m−n|f(y)||y1|−β/pdy
)p∗∗

dx

5 M

(
rmp−β−n

∫
B(ξ,2r)

|f(y)|pdy
)p∗∗/p

→ 0 as r → 0.

Case 2 : β = 0 and mp − β = n. For any q, 1 < q < ∞, let ε = pnq−1. If q is so
large that β + ε < p− 1, then we have by Lemma 2.5

1

|B+(ξ, r)|

∫
B+(ξ,r)

|u1|p
∗
dx 5 Mr−n

(∫
B(ξ,2r)

|f(y)|p|y1|εdy
)q/p

5 M

(∫
B(ξ,2r)

|f(y)|pdy
)q/p

→ 0 as r → 0.

Case 3 : β < 0 and mp < n. As in Case 1, we have by Lemma 2.5

1

|B+(ξ, r)|

∫
B+(ξ,r)

|u1|p
∗
dx 5 Mr−n

(∫
B(ξ,2r)

|f(y)|p|y1|−βdy
)p∗/p

5 M

(
rmp−β−n

∫
B(ξ,2r)

|f(y)|pdy
)p∗/p

→ 0
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as r → 0.

Case 4 : β < 0 and mp = n. For p < q <∞, let 1/q = 1/p− ε/n with ε > 0. Then
we have by Lemma 2.5

1

|B+(ξ, r)|

∫
B+(ξ,r)

|u1|qdx 5 Mr−n
∫ (

rm−ε
∫
B(ξ,2r)

|x− y|ε−n|f(y)||y1|−β/pdy
)q
dx

5 M

(
rmp−β−n

∫
B(ξ,2r)

|f(y)|pdy
)q/p

→ 0 as r → 0.

In case mp > n and mp− β > n, we have∫
B(x,r)

|x− y|m−n|f(y)||y1|−β/pdy

5 M

(∫
B(x,r)

|x− y|p′(m−n)|y1|−p
′β/pdy

)1/p′ (∫
B(ξ,2r)

|f(y)|pdy
)1/p

5 Mr(mp−β−n)/p‖f‖p

whenever 0 < |x1| < r. This implies that u is continuous on Rn.

We discuss the existence of Lq-mean differentiability of BLD functions at the bound-
ary points. We say that a function u is ` times Lq-mean differentiable at ξ if

lim
r→0

r−n−`
∫
B+(ξ,r)

|u(x)− P`(x)|qdx = 0

for some polynomial P` of degree at most `.

In view of the proofs of Theorem 2.7 and Theorem 7.1 in Chapter 5, we can prove
the following result.

Theorem 2.8. Let −1 < β < p − 1. If u is a BLD function in BLm(Lploc(H))
satisfying (2.1), then there exists a set E j ∂H such that Cm−`−β/p,p(E) = 0 and u is
` times Lq-mean differentiable at ξ ∈ ∂H− E, where q is given as follows :

(i) q = p∗∗ when β = 0 and mp− β < n;
(ii) 1 < q <∞ when β = 0 and mp− β = n;

(iii) q =∞ when β = 0 and mp− β > n;
(iv) q = p∗ when β < 0 and mp < n;
(v) 1 < q <∞ when β < 0 and mp = n;
(vi) q =∞ when β < 0 and mp > n.

Remark 2.4. In case (iii) and (vi), u is shown to be ` times differentiable at
ξ ∈ ∂H− E.
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8.3 Nontangential and tangential limits

If u ∈ BLm(Lploc(H)) and mp > n, then u is equal to a continuous function almost
everywhere on H, and hence it may be expected that u has better boundary limits
than those in the previous section.

To obtain general results, we consider the function of the form

Ukf(x) =
∫

k(x− y)f(y)dy,

where k(x) is a function on Rn which is continuous on Rn except at the origin and

(3.1) |k(x)| 5M |x|α−n, 0 < α < n.

In this section, assume that

(3.2)
∫

Rn
Φp(|f(y)|)|y1|βdy <∞

and

(3.3)
∫ 1

0
[tn−αpϕ(t−1)]−1/(p−1)t−1dt <∞,

where ϕ is a function as in Chapter 5 and Φp(r) = rpϕ(r). Then it is seen (Theorem 3.1
in Chapter 5) that the potential Ukf is continuous outside the hyperplane ∂H. Define
the capacity

Cα,Φp,β(E;G) = inf
∫

Rn
Φp(g(y))|y1|βdy,

where the infimum is taken over all nonnegative measurable functions g for which Uαg =
1 on E and g = 0 outside G. As before, we write Cα,Φp,β(E) = 0 if Cα,Φp,β(E∩G;G) = 0
for all bounded open set G.

The following can be proved in the same way as Theorem 2.1 in Chapter 5.

Lemma 3.1. Suppose −1 < β < p− 1 and n− αp + β = 0. Set

h(r) = h(r;R) =

(∫ R

r
[tn−αp+βϕ(t−1)]−1/(p−1)t−1dt

)1−p

for 0 < r 5 R/2. If B(x, r) j B(0, R/2), then

M−1h(r) 5 Cα,Φp,β(B(x, r);B(0, R)) 5Mh(r).

In view of Theorem 2.2 in Chapter 5, we have the following.

Corollary 3.1. If Hh(E) <∞, then Cα,Φp,ω(E) = 0.
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Lemma 3.2. Let −1 < β < p−1 and n−αp+β = 0. If E j ∂H and Cα,Φp,β(E) = 0,
then E has Hausdorff dimension at most n− αp + β.

Proof. Let ε > 0, β < γ < p − 1 and θ = [n(p − 1) − (γ + ε)]/p(n − α). Since
Cα,Φp,β(E) = 0, we can find a nonnegative measurable function f satisfying (3.2) such
that Uαf 6≡ ∞ but Uαf =∞ on E. Then we have by Hölder’s inequality

∫
B(x,1)

|x− y|α−nf(y)dy 5

(∫
B(x,1)

[|x− y|θ(α−n)|y1|−γ/p]p
′
dy

)1/p′

×
(∫

B(x,1)
|x− y|p(1−θ)(α−n)f(y)p|y1|γdy

)1/p

5 M

(∫
B(x,1)

|x− y|−(n−αp+γ+ε)f(y)p|y1|γdy
)1/p

,

since p′[θ(α − n) − γ/p] + n = p′ε/p > 0. Thus, in view of Lemma 1.4, we see that
Hn−αp+β+ε(E) = 0, which implies that E has Hausdorff dimension at most n−αp+β.

In case α is a positive integer m, we can prove the following result.

Lemma 3.3. Suppose −1 < β < p − 1. If E j ∂H and Cm,Φp,β(E) = 0, then
Cm−β/p,Φp(E) = 0.

Proof. If Cm,Φp,β(E) = 0, then we can find a nonnegative measurable function f
satisfying (3.2) such that Umf 6≡ ∞ but Umf =∞ on E. We may assume further that
f has compact support and then∫

Φp(f(y)|y1|β/p)dy <∞.

For γ = β/p, we have by Theorem 2.3∫
[|∇mUmf(x)||x1|γ]qdx 5M

∫
[f(y)||y1|γ]qdy

whenever q > 1 and −1 < γq < q − 1. Now let 1 < q1 < p < q2, −1/q2 < γ < 1/q′1,

f1,a(y) =


f(y) when f(y)|y1|γ = a,

0 otherwise,

and f2,a = f − f1,a for a > 0. Then∫
Φp(|∇mUmf(x)||x1|γ)dx =

∫
|{x : |∇mUmf(x)||x1|γ > a}|dΦp(a)

5 M
∫

[f(y)|y1|γ]q1
(∫ f(y)|y1|γ

0
a−q1dΦp(a)

)
dy
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+M
∫

[f(y)|y1|γ]q2
(∫ ∞

f(y)|y1|γ
a−q2dΦp(a)

)
dy

5 M
∫

Φp(f(y)|y1|γ)dy <∞.

This implies that ∫
G

Φp(|∇mUmf(x)|)|x1|γpdx <∞

for every bounded open set G in Rn. As in the proof of Lemma 2.3, we see that E is
included in

E ′ =

{
x :

∫
B(x,1)

|x− y|m−β/p−n[|∇mUmf(y)||y1|γ]dy =∞
}
,

which satisfies Cm−β/p,Φp(E
′) = 0.

We also define a nondecreasing function τ by setting

τ(r) = inf
r<s<1

sβ
∫ s

0
[tn−αpϕ(t−1)]−1/(p−1)t−1dt

for 0 < s 5 1/2; set τ(r) = τ(1/2) for r > 1/2.
Let ψ be a continuous nondecreasing function on [0,∞) such that ψ(r) > 0 and

r−1ψ(r) is nondecreasing for r > 0. For ξ ∈ ∂H, set

Tψ(ξ, a) = {x ∈ H : ψ(|x− ξ|) < ax1}.

In case ψ(r) ≡ r, the set is nothing but a cone with vertex at ξ. We say that u has a
Tψ-limit ` at ξ if

lim
x→ξ,x∈Tψ(ξ,a)

u(x) = ` for all a > 0;

in case ψ(r) = rγ for γ = 1, Tψ-limit is called Tγ-limit. Note that T1-limits are nothing
but nontangential limits. We also say that u has a T∞-limit at ξ if it has a Tγ-limit at
ξ for any γ > 1.

Theorem 3.1. Let f satisfy (3.2) for −1 < β < p − 1 and Uα|f | 6≡ ∞. Set
hγ(r) = τ(rγ) for γ = 1.

(i) If n−αp+β > 0 and γ > 1, then there exists a set E j ∂H such that Hhγ (E) = 0
and Ukf has a Tγ-limit at any ξ ∈ ∂H− E.

(ii) If n− αp + β > 0, then there exists a set E j ∂H such that Cα,Φp,β(E) = 0 and
Ukf has a nontangential limit at any ξ ∈ ∂H− E.

(iii) If n− αp + β = 0, then there exists a set E j ∂H such that Cα,Φp,β(E) = 0 and
Ukf has a T∞-limit at any ξ ∈ ∂H− E.

(iv) If n− αp+ β < 0 or β = αp− n = 0, then Ukf has a finite limit at any ξ ∈ ∂H.
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Proof. Consider the sets

E1 =

{
x :

∫
B(x,1)

|x− y|α−n|f(y)|dy =∞
}

and

E2 =

{
x : lim sup

r→0
[h(r)]−1

∫
B(x,r)

Φp(|f(y)|)|y1|βdy > 0

}
with h as in Lemma 3.1. Here note that Cα,Φp,β(E1) = 0 and Hh(E2) = 0. With
the aid of Lemmas 3.1 and 3.2, it suffices to show that Ukf has a Tψ-limit at every
ξ ∈ ∂H− (E1 ∪ E2). As before, write

Ukf(x) =
∫
B(ξ,2|x−ξ|)

k(x− y)f(y)dy

+
∫

Rn−B(ξ,2|x−ξ|)
k(x− y)f(y)dy = u1(x) + u2(x).

Then, in view of Lebesgue’s dominated convergence theorem, we see that u2 has a
finite limit at ξ ∈ ∂H− E1. On the other hand, the proof of Theorem 3.1 in Chapter
5 shows that

|u2(x)| 5M

(
[τ(x1)]−1

∫
B(ξ,2|x−ξ|)

Φp(|f(y)|)|y1|βdy
)1/p

+M |x− ξ|α−δ

for 0 < δ < α. Hence u1 has limit zero at ξ ∈ ∂H− E2.

Theorem 3.2. Let −1 5 β < p− 1, and u be a BLD function on H satisfying

(3.4)
∫
G

Φp(|∇mu(x)|)|x1|βdx <∞ for any bounded open set G j H.

Let ` be the nonnegative integer such that `p − 1 5 β < (` + 1)p − 1, and hγ(r) =
rγ(n−mp+β).

(i) If n −mp + β > 0, `p − 1 < β and γ > 1, then there exists a set E j ∂H such
that Hhγ (E) = 0 and u has a Tγ-limit at any ξ ∈ ∂H− E.

(ii) If n − mp + β > 0 and `p − 1 < β, then there exists a set E j ∂H such that
Cm−β/p,Φp(E) = 0 and u has a nontangential limit at any ξ ∈ ∂H− E.

(iii) If n − mp + β = 0 and β = `p − 1, then there exists a set E j ∂H such that
E has Hausdorff dimension at most γ(n −mp + β) and u has a Tγ-limit at any
ξ ∈ ∂H− E.

(iv) If mp−n = β > `p−1, then there exists a set E j ∂H such that Cm−β/p,Φp(E) = 0
and u has a T∞-limit at any ξ ∈ ∂H− E.

(iv) If n−mp+ β < 0 or β = mp− n = 0, then u has a finite limit at any ξ ∈ ∂H.
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For Green potentials, we have the following.

Theorem 3.3. Let f satisfy (3.2) for −1 < β 5 2p − 1 and h(r) = τ(ψ(r)).
Suppose further Gαf 6≡ ∞ on H.

(i) If n−αp+ β > 0, then there exists a set E j ∂H such that Hh(E) = 0 and Gαf
has Tψ-limit zero at any ξ ∈ ∂H− E.

(ii) If n− αp + β 5 0, then Gαf has limit zero at any ξ ∈ ∂H.

8.4 Polyharmonic functions

In this chapter we are concerned with polyharmonic functions on the half space H. First
we prepare the fundamental properties for polyharmonic functions; the main purpose
is to give mean-value inequality. Recall that an infinitely differentiable function u on
an open set G is called polyharmonic of order m in G if

∆mu = 0 on G.

Lemma 4.1. If u is polyharmonic of order m in G, then |x− x0|2ku(x) is polyhar-
monic of order m+ k on G for any fixed x0.

Proof. If k = 1, then

∆(|x− x0|2u(x)) = 2nu(x) + 4
n∑
j=1

(xj − x0j)Dju(x),

where Dj = (∂/∂xj). Note that

∆m

 n∑
j=1

(xj − x0j)Dju(x)

 = 2m∆mu+
n∑
j=1

(xj − x0j)∆
m(Dju)(x).

Hence it follows that |x − x0|2u is polyharmonic of order m + 1 on G whenever u is
polyharmonic of order m on G, and the case k = 1 is shown. Now apply induction on
k. In fact, assume that v(x) = |x− x0|2ku(x) is polyharmonic of order m+ k; then the
above considerations prove that |x − x0|2(k+1)u(x) = |x − x0|2v(x) is polyharmonic of
order (m+ k) + 1.

Lemma 4.2 (finite Almansi expansion). Let G be a star domain with center at 0,
that is, tx ∈ G whenever x ∈ G and 0 5 t 5 1. If u is polyharmonic of order m in G,
then there exist harmonic functions h1,h2,..., hm such that

u(x) =
m∑
k=1

|x|2k−2hk(x) for x ∈ G.
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Proof. We show this lemma by induction on m. First note that the case m = 1 is
trivially true. Hence assume that the assertion is true for m, and let u be polyharmonic
of order m+1 in G. Since ∆u is polyharmonic of order m, by assumption on induction
we can find harmonic functions h1,...,hm for which

∆u(x) =
m∑
k=1

|x|2k−2hk(x).

If u(x) =
m+1∑
k=1

|x|2k−2vk(x) for harmonic functions v1,...,vm,vm+1, then we should have

∆u(x) =
m∑
k=1

|x|2k−2hk(x) =
m+1∑
k=1

∆
(
|x|2k−2vk(x)

)

=
m∑
k=1

|x|2k−2

4k(k − 1 + n/2)vk+1(x) + 4k
n∑
j=1

xjDjvk+1(x)

 ,
so that

(4.1) hk(x) = 4k(k − 1 + n/2)vk+1(x) + 4k
n∑
j=1

xjDjvk+1(x).

In fact, this is true for

vk+1(x) =
1

4k

∫ 1

0
rk−2+n/2hk(rx)dr.

Here note that vk+1 is harmonic in G and satisfies (4.1). Finally we have only to

consider v1(x) = u(x)−
m+1∑
k=2

|x|2k−2vk(x), which is harmonic in G.

By an application of Almansi’s theorem, we can show the following representation
for polyharmonic functions on the balls; in the harmonic case, this is nothing but
Poisson integral formula.

Theorem 4.1. Let u be polyharmonic of order m in B(0, R). If 0 < |x| < r < R,
then

u(x) =
(−1)m−1

ωn(m− 1)!
(r2 − |x|2)m

∫
S

(
∂

∂r2

)m−1 (
u(rΘ)

rn−2

|x− rΘ|n

)
dΘ.

Proof. We show only the case m = 2. In this case, we can write u(x) = h1(x) +
|x|2h2(x) for harmonic functions h1 and h2 on B(0, R). If |x| < r1 < r < r2, then

−r2
2 − |x|2

r1
2 − r2

2

r1
2 − |x|2

ωn

∫
S

rn−2
1 u(r1Θ)

|x− r1Θ|n
dΘ
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+
r1

2 − |x|2

r1
2 − r2

2

r2
2 − |x|2

ωn

∫
S

rn−2
2 u(r2Θ)

|x− r2Θ|n
dΘ

= −r2
2 − |x|2

r1
2 − r2

2

r1
2 − |x|2

ωn

∫
S

rn−2
1

|x− r1Θ|n
[h1(r1Θ) + r1

2h2(r1Θ)]dΘ

+
r1

2 − |x|2

r1
2 − r2

2

r2
2 − |x|2

ωn

∫
S

rn−2
2

|x− r2Θ|n
[h1(r2Θ) + r2

2h2(r2Θ)]dΘ

= −r2
2 − |x|2

r1
2 − r2

2
[h1(x) + r1

2h2(x)] +
r1

2 − |x|2

r1
2 − r2

2
[h1(x) + r2

2h2(x)] = u(x),

from which the required formula follows.

Lemma 4.3. If v is harmonic in B(0, r) and a > −n, then

1

|B(0, r)|

∫
B(0,r)

|y|av(y)dy =
n

n+ a
v(0)ra.

In fact, applying polar coordinates, we have

1

|B(0, r)|

∫
B(0,r)

|y|av(y)dy =
1

σnrn

∫ r

0
ra
(∫

S
v(rΘ)dΘ

)
rn−1dr

=
1

σnrn
[ωnv(0)]

∫ r

0
rarn−1dr

= nv(0)(a+ n)−1ra.

For a function u and r > 0, set

A1(u, r) =
1

|B(0, r)|

∫
B(0,r)

u(y)dy

and, inductively,

Aj+1(u, r) =
1

rn+2j

∫ r

0
Aj(u, t)t

n+2j−1dt.

Lemma 4.4. If u is polyharmonic of order m in B(0, r0), then there exist constants
cj such that

u(0) =
m∑
j=1

cjAj(u, r) whenever 0 < r < r0.

Proof. Suppose u is polyharmonic of order m in B(0, r), and write by Lemma 4.2

u(x) =
m∑
k=1

|x|2k−2hk(x)
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for harmonic functions h1,...,hm on B(0, r0). Lemma 4.3 gives

A1(u, r) = n
m∑
k=1

akr
2k−2hk(0)

with ak = 1/(n+ 2k − 2). Hence we find

Aj(u, r) = n
m∑
k=1

bk,jr
2k−2hk(0)

with bk,j = ak · ak+1 · · · ak+j−1. Since u(0) = h0(0), we now have

u(0) =
1

nA

∣∣∣∣∣∣∣∣∣
A1(u, r) b2,1 · · · bm,1
A2(u, r) b2,2 · · · bm,2
· · · · · · · · · · · ·

Am(u, r) b2,m · · · bm,m

∣∣∣∣∣∣∣∣∣
with

A =

∣∣∣∣∣∣∣∣∣
b1,1 b2,1 · · · bm,1
b1,2 b2,2 · · · bm,2
· · · · · · · · · · · ·
b1,m b2,m · · · bm,m

∣∣∣∣∣∣∣∣∣ .
For this purpose, we should check A 6= 0; in fact, note that

A = a1a2 · · · am

∣∣∣∣∣∣∣∣∣
1 1 · · · 1
a2 a3 · · · am+1

· · · · · · · · · · · ·
a2 · · · am a3 · · · am+1 · · · am+1 · · · am+m−1

∣∣∣∣∣∣∣∣∣
= a1a2 · · · am

×

∣∣∣∣∣∣∣∣∣
1 0 · · · 0
a2 (−2)a2a3 · · · (−2)amam+1

· · · · · · · · · · · ·
a2 · · · am (−2(m− 1))a2 · · · am+1 · · · (−2(m− 1))am · · · am+m−1

∣∣∣∣∣∣∣∣∣
= (a1a2 · · · am)(−2)(−4) · · · (−2(m− 1))(a2a3

2 · · · am2am+1)

×

∣∣∣∣∣∣∣∣∣
1 1 · · · 1
a4 a5 · · · am+2

· · · · · · · · · · · ·
a4 · · · am+1 a5 · · · am+2 · · · am+2 · · · am+m−1

∣∣∣∣∣∣∣∣∣
= (a1a2 · · · am)(−2)(−4) · · · (−2(m− 1))(a2a3

2 · · · am2am+1)

×(−2)m−2(−4)m−3 · · · (−2(m− 1))a4 · · · am+1
m−2am+2

m−2 · · · am+m−1

= (−2)m−1(−4)m−2 · · · (−2(m− 1))a1a2
2 · · · ammam+1

m−1 · · · am+m−1 6= 0.
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Corollary 4.1. If u is polyharmonic of order m in B(x, r0), then

|u(x)| 5MA1(|u|, r) whenever 0 < r < r0.

Lemma 4.5. If u is polyharmonic of order m in B(x, r0), then

(4.2) |∇ku(x)| 5Mr−n−k
∫
B(x,r)

|u(y)|dy whenever 0 < r < r0,

where M is a positive constant independent of x and r.

Proof. Suppose u is polyharmonic of order m in B(0, r0). Letting Di = ∂/∂xi,
we see from lemma 4.4 that

Diu(0) =
m∑
j=1

cjAj(Diu, r)

for 0 < r < r0. Note that

A1(Diu, r) =
1

|B(0, r)|

∫
S(0,r)

u(y)
xi − yi
|x− y|

dS(y),

so that

|Diu(0)| 5M

(
r−n

∫
S(0,r)

|u(y)|dS(y) + r−n−1
∫
B(0,r)

|u(y)|dy
)
.

Multiplying both sides by rn+1 and integrating them with respect to r, we obtain

|Diu(0)| 5Mr−n−1
∫
B(0,r)

|u(y)|dy.

By considering translation, we see that

|Diu(x)| 5Mr−n−1
∫
B(x,r)

|u(y)|dy

whenever u is polyharmonic of order m in B(x, r), where M is independent of x and
r; in fact, M depends only on m. Thus it follows that∫

B(x,r)
|Diu(y)|dy 5Mr−1

∫
B(x,2r)

|u(y)|dy

whenever u is polyharmonic of order m in B(x, 2r). Now, repeating this, we finally
establish ∫

B(x,r)
|∇mu(y)|dy 5Mr−m

∫
B(x,2mr)

|u(y)|dy

whenever u is polyharmonic of order m in B(x, 2mr). This together with Corollary 4.1
gives (4.2).
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If u is polyharmonic of order m in B(x, r) j H, then

|u(x)− u(z)| 5 |x− z| sup
y∈B(x,|x−z|)

|∇u(y)|

5 M |x− z|1−n
∫
B(x,2|x−z|)

|∇u(y)|dy

for z ∈ B(x, r/2). Hence, if in addition B(x, r) j Γ(ξ, a) for some ξ ∈ ∂H, then

|u(x)− u(z)| 5M
∫
B(x,r)

|∇u(y)|y1−n
1 dy

for z ∈ B(x, r/2). This can be generalized as follows :

Lemma 4.6. For x ∈ H, ξ ∈ ∂H and e = (1, 0, ..., 0), let x∗ = ξ + |x − ξ|e,
X(t) = x+ t(x∗ − x) and set

E(x, x∗) =
⋃

0<t<1

B(X(t), X1(t)/2).

If u is polyharmonic of order m in H, then

(4.3) |u(x)− u(x∗)| 5M
∫
E(x,x∗)

|∇u(y)|y1−n
1 dy

Proof. By mean value theorem we have

|u(x)− u(x∗)| 5 |x− x∗|
∫ 1

0
|∇u(X(t))|dt

5 M |x− x∗|
∫ 1

0

(
1

|Bt|

∫
Bt
|∇u(y)|dy

)
dt,

where Bt = B(X(t), X1(t)/2). Then note that x1 < X1(t) < |x− ξ| and

|y − x| < t|x− x∗|+X1(t)/2 < 2t|x− ξ|+X1(t)/2 < (5/2)X1(t) < 5y1

for y ∈ Bt. Moreover, (2/3)y1 < X1(t) = x1 + t(x∗1 − x1) < 2y1, so that the length of
such t is at most max{1, (4/3)y1/(x

∗
1 − x1)}. Then

|x− x∗|max{1, (4/3)y1/(x
∗
1 − x1)} 5My1,

so that Fubini’s theorem gives

|u(x)− u(x∗)| 5M
∫
E(x,x∗)

|∇u(y)|y1−n
1 dy,

as required.
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We say that a function u is polyharmonic in H if it is polyharmonic of order m in
H for some positive integer m.

Theorem 4.2. Let −1 < β < p−1, and u be a polyharmonic function on H which
satisfies

(4.4)
∫
G

Φp(|∇u(x)|)xβ1dx <∞ for any bounded open set G j H.

Define

κ(r) =
(∫ 1

r
[tn−p+βϕ(t−1)]−1/(p−1)t−1dt

)1−p

for 0 < r 5 1/2; set κ(r) = κ(1/2) for r > 1/2. For γ = 1, define hγ(r) = κ(rγ).

(i) If n−p+β > 0 and γ > 1, then there exists a set E j ∂H such that Hhγ (E) = 0
and u has a Tγ-limit at any ξ ∈ ∂H− E.

(ii) If n− p+ β > 0, then there exists a set E j ∂H such that C1−β/p,Φp(E) = 0 and
u has a nontangential limit at any ξ ∈ ∂H− E.

(iii) If n− p+ β = 0, then there exists a set E j ∂H such that C1−β/p,Φp(E) = 0 and
u has a T∞-limit at any ξ ∈ ∂H− E.

(iv) If n− p+ β < 0, then u has a limit at any ξ ∈ ∂H.

Proof. Consider the sets

E1 =

{
x ∈ ∂H :

∫
B+(x,1)

|x− y|1−nf(y)dy =∞
}

and

E2 =

{
x ∈ ∂H : lim sup

r→0
hγ(r)

−1
∫
B+(x,r)

Φp(f(y))yβ1 dy > 0

}
,

where f(y) = |∇u(y)|. Here note that C1−β/p,Φp(E1) = 0 by Lemma 3.3 and Hhγ (E2) =
0. With the aid of Lemmas 3.1 and 3.2, it suffices to show that u has a finite Tγ-limit
at every ξ ∈ ∂H− (E1 ∪ E2).

Let x ∈ Tγ(ξ, a) and x0 = ξ + r0e. Then we have by (4.3)

|u(x)− u(x0)| 5 M
∫
E(x,x0)

f(y)y1−n
1 dy

= M
∫
E(x,x0)−B(ξ,2|x−ξ|)

f(y)y1−n
1 dy

+M
∫
E(x,x0)∩B(ξ,2|x−ξ|)

f(y)y1−n
1 dy = u1(x) + u2(x).

Since y1 > M(x1 + |x− y|) for y ∈ E(x, x0), we find

u1(x) 5M
∫
B+(ξ,2r0)

f(y)|ξ − y|1−ndy.
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Moreover, by Hölder’s inequality we have

u2(x) 5 M
∫
{y∈E(x,x0)∩B(ξ,2|x−ξ|):f(y)>y−ε1 }

f(y)y1−n
1 dy

+M
∫
{y∈E(x,x0)∩B(ξ,2|x−ξ|):f(y)<y−ε1 }

f(y)y1−n
1 dy

5 M

(∫
B(x,3|x−ξ|)

[(x1 + |x− y|)1−n−β/pϕ((x1 + |x− y|)−ε)−1/p]p
′
dy

)1/p′

×
(∫

B(ξ,2|x−ξ|)
Φp(f(y))yβ1 dy

)1/p

+M
∫
B(ξ,2|x−ξ|)

|x− y|1−n−εdy

5 Mκ(x1)

(∫
B(ξ,2|x−ξ|)

Φp(f(y))yβ1 dy

)1/p

+M |x− ξ|1−ε

for 0 < ε < 1. If ξ ∈ ∂H−(E1∪E2), then we see that u is bounded on Tγ(ξ, a)∩B(ξ, r0),
so that we can find Xj = ξ + rje tending to ξ for which u(Xj) has a finite limit ` as
j →∞. We replace x0 by Xj and infer that

lim
j→∞

(
sup

x∈Tγ(ξ,a)∩B(ξ,rj)
|u(x)− u(Xj)|

)
= 0.

Thus it follows that u(x) has a finite limit ` as x→ ξ along the sets Tγ(ξ, a), and hence
the proof is completed.

Lemma 4.7. Let ξ ∈ ∂H and u be polyharmonic in H. If∫
Γ(ξ,a)∩B(ξ,1)

|ξ − y|k−n|∇ku(y)|dy <∞

for all a > 0, then

lim
x→ξ,x∈Γ(ξ,a)

|x− ξ|k|∇ku(x)| = 0

for all a > 0.

In fact, by Lemma 4.5, we have only to find that

|x− ξ|k|∇ku(x)| 5 M |x− ξ|k−n
∫
B(x,|x−ξ|/2)

|∇ku(y)|dy

5 M
∫
B(x,|x−ξ|/2)

|ξ − y|k−n|∇ku(y)|dy

whenever x ∈ Γ(ξ, a).

Lemma 4.6 can be generalized as follows.
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Lemma 4.8. For x ∈ H, let x∗ = ξ + |x − ξ|e and X(t) = x∗ + t(x − x∗). If u is
polyharmonic in H and U(t) = u(X(t)), then∣∣∣∣∣U(1)− U(0)− U ′(0)

1!
− · · · − U (k−1)(0)

(k − 1)!

∣∣∣∣∣ 5M
∫
E(x,x∗)

|∇ku(y)|yk−n1 dy.

Theorem 4.2
′. Let −1 < β < p − 1, and u be a polyharmonic function on H

which satisfies

(4.5)
∫
G

Φp(|∇ku(x)|)xβ1dx <∞ for any bounded open set G j H.

(i) If n−kp+β > 0 and γ > 1, then there exists a set E j ∂H such that Hhγ (E) = 0
and u has a Tγ-limit at any ξ ∈ ∂H−E, where hγ(r) ∼ rγ(n−kp+β)ϕ(t−1) as r → 0.

(ii) If n − kp + β > 0, then there exists a set E j ∂H such that Ck−β/p,Φp(E) = 0
and u has a nontangential limit at any ξ ∈ ∂H− E.

(iii) If n − kp + β = 0, then there exists a set E j ∂H such that Ck−β/p,Φp(E) = 0
and u has a T∞-limit at any ξ ∈ ∂H− E.

(iv) If n− kp+ β < 0, then u has a limit at any ξ ∈ ∂H.

Proof. As in the proof of Theorem 4.2, consider the sets

E1 =

{
x ∈ ∂H :

∫
B+(x,1)

|x− y|k−nf(y)dy =∞
}

and

E2 =

{
x ∈ ∂H : lim sup

r→0
[h(r)]−1

∫
B+(x,r)

Φp(f(y))yβ1 dy > 0

}
,

where f(y) = |∇ku(y)| and h(r) = κ(rγ) with

κ(r) =
(∫ 1

r
t−(n−kp+β)/(p−1)dt/t

)1−p

for 0 < r 5 1/2; set κ(r) = κ(1/2) for r > 1/2. Note that Ck−β/p,Φp(E1) = 0 by Lemma
3.3 and Hh(E2) = 0. With the aid of Lemmas 3.1 and 3.2, it suffices to show that u
has a finite Tγ-limit at every ξ ∈ ∂H− (E1 ∪ E2).

Let x ∈ Tγ(ξ, a) and x0 = ξ + r0e. Then we have by Lemma 4.8∣∣∣∣∣∣u(x)− u(x0)− · · · −
∑

|λ|=k−1

(x− x0)λ

λ!
Dλu(x0)

∣∣∣∣∣∣ 5 M
∫
E(x,x0)

f(y)yk−n1 dy

= M
∫
E(x,x0)−B(ξ,2|x−ξ|)

f(y)yk−n1 dy

+M
∫
E(x,x0)∩B(ξ,2|x−ξ|)

f(y)yk−n1 dy

= u1(x) + u2(x).
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Since y1 > M(x1 + |x− y|) for y ∈ E(x, x0), we find

u1(x) 5M
∫
B(ξ,2r0)

f(y)|ξ − y|k−ndy.

Moreover, by using Hölder’s inequality, as in the proof of Theorem 4.2, we have

u2(x) 5Mκ(x1)

(∫
B(ξ,2|x−ξ|)

Φp(f(y))yβ1 dy

)1/p

+M |x− ξ|k−ε

for 0 < ε < k. If ξ ∈ ∂H−(E1∪E2), then we see that u is bounded on Tγ(ξ, a)∩B(ξ, r0),
so that we can find Xj = ξ + rje tending to ξ for which u(Xj) has a finite limit ` as
j →∞. Since ξ ∈ H− E1, Lemma 2.2 implies that∫

Γ(ξ,a)∩B(ξ,1)
|ξ − y|k−n|∇ku(y)|dy <∞

for k = 1, ...,m− 1. Hence Lemma 4.7 gives

lim
j→∞

|Xj − ξ|k|∇ku(Xj)| = 0.

We replace x0 by Xj and infer that

lim
j→∞

(
sup

x∈Tγ(ξ,a)∩B(ξ,rj)
|u(x)− u(Xj)|

)
= 0.

Thus it follows that u(x) has a finite limit ` as x→ ξ along the sets Tγ(ξ, a).

If u(x) = Px1 ∗ f(x′) with f ∈ Λp,p
α (Rn−1), then∫

Rn+1
+

|∇`u(x)|pxβ1dx <∞,

where β = (`− α)p− 1 for the smallest integer ` greater than α (see Chapter 7.5).

Corollary 4.1. Let u(x) = Px1 ∗ f(x′) with f ∈ Λp,p
α (Rn−1). Suppose α is not an

integer. Then :

(i) If n − αp − 1 > 0 and γ > 1, then there exists a set E j ∂H such that
Hγ(n−αp−1)(E) = 0 and u has a Tγ-limit at any ξ ∈ ∂H− E.

(ii) If n−αp− 1 > 0, then there exists a set E j ∂H such that Cα+1/p,p(E) = 0 and
u has a nontangential limit at any ξ ∈ ∂H− E.

(iii) If n−αp− 1 = 0, then there exists a set E j ∂H such that Cα+1/p,p(E) = 0 and
u has a T∞-limit at any ξ ∈ ∂H− E.

(iv) If n− αp− 1 < 0, then u has a limit at any ξ ∈ ∂H.
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In case α is a positive integer `− 1, then∫
Rn+1

+

|∇`u(x)|pxβ
′

1 dx <∞

for every β′ such that −1 < β′ < β = p − 1, so that the exceptional set in Corollary
4.1 (i) - (iii) should have Hausdorff dimension at most n− αp− 1.

Proposition 4.1. Let −1 < β < p − 1 and K be a compact subset of ∂H such
that C1−β/p,Φp(K) = 0. Then there exists a harmonic function u on H which satisfies

(4.6)
∫

H
Φp(|∇u(x)|xβ/p1 )dx <∞

and

lim
x→ξ,x∈H

u(x) =∞ for any ξ ∈ K.

Proof. Since C1−β/p,Φp(K) = 0, we can find a nonnegative function f with compact
support which satisfies ∫

Rn
Φp(f(y))dy <∞

and

g1−β/p ∗ f(ξ) =∞ for every ξ ∈ K.

In view of Theorems 5.1 and 7.1 in Chapter 7, we see that u(x) = Px1 ∗ [g1−β/p∗f(0, x′)]
satisfies ∫

H
|∇u(x)|qx(1−α)q

1 dx 5M
∫
|f(y)|qdy

with α = 1− β/p, when 1 < q <∞ and −1 < q(1− α) < q − 1. Hence, applying the
usual interpolation techniques (cf. the proof of Lemma 3.3), we have∫

H
Φp(|∇u(x)|xβ/p1 )dx 5M

∫
Φp(f(y))dy,

which proves (4.6). Clearly, u has an infinite limit at every ξ ∈ K.

Remark 4.1. One sees easily that (4.6) implies (4.4).

8.5 Monotone functions

Let G be an open set in Rn. A continuous function u on G is said to be monotone (in
the sense of Lebesgue) if

max
D

u = max
∂D

u and min
D

u = min
∂D

u
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hold for any relatively compact open subset D of G. Clearly harmonic functions on G
are monotone. Further, if f is continuous and monotone on the interval [0,∞), then

u(x) = f(|x− ξ|)

is monotone on H for any ξ ∈ ∂H.

Theorem 5.1. If u ∈ C(G) ∩ BL1(Lploc(G)) is a weak solution of the nonlinear
Laplace operator ∆p, then it is monotone in G.

Proof. Let D be a domain with compact closure in G, and max
∂D

u < M . Then

u− u ∧M vanishes near the boundary ∂D, so that∫
D
|∇u|p−2∇u · (∇u−∇(u ∧M))dx = 0.

Here note that 0 5 ∇u · (∇u−∇(u ∧M)) 5 |∇u|2, so that

∇u = ∇(u ∧M) a.e. on D.

Hence it follows that u− u∧M is constant on D and, moreover, the constant must be
zero. Thus u = u ∧M 5M on D, and the maximum property is satisfied.

The minimum principle is proved similarly.

Theorem 5.2. If u is monotone in B(x, 2r), then

|u(x)− u(y)|p 5Mrp−n
∫
B(x,2r)

|∇u(z)|pdz

whenever p > n− 1 and y ∈ B(x, r).

Proof. Let y ∈ B(x, r), and we may assume that u(y) > u(x). If |x− y| < t < 2r,
then monotonicity implies the existence of xt and yt ∈ S(x, t) for which u(xt) 5 u(x) <
u(y) 5 u(yt). Moreover, we see from Theorem 7.5 in Chapter 6 that

|u(xt)− u(yt)|p 5Mtp−(n−1)
∫
S(x,t)

|∇u|pdS.

Hence
|u(x)− u(y)|p 5Mtp−(n−1)

∫
S(x,t)

|∇u|pdS

for |x − y| < t < 2r. Integrating both sides with respect to t ∈ (r, 2r), we obtain the
required inequality.

Theorem 5.3. Let −1 < β < p − 1, p > n − 1 and u be a monotone function on
H which satisfies∫

G
|∇u(x)|pxβ1dx <∞ for any bounded open set G j H.

Then :
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(i) If n−p+β > 0 and γ > 1, then there exists a set E j ∂H such that Hhγ (E) = 0
and u has a Tγ-limit at any ξ ∈ ∂H−E, where hγ(r) ∼ rγ(n−p+β)ϕ(r−1) as r → 0.

(ii) If n− p + β > 0, then there exists a set E j ∂H such that C1−β/p,p(E) = 0 and
u has a nontangential limit at any ξ ∈ ∂H− E.

(iii) If n− p + β = 0, then there exists a set E j ∂H such that C1−β/p,p(E) = 0 and
u has a T∞-limit at any ξ ∈ ∂H− E.

(iv) If n− p+ β < 0, then u has a limit at any ξ ∈ ∂H.

Proof. As in the proof of Theorem 4.2, consider the sets

E1 =

{
x ∈ ∂H :

∫
B+(x,1)

|x− y|1−nf(y)dy =∞
}

and

E2 =

{
x ∈ ∂H : lim sup

r→0
h(r)−1

∫
B+(x,r)

Φp(f(y))yβ1 dy > 0

}
,

where f(y) = |∇u(y)| and h(r) = κ(rγ) with

κ(r) =
(∫ 1

r
[tn−p+βϕ(t−1)]−1/(p−1)t−1dt

)1−p

for 0 < r 5 1/2; set κ(r) = κ(1/2) for r > 1/2. As in the proof of Theorem 4.2, we
have only to show that u has a finite Tγ-limit at every ξ ∈ ∂H− (E1 ∪ E2).

For ξ ∈ ∂H− (E1 ∪ E2), write

u(x) = c
n∑
j=1

∫
(xj − yj)|x− y|−nDju(y)dy + A

= c
n∑
j=1

∫
B(x,x1/2)

(xj − yj)|x− y|−nDju(y)dy

+c
n∑
j=1

∫
B(ξ,2|ξ−x|)−B(x,x1/2)

(xj − yj)|x− y|−nDju(y)dy

+c
n∑
j=1

∫
Rn−B(ξ,2|ξ−x|)

(xj − yj)|x− y|−nDju(y)dy + A

= u1(x) + u2(x) + u3(x) + A,

where u is the symmetric extension of u with respect to ∂H. We see from Lebesgue’s
dominated convergence theorem that

lim
x→ξ

u3(x) = c
n∑
j=1

∫
(ξj − yj)|ξ − y|−nDju(y)dy.
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In view of the proof of Theorem 4.2, we have

|u2(x)| 5 |c|
∫
B(ξ,2|ξ−x|)−B(x,x1/2)

|x− y|1−nf(y)dy

5 Mκ(x1)

(∫
B(ξ,2|x−ξ|)

[f(y)]pyβ1 dy

)1/p

+M |x− ξ|1−ε,

where 0 < ε < 1 and f(y) = |∇u(y)|. Hence

lim
x→ξ,x∈Tγ(ξ,a)

u2(x) = 0.

Note that
|u1(x)| 5M

∫
B(x,x1/2)

|x− y|1−nf(y)dy.

As in the proof of Theorem 4.4 in Chapter 5, we can find a set F j H for which

lim
x→ξ,x∈H−F

u1(x) = 0

and
lim
j→∞

[h(2−j)]−1C1,p,β(F ∩B(ξ, 2−j);B(ξ, 2−j+2)) = 0.

Let Aj = B(ξ, 2−j+1) − B(ξ, 2−j). If x ∈ Aj ∩ Tγ(ξ, a), then we see from Lemma 3.1
that

C1,p,β(B(x, x1/4);B(ξ, 2−j+2)) =Mh(2−j).

Consequently, for x ∈ Aj ∩ Tγ(ξ, a), there exists y ∈ B(x, x1/4) which does not belong
to F . On the other hand, Theorem 5.2 implies that

|u(x)− u(y)|p 5Mxp−n1

∫
B(x,x1/2)

f(z)pdz

which proves
lim

x→ξ,x∈Tγ(ξ,a)
u1(x) = 0.

Thus it follows that u(x) has a finite limit as x→ ξ along the sets Tγ(ξ, a).
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a.e. (almost everywhere), 17
Almansi’s theorem, 314
α-capacity, 71
α-energy, 57, 93
α-fine limit, 78
α-finely continuous, 78
α-potential, 55, 152
α-q.e., 97
α-quasicontinuous, 73
α-semithin, 290
α-thin, 77
(α, p)-capacity, 166
(α, p)-fine limit, 182
(α, p)-finely differentiable, 192
(α, p)-q.e., 169
(α, p)-semifinely differentiable, 194
(α, p)-semithin, 194
(α, p)-thin, 182
Ascoli-Arzelà theorem, 54, 110
area of the unit sphere, 60
balayage, 131, 133
Banach space, 50, 230
Beppo Levi functions, 205
Beppo Levi space, 229
Besicovitch covering theorem, 39
Bessel capacity, 250
Bessel kernel, 244
Bessel potential, 246
Bessel potential space, 246
β-rarefied, 294
BLD (Beppo-Levi-Deny) function, 233
Borel measure, 7

Borel set, 4
boundary limits, 118, 280
bounded variation, 27
Calderón-Zygmund decomposition, 209
cancellation property, 214, 219
canonical representation, 208
capacitability, 12, 77, 172,
capacity, 71, 82, 83, 125, 165, 166, 236,

238, 250, 285, 294
Cauchy-Schwartz inequality, 1, 93
characteristic function, 15
Clarkson’s inequality, 50
classical Dirichlet problem, 106, 134
complete, 7, 96
concave, 68
cone, 118, 282
continuity principle, 58
contractive property, 186
convergence in measure, 16
convex, 21, 68, 114
convolution, 47, 63, 152, 210, 246, 253
countably additive, 3, 55
countably σ-finite, 30
countably subadditive, 1, 72, 166, 237,

238, 251
covering lemma, 37
Cp-capacity, 236
C∗p -capacity, 238
curvilinear limit, 125, 303
diagonal sequence, 35, 54, 234
differentiability, 197, 203, 234
differentiation of distributions, 45
differentiation of measures, 40, 120, 182
Dini derivatives, 224
Dini’s theorem, 88
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Dirac measure, 105
Dirichlet problem, 134
Dirichlet solution, 107, 135, 139
Dirichlet space, 234
distribution, 45
domination principle, 132
doubling condition, 33, 38, 176
dual space, 53
Egoroff’s theorem, 16
energy integral, 57, 85, 93
equicontinuous, 54, 110
equilibrium measure, 130
equilibrium potential, 130
extension, 277, 296
Fatou’s lemma, 20
fine limit, 78, 121, 182, 183, 192, 286,

290, 294
finite Almansi expansion, 314
Fourier transform, 61, 65, 210, 215, 244,

252
Fréchet space, 230
Frostman’s theorem, 35
Fubini’s theorem, 30
fundamental solution, 105
Gagliardo-Nirenberg-Sobolev inequality,

241
Gauss-Frostman theorem, 99
Gauss-Weierstrass kernel, 62
Gauss integral, 100, 102
Gauss variation, 97
global fine limit, 286
Green capacity, 125, 285, 294
Green potential, 117, 281
Green’s formula, 104, 111
Green’s function, 117, 129, 137, 138, 280
Hardy’s inequality, 149
harmonic function, 103
Harnack’s inequality, 109
Harnack’s principle, 109
Hausdorff content, 34
Hausdorff dimension, 91, 176
Hausdorff measure, 33
Hilbert space, 50

Hölder’s inequality, 49
Hölder space, 139, 259
homogeneous of degree 0, 214
homogeneous of degree −1, 148
index (of Bessel capacity), 250
inner capacity, 72, 171, 251
inner product, 1, 50, 95
integrable, 18
integral, 18
integral representation, 205, 206, 208,

229, 297
integration by parts, 29
inverse Fourier transform, 61
inverse property for Uαf , 161
inversion, 106
irregular boundary point, 135
Jensen’s inequality, 21
Kelvin transform, 127
kernel, 165
(k, p)-capacity, 165
(k, p)-q.e., 169
Laplace operator, 66, 103
lattice of functions, 21
Lebesgue dominated convergence theo-

rem, 20
Lebesgue integral, 18
Lebesgue measure, 29, 33
Lebesgue monotone convergence theo-

rem, 20
Lebesgue point, 43, 120, 254
Leibniz formula, 46
length (of a multi-index), 45
limits along lines parallel to the coordi-

nate axes, 189, 241
linear functional, 21
Lipschitzian, 8, 91, 186
Lipschitz space, 263
locally integrable, 38
logarithmically thin, 82
logarithmic capacity, 82, 83, 87, 88
logarithmic potential, 81, 203
lower integral, 17
lower semicontinuous, 40, 56
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Lp(µ)-norm, 48
Lq-mean limit, 202, 307
Lq-mean differentiable, 202, 309
Lusin’s theorem, 15
Marcinkiewicz interpolation theorem, 149
maximal function, 38, 152, 225
maximum principle for nonlinear poten-

tials, 180, 252
maximum principle for subharmonic func-

tions, 129
m-dimensional Hausdorff measure, 34
mean-value inequality, 110, 318
mean-value property, 103
measurable function, 12
measurable set, 2
measure, 1
measure function, 33, 90
measure of the unit ball, 34
measure of the unit spherical surface, 60
metric, 7
minimally α-semifine limit, 290
minimally α-semithin, 289
minimally α-thin, 294
minimax lemma, 68
minimum principle, 114, 325
Minkowski’s inequality, 49
Minkowski’s inequality for integral, 63
mollifier, 45
monotone (in the sense of Lebesgue),

324
(m, p)-finely differentiable, 233
(m, p)-quasicontinuous, 232
(m, p)-semifinely differentiable, 233
multi-index, 45
mutual α-energy, 57, 93
n-dimensional Lebesgue measure, 33
n-dimensional measure of the unit ball,

34
n-fine limit, 82
n-q.e., 101, 102
n-thin, 82
nondecreasing (increasing) capacity, 71,

72, 166, 237, 238, 251

nonlinear Laplace operator, 240, 325
nonlinear potential, 180
nonnegative linear functional, 27
nontangential limit, 120, 121, 312, 313,

320, 322, 323, 326
norm, 49, 95, 230, 246, 263
normal derivative, 104
one-dimensional Lebesgue measure, 29
order (of Bessel capacity), 250
outer capacity, 72, 166, 238, 251
p-a.e., 236
p-Laplacian, 240, 325
p-precise, 236
partial differentiability, 226
partition of unity, 140
perpendicular limit, 281, 301
Plancherel’s theorem, 65
Poincaré’s inequality on balls, 242
Poisson integral, 107, 253
Poisson kernel, 107, 129, 252
polar, 136
polyharmonic function, 228, 319
principal value, 211
product measure, 30
quasicontinuous, 73, 232
q.e. (quasi everywhere), 97, 135, 169
quasi-linear, 149
quasi-norm, 230
radial limit, 92, 93, 116, 124, 188, 189,

288, 289, 295, 306
radial projection, 92, 188
Radon measure, 7
rapidly decreasing functions, 65
rarefied at ∞, 294
rearrangement, 146
reflection, 128
reflexive, 53
regular boundary point, 135, 138
regular measure, 6, 34
relative (k, p)-capacity, 165
removable singularities, 142, 144, 240
restriction (of functions), 159, 273
restriction (of measures), 3
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Riemann-Stieltjes integral, 28
Riemann sum, 28
Riesz capacity, 71, 166
Riesz composition formula, 59, 66
Riesz decomposition theorem, 115, 229
Riesz measure, 115
Riesz potential, 55, 152
Riesz representation theorem, 26
Riesz representation theorem in Lp, 51
Riesz transform, 221, 247
σ-algebra, 4
semigroup, 66, 245, 253
seminorm, 230
semithin, 194, 289, 290, 291
separable, 7, 48
singular integral, 214, 221
signed measure, 246, 247
smoothness property, 214
Sobolev’s integral representation, 205,

206
Sobolev’s inequality, 153, 155, 241, 307
Sobolev space, 230, 246
Sobolev’s theorem, 152
spherical mean, 156
step function, 17
subharmonic function, 110
superharmonic function, 110
support, 55
super-mean-value property, 110
surface measure of the unit sphere, 60
Suslin set, 9, 12, 14, 77, 172, 251
symmetrization, 185
tangential limits, 303, 312, 313, 314, 320,

322, 323, 326
Taylor expansion, 67, 206
tempered distribution, 210
thin, 77, 82, 121, 139, 182, 205, 286, 290
Tψ-limit, 312, 314
Tγ-limit, 312, 313, 320, 322, 323, 326
T∞-limit, 312, 313, 320, 322, 323, 326
type (p, q), 149
upper integral, 17
upper semicontinuous, 56

vague convergence, 35, 94, 135
weak convergence, 53, 94
weak maximum principle, 58, 180, 252
weak type (p, q), 149
Weierstrass kernel, 62
weight (of Bessel capacity), 250
Weyl’s lemma, 106
Wiener’s theorem, 248
Young’s inequality, 63
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